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Abstract

The �rst metal-free stars (Population III or Pop III star) are considered to be massive
(10�1000 MJ). On the other hand, the typical mass of the present-day stars is small
(. 1 MJ). Recently, the low-mass but very primitive stars are observed in the halo. Their
peculiar abundance pattern suggests that they are the very second-generation stars born
in the cloud enriched by metal-free massive stars (Pop III stars). Since the metallicity of
the parent cloud is su�ciently small, the lack of cooling agents leads the gas to contract
without fragmentation. The monolithic collapse should serve as the massive single object.
In this sense, the origin of the extremely metal poor (EMP) stars surviving until now is
still unknown.

In this Thesis, we aim to reveal the origin of the low-mass EMP stars. It is considered
that the additional cooling by dust thermal emission promotes the gas fragmentation into
low-mass clumps during cloud collapse. Therefore, we should care about the properties
of dust which is crucially important to induce the gas fragmentation. In this �eld, the
present-day dust model is often used. In solar neighborhood, all refractory elements such
as Mg, Si, and Fe are locked into grains. However, this is not the case in the early
Universe. Since the formation path of early grains is limited to Pop III supernovae, the
Pop II star-hosting cloud is considered to be pre-enriched by metal and dust released
by the supernovae. In the supernova ejecta, the grains have also partly been destroyed
by the reverse shocks. The second-generation stars are formed in such a dust-de�cient
environments. In such the case, the accretion of gas-phase metal onto grains (grain
growth) might be important.

First, we investigate the e�ect of the early dust models and grain growth in metal-
de�cient clouds pre-enriched by Pop III supernovae. We employ the semi-analytic one-
zone model of chemo-thermal cloud evolution. During the collapse, we for the �rst time
solve the process of grain growth in the self-consistent manner. The initial metal and
dust properties are given by a variety of Pop III models, in which nucleosynthesis and
dust formation/destruction are solved. We then follow the evolution of clouds with vari-
ous metallicities to de�ne the critical metallicity Zcr above which dust cooling is e�cient
for each Pop III model. In some cases, grain growth occurs e�ciently before the gas
becomes optically thick. The dust cooling e�ciency is enhanced, and consequently Zcr

becomes smaller. This can be seen especially in the models with small initial fractions
fdep,0 of metal depleted onto grains (depletion factor). While Zcr depends on fdep recip-
rocally as Z

(ng)
cr = 2.3 × 10−8f−1

dep,0 without grain growth, the dependency is mitigated

into (Z
(gg)
cr /10−5.5 ZJ) = (fdep,0/0.18)−0.44. We can conclude that the grain growth is

necessary process to determine the fragmentation condition for low-mass star formation.
Although the critical metallicity has the slight dependency on the Pop III model, it is
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estimated to be on average ∼ 10−5 ZJ.

Then, we perform three-dimensional simulations for low-metallicity cloud collapse. We
for the �rst time self-consistently solve grain growth, non-equilibrium chemical reactions,
metal molecular cooling, chemical heating owing to hydrogen molecular formation. The
mass resolution is re�ned by our state-of-the-art particle splitting technique based on
the Voronoi diagram down to ∼ 10−5 MJ (10 Earth masses). In this Thesis, we follow
the thermal evolution of four gas clouds: one with the uniform density as a controlled
simulation, and three primordial clouds retrieved from a recent cosmological simulation.
We investigate the wide range of metallicity 10−6�10−3 ZJ to de�ne the critical condition
for the cloud fragmentation.

As a result, we �nd that there are two fragmentation modes. With Z & 10−5 ZJ,
dust cooling induces the instabilities of cloud elongation. A �lamentary structure is
formed, and eventually fragments into several protostellar cores. Even with < 10−5 ZJ,
where dust cooling is not e�ective, the spiral arms on the accretion disk fragments into
tiny blobs, We call these two modes as �lament fragmentation and disk fragmentation,
respectively.

We also �nd that the cloud fragmentation occurs only one out of four clouds, contrary
to the accepted notion that clouds would be likely to fragment above the metallicity
where dust cooling is e�cient. We here focus on the case with �lament fragmentation.
In the cases where the �lament fragmentation fragmentation fails, H2 formation heating
stabilizes the gas to make the cloud rounder. Even though dust cooling is e�cient at
higher densities, the timescale for the cloud elongation and fragmentation becomes longer
than the dynamical timescales for most of clouds with Z > 10−5 ZJ. Meanwhile, in
some cases with fragmentation, the heating mechanism does not work, or compensated
by OH/H2O line cooling. We for the �rst time �nd that the diversity of the thermal
evolution stems from the collapse timescale tcol of the clouds, which varies among the
clouds. In a slowly collapsing cloud, the gas temperature becomes lower throughout the
collapse due to the less e�cient gas compressional heating. For di�erent thermal paths,
the clouds enter the regime where the di�erent cooling/heating processes are dominant.
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1.1 Formation of the �rst low-mass stars

1.1.1 Origin of the most primitive stars

The recent observations of the extremely metal-poor (EMP) stars with ∼ 10 Gyr lifetimes
in the Galactic halo direct the questions on their origin. For example, SDSS J102915 +

172927 (hereafter, SDSS J1029 + 1729) is the most primitive star ever observed (Ca�au
et al. 2011). The metallicity of the star is very low < 4.5×10−5 ZJ. By their long lifetime
and small metal content, these stars are the second or very early-generation of stars after
the �rst-generation metal-free (Population III, or Pop III) stars, born in an interstellar
medium polluted by the Pop III supernovae (Audouze and Silk 1995) as indicated in
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Figure 1.1: Conceptual image of the metal pollution of an interstellar cloud from Pop
III supernovae.

Figure 1.1. The mass of SDSS J1029+1729 is estimated as 0.8 MJ. Also, the most iron-
poor star SMSS J031300.36− 670839.3 ([Fe/H] < −7.1; hereafter SMSS J0313− 6708) is
low-mass (Keller et al. 2014).

The origin of such low-mass EMP stars is still unknown. The abundance patterns
of observed primitive stars indicates that there exist the very massive �rst-generation
stars because of the enhancement of carbon relative to iron (see below). The transition
point from the massive Pop III stars to the low mass Pop II/I stars is important in the
cosmological and astrophysical contexts. The early massive stars have been considered
to cast the �rst light in the Universe, triggering the �rst cosmic reionization in the
intergalactic medium (Haiman and Loeb 1997; Ferrara 1998). Whereas, the low-mass
stars are responsible to emit the far infrared, inducing the dissociation of the hydrogen
molecules, which are important coolant in star formation (Haiman et al. 1997; Omukai
2001). The stellar mass plays the crucial roles in determining the history of the global
star and galaxy formation. Also, the massive stars can release metal and dust by their
supernova explosion. The mass function of the stars signi�cantly a�ect the evolution of
the chemical abundances in the early Universe. The transition of stellar mass scale is
thus important to determine the metal enrichment process and the stellar mass function
in the early Universe.

1.1.2 Transition of the typical stellar mass

It has been considered that the typical stellar mass reduces in the course of metal enrich-
ment in interstellar media. Recent observations begin to restrict the metallicity which
triggers the stellar mass transition. It might be indirectly shown the �rst stars are pre-
dominantly massive. Most of the EMP stars have the C-excess feature (Christlieb et al.
2004; Beers and Christlieb 2005; Norris et al. 2007; Frebel et al. 2008; Keller et al. 2014).
Especially, the star SMSS J0313− 6708 , most iron-poor star with [Fe/H] ' −7.1, shows
the signi�cant carbon-excess [C/Fe] & 4.5. The progenitor star with intermediate masses
of 10�70 MJ is favored as the polluter of the formation site of the star. To explain the
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Figure 1.2: Schematic illustration of the mass transition in the early Universe (metal-
poor regimes). In the darker colored region, the fraction of the stars is larger.

signi�cant enhancement of carbon relative to iron, the mixing-fall back scenario is sug-
gested (Joggerst et al. 2009; Umeda and Nomoto 2003). In the model, the inner region
rich with the heavier elements such as iron is fallen back into the supernova remnant by
the mixing e�ect by the Rayleigh-Taylor instability.

We also comment that Pop III stars would have the wide range of mass. The
star SDSS J1029 + 1729, which shows the moderate α-element enhancement, has the
abundance similar to the progenitor Pop III star with 20�50 MJ (Schneider et al.
2012b). The peculiar abundance feature is shown in most recently discovered halo star
SDSS J001820.5 − 093939.2 ([Fe/H] = −2.5) in the following three points. First, the
star have the very small abundance of light elements such as C and Mg relative to Fe
([C/Fe] = −0.84 and [Mg/Fe] = −0.52), which suggest the violent nucleosynthesis by
a very massive star. Second, the ratio of elements with adjacent even and odd atomic
number is very large (e.g. [Co/Ni] = −0.77). Third, even the upper limits of the neutron-
capture elements such as Sr and Ba are small. The intermediate mass Pop III star model
(25 MJ) can be well �tted with the overall feature of the stellar abundance, but the
large ratio of even- and odd-elements can not be explained. The pair-instability super-
nova (PISN) model for more massive star even with 1000 MJ can simultaneously explain
the low abundance of lighter elements and the large even/odd ratio.

While we have seen the traces of the high-mass primordial stars even indirectly, there
are almost no sign of the existence of the low-mass primordial stars. Hartwig et al. (2015)
perform the semi-analytic calculations to follow the history of the surviving primordial
stars from their formation in less-massive dark matter halos. This hosting halos undergo
the merger and are eventually accreted into the Milky Way-like halo. They estimate the
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fraction of the primordial star avoiding the metal pollution during the merger history.
For a given minimal mass of the Pop III star, the fraction is determined. If the stars
have the mass less than 0.8 MJ (Raiteri et al. 1996), these stars can be observed in
the Galactic halo. Despite the energetic observational campaign by Hamburg/European
Southern Observatory (ESO) survey for ∼ 4 × 106 Galactic halo stars, any metal-free
stars have not been discovered. From this fact, they can draw the minimal mass of Pop
III stars. The hypothesis that the lower limit of the Pop III stellar mass is less than
0.8 MJ can be ruled out at the 68% con�dence level by the observations so far.

This would suggest that the �rst star is considered to be predominantly massive.
The numerical studies also support the statement (Bromm et al. 1999, 2002; Abel et al.
2000, 2002; Yoshida et al. 2003). They start their simulations from the cosmological
structure formation, and then pick up the primordial minihalo to follow the collapse of the
hosted cloud. The primordial gas does not contain heavy elements. Due to the large gas
temperature for the lack of e�cient coolant but hydrogen molecules, they monolithically
contracts without fragmentation. When the gas becomes optically thick, a protostar with
the mass of ∼ 0.1 MJ is formed at the central region. Since the ambient gas remains
Jeans unstable, the protostar undergoes the mass accretion. The mass accretion phase is
followed by Hosokawa et al. (2011) and Hirano et al. (2014) until the gas infall is halted
by the ultraviolet emission from the central embryo star. The mass spectrum obtained
by the ∼ 100 Pop III star spread widely from several tens to thousands solar masses.

We here return to the observed metal-de�cient stars (Population II stars). Their own
masses are very small: 0.8 MJ for SDSS J1029 + 1729 (Ca�au et al. 2012) and 0.5 MJ

for SDSS J0018−0939 (Aoki et al. 2014). Besides, the massive stars are very rare objects
among the present day metal-rich stars (Population I stars) whose initial mass spectrum
has the spectral index of −2.35 (Salpeter 1955). The peak mass of the member stars in the
nearby clusters are ∼ 0.1 MJ (Kroupa 2002). Such bottom-heavy stellar mass function is
also seen in the ultra-faint dwarf galaxies. The spectral index is 1.2�1.3 for these galaxies
with metallicity [Fe/H] = −2.5�−2.4 (Geha et al. 2013). Although the fraction of the
massive stars in the extremely low metallicity 10−5�10−3 ZJ, we can expect that the
transition of the typical stellar mass might be occur within the metallicity range from
massive to low-mass with increasing metallicity. The above discussion is summarized in
Figure 1.2.

1.2 Basics of star formation

1.2.1 From interstellar medium to stars

1.2.1.1 Run-away collapse phase

We in this section brie�y discuss the basic physical process of the star formation. Figure
1.3 shows the schematic image of the star formation process. Stars are formed when an
interstellar gas is attracted by its self-gravity. The gas temperature is nearly isothermal at
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Figure 1.3: Process of the star formation from an interstellar medium to a star.

∼ 10 K in the present-day, which is determined by the photoelectric heating by irradiated
grains and the line cooling (e.g. Spitzer 1978). In the primordial gas, the temperature is
∼ 1000 K by the balance between the adiabatic compressional heating and H2 molecular
line cooling (e.g. Yoneyama 1972). Since the gas contracts by the balance between the
pressure gradient force and the gravity, the density pro�le becomes rather inhomogeneous.
The inhomogeneity leads a part of the gas to be attracted to the central region. As the
collapse proceeds, i.e. as the central density increases, the core size and the mass become
smaller. This means that, in the coordinate comoving with the �uid, the core shrinks in
the corse of time. In other words, in the frame of the core, the gas in the outer region is
seen to go outward. Therefore, such a form of the collapse is called the run-away collapse
(Larson 1969).

It is known that the physical quantities of the collapsing cloud have the self-similar
solution. We obtain the solution based on the procedure of Hanawa and Matsumoto
(2000). The basic equations are

∂ρ

∂t
+ ∇ · (ρv) = 0, (1.1)

∂(ρv)

∂t
+ ∇ · (ρv ⊗ v) + ∇p + ρ∇φ = 0, (1.2)

4φ = 4πGρ, (1.3)

where ρ, v, p, φ are the density, velocity, pressure, and gravitational potential, respec-
tively. In the isothermal gas, the equation of state is written as p = ρc2

T, where cT is the
isothermal sound speed. We here introduce the zoom-in coordinate as

ξ =
r

cT(t0 − t)
, (1.4)

τ = − ln(1 − t/t0), (1.5)

where t0 is the time where the density of the cloud center diverges. We introduce the
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Figure 1.4: Density pro�le of the cloud in the run-away collapse phase. The calculation
is started when the central density is 104 cm−3. The number attached to each curve is
the elapsed time.

dimensionless variables as

D = 4πGρ(t0 − t)2, (1.6)

V =
v

c0

+
r

c0(t0 − t)
. (1.7)

Φ =
φ

c2
T

. (1.8)

By imposing the spherical symmetry, we obtain the equations for the dimensionless quan-
tities as

∂V

∂ξ
+

V

D

∂D

∂ξ
= 1 − 2V

ξ
, (1.9)

V
∂V

∂ξ
+

1

D

dp

dD

∂D

∂ξ
+

∂Φ

∂ξ
= V, (1.10)

∂Φ

∂ξ
=

1

ξ2

∫ ξ

0

D(ξ′)ξ′2dξ′ = DV. (1.11)

We numerically solve these equations to obtain the dimensionless variables D and V as
a function of ξ with the temperature 10 K. Figure 1.4 shows the dimensional form of the
density pro�les in a corse of time from bottom to top. We �nd that the time intervals
becomes shorter as the central density increases. The dynamical time of the cloud is
limited to the central density nH,cen as ∝ n

−1/2
H,cen. We also notice that the core region,

which we de�ne as the central �at region, shrinks as discussed above.
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1.2.1.2 Accretion phase

After the central core region becomes optically thick, the gas turns to be evolve adiabati-
cally. The gas becomes opaque at nH ∼ 1012 cm−3 due to the grain absorption in the solar
neighborhood, or at ∼ 1016 cm−3 in the primordial gas (Omukai 2000). In the optically
thick regime, since the further collapse is almost halted due to the large pressure gradi-
ent, a hydrostatic core, so-called the �rst core, is formed (Larson 1969; Masunaga and
Inutsuka 2000). The gas around the core still has the infall velocity, and is accreted onto
the core. This secondary phase in the star formation process is called accretion phase.
Since the gas accretion is determined by the balance between the thermal pressure and
the gravity, the rate of the mass accretion depends on the gas temperature as ∼ c3

T/G in
the ambient gas and G is the gravitational constant (Shu 1977; Shu et al. 1987).

In the �rst core, the gas density further increase because of the gas accretion. The
temperature also increases adiabatically. When the temperature reaches∼ 2000 K, the H2

begins to be dissociated. The most of the thermal energy is converted into the binding en-
ergy of the molecule (4.48 eV for each molecule), the speci�c heat ratio γ = d ln T/d ln ρ+1

is again below the critical value 4/3. The gas again begins to contract, and the phase
is called second collapse phase. This lasts until the almost all hydrogen molecules are
depleted, and then the core de�ned by an accretion shock (second core, or protostar)
is formed. After the temperature of the protostar becomes above the threshold value
for the nucleosynthesis, a star eventually forms. The typical lifetime of the protostar is
considered to be ∼ 105 yr.

1.2.2 Cloud fragmentation

So far we have seen the basic physical process of the star formation. The discussion
gives us the implication that the stellar mass is determined by the gas accretion rate
onto protostars. Since the rate is proportional to T 1.5, the mass of the eventually formed
stars would be smaller in the cooler cloud if the accretion timescales are not signi�cantly
changed. The gas cooling e�ciency increases with increasing metal because of its larger
cooling e�ciency than the primordial species, and thus it can explain the stellar mass
transition as the metallicity increases in the early Universe.

The more drastic reduction of the stellar mass is expected if the cloud fragmentation
occurs. We here focus on the no-turbulence case for simplicity. The fragmentation occurs
only by the thermal process. The gas fragmentation is considered to occur through sheet
or �lament formation (e.g. Inutsuka and Miyama 1992). The linear analysis of the growth
rate of the bar-mode perturbations on a spherical cloud is performed by Hanawa and
Matsumoto (2000) and Lai (2000). The cooling/heating e�ciency is parametrized by the
speci�c heat ratio γ, and the perturbation amplitude is expressed by the cloud ellipticity
E = a/b − 1, where a and b are the major- and minor-axes of the cloud. The growth
rate of the perturbation can be translated into the dependence of the cloud ellipticity E
on the density with the power-law index n as E ∝ ρn. The positive n means the growth



8 Chapter 1. Introduction

-0.6

-0.4

-0.2

 0

 0.2

 0.4

 0.8  0.9  1  1.1  1.2

Elongated

Spherical

HeatingCooling

G
ro

w
th

 in
de

x

Specific heat ratio

Figure 1.5: Growth index n as a function of the gas speci�c heat ratio γ. The cloud
becomes elongated by the gas cooling γ . 1 in the blue-shaded region. That is, the cloud
ellipticity increases as E ∝ ρn with positive n. The cloud becomes rounder by the gas
heating γ & 1 with negative n.

of the bar-mode perturbation, while the negative n means the stabilization. When n

keeps positive for a su�ciently long time, the cloud becomes thin �lament or disk. When
n keeps negative for a su�ciently long time, the cloud shape becomes round. Figure
1.5 shows the dependency of the growth index n on the speci�c heat ratio γ. As easily
expected, the cloud elongation is promoted with the e�cient cooling (γ < 1) while the
cloud is likely to be spherical with the heating (γ > 1).

From the above discussion, we can draw a scenario of the cooling-induced fragmenta-
tion as follows and as shown in Figure 1.6. First, when the rapid cooling occurs, the gas
elongation is promoted to form disk or �lamentary structures. After the cloud further
collapses, and the density of the perturbations becomes above the quantity where the
cooling becomes ine�cient, each density clump begins to contract in a spherical manner.
The important point is that the mass scale of the fragments is comparable to the Jeans
mass at the density and temperature when the cooling ceases as indicated by orange star
in Figure 1.6.

The fragmentation on a �lament is numerically con�rmed by Tsuribe and Omukai
(2006). In their simulation, the gas has initially negative speci�c ratio, mimicking the
radiative cooling e�ect, and then the speci�c heat ratio is switched to positive. The
fragmentation occurs on the �lament kicked in by the gas cooling. We should note that
the fragmentation is promoted only when the cloud ellipticity becomes above a critical
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Figure 1.6: Schematic view of the fragmentation scenario. Top: the bar-mode pertur-
bation on an originally spherical cloud grows at the time (density) where the cooling
e�ciency dominates over the heating process. The gas eventually becomes in the form of
sheet or �lament. Bottom: when the density of the perturbation on the �lament enters
the regimes where the cooling e�ciency is reduced, the perturbations are stabilized to
becomes rounder separately. That is the fragmentation due to the thermal processes.
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value, 30, until the cooling becomes ine�ective. This means that radiative cooling should
last for su�ciently long time to induce the fragmentation.

1.3 Fragmentation criteria

1.3.1 Chemo-thermal evolution of collapsing cloud

In this section, we see the important cooling/heating mechanism which enhance/suppress
the cloud elongation and fragmentation. Even a trace of metal plays an important role
as an additional cooling channel in collapsing cloud. The kinetic energy is converted to
the radiative energy by the line transition of C+ ions, C and O atoms, and CO, OH,
and H2O molecules (e.g. Bromm and Loeb 2003). Dust thermal emission is the another
important cooling mechanism, which becomes e�ective even with the extremely small
metallicity ∼ 10−5 ZJ (e.g. Omukai 2000). In more detail, such gas cooling deforms the
gas by inducing aspherical perturbations on the cloud surface. The gas cooling can be
parametrized by the speci�c heat ratio.

The mass scale of the fragments are determined as the Jeans mass

MJ =
π5/2c3

T

6G3/2ρ1/2
, (1.12)

at the density and temperature where the cooling ceases. The physical reasons why the
cooling e�ciency becomes smaller is di�erent among coolants. H2, HD, C i, C ii, and O
i line cooling becomes ine�ective because the line population becomes the local thermal
equilibrium (LTE) one. CO, OH, and H2O rotational lines becomes optically thick before
their populations reaches LTE. The dust thermal emission becomes weakened because
the heat exchange between cold grains and hot gas particles are completed at a density
just before the continuum emission becomes optically thick. We will revisit the cooling
mechanisms in more detailed manner in Chapter 2. We emphasize that the di�erent
cooling mechanisms will yield the cloud fragmentation with di�erent mass scales.

1.3.2 Metal cooling

Some researchers have considered that the metal line cooling trigger the gas cooling
(Bromm and Loeb 2003; Frebel et al. 2005; Santoro and Shull 2006; Maio et al. 2007).
In gas clouds, cooling due to C ii and O i becomes important for Z & 10−3.5 ZJ. Such
the idea gives the simple formula to the critical condition where the low-mass and low-
metallicity stars are formed. Frebel et al. (2007) present the critical discriminant by
assuming that the cloud have the similar abundance pattern to the present-day. The
critical condition will be given by the balance between the gas compressional heating Γaid

and C ii and O i cooling as
ΛC II + ΛO I > Γadi. (1.13)
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Gas compressional heating per unit volume is given as

Γadi = ρp
d

dt

(
1

ρ

)
∼ p

tff
= 2 × 10−23 erg cm−3 s−1 (1.14)

at the characteristic density nH = 1 × 104 cm−3, temperature T = 300 K, and the mean
molecular weight µ = 1.2. At the state, the cooling rates of C ii and O i are

ΛC II = 6 × 10−20 AO

AO,
J

erg cm−3 s−1, (1.15)

ΛO I = 2 × 10−20 AC

AC,
J

erg cm−3 s−1. (1.16)

Given the abundances of C and O, the condition of Equation (1.13) can be rewritten as

Dtrans ≡ 10[C/H] + 0.3 × 10[O/H] > 10−3.5. (1.17)

Here, they introduce the transition discriminant Dtrans. This simple discriminant can
explain the formation of the low-mass stars in the Galactic halo (Ji et al. 2014). For
the most iron-poor star SMSS J0313 − 6708, Dtrans = 10−2.4 for the abundances �tted
by the three-dimensional atmospheric model. Although we should note that the oxygen
abundance here is the upper limit, the abundance of the even very primitive star satis�es
the critical condition for which the carbon and oxygen cooling is e�ective. That is because
the majority of such primitive star have the carbon-enhanced feature relative to the solar
abundances. Equation (1.17) seems to well explain the origin of the second-generation
metal-poor stars.

1.3.3 Dust cooling

However, C ii and O i cooling becomes e�ective even at small density 104 cm−3 where the
Jeans mass is very large∼ 104 MJ (see Chapter 2). The stellar mass would �nally reduced
by the succeeding run-away collapse, it is di�cult to describe the formation of low-mass
stars which survives until the present-day. Also, carbon ions are recombined at the density
∼ 1 cm−3 soon after an interstellar medium begins to collapse gravitationally. As another
important cooling channel, several authors focus on the dust thermal emission. The
cooling becomes e�ective at higher density nH ∼ 1012�1015 cm−3, where the Jeans mass is
∼ 0.1 MJ. Therefore, the dust is to be taken into consideration although their properties
(abundances and size distribution) is still unclear especially in the early Universe as well
as in the present-day.

1.3.3.1 Basic idea

Omukai (2000) present that the metal cooling becomes ine�ective at nH ∼ 104 cm−3.
The population reaches the local thermal equilibrium (LTE). They also indicate that



12 Chapter 1. Introduction

the carbon ion is depleted into carbon atoms by chemical reactions. During the gas
collapse, the complex chemical reaction and radiative cooling of relevant chemical species
are important in the gas. To save the computational cost, we can focus on these processes
only in the core region (within the Jeans scale) in the run-away collapse era, when the
central region shrinks and envelope is left to fall. In other words, the gas has the outfall
velocity on the comoving frame of the core. Such an idea is presented �rst by Hayashi
and Nakano (1965) for a primordial cloud. They follow the evolution of the equilibrium
temperature as a function of density. There, the core density is the indicator of the
elapsed time because it in general monotonically increases during the collapse.

However, the timescale of the chemical reactions are comparable to the dynamical
timescales of collapsing clouds. We should take care of the non-equilibrium chemistry.
Omukai (2000) re�ne the model by including the non-equilibrium chemical reaction net-
works and cooling rates relevant to the cloud collapse with a wide range of metallicities
0�1 ZJ. In the central region, the density increases with the order of the free-fall timescale
∼ tff . At each given density, the temperature is solved by integrating the cooling and
heating rate. The cooling and heating rates are obtained as the function of the den-
sity, temperature, and the abundance of the corresponding species in the self-consistent
manner.

Strictly speaking, the timescale of the collapse

tcol =
ρ

dρ/dt
(1.18)

is the function of the cooling and heating e�ciency. When the heating is dominant
over the cooling, the collapse becomes slower because of the increasing pressure gradient
more rapidly than the gravitational force inward the cloud center. Since the net cooling
e�ciency can be parametrized by the speci�c heat ratio

γ =
d ln T

d ln ρ
+ 1, (1.19)

tcol can be written as the functional form of γ. By Larson (1969), the ratio f∇p of the
pressure gradient to the gravitational force is given as 0.6 in the isothermally collapsing
cloud (γ = 1). From the self-similar solutions for clouds with various γ, the functional
form of f is given as

f∇p =


0 (γ < 0.83)

0.6 + 2.5(γ − 1) − 6.0(γ − 1)2 (0.83 < γ < 1)

1.0 + 0.2(γ − 4/3) − 2.9.(γ − 4/3)2 (γ > 1)

(1.20)

The collapse time is proportional to 1/
√

1 − f∇p (Larson 1969). Then, Omukai et al.
(2005) estimate the ratio of the collapse timescale to the free-fall timescale as

tcol =
1√

1 − f∇p

tff . (1.21)
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Table 1.1: Properties of grains
Species fdep,i,0 [%]

Iron 1.265

Forsterite 12.550

Enstatite 3.665

Carbon 4.897

Troilite 2.845

Total 25.222

Note � Initial depletion factor fdep,i,0 of grain species i relative to total mass of heavy
elements. We do not include ices and organics, and assume that carbon nuclei are all

depleted into amorphous carbon grains.

We will revisit to check the validity of the model in Chapter 5.
Again, the abundances of heavy elements, condensation e�ciency of the metal into

grains, abundances of grain species, and dust size distribution are highly unknown al-
though they critically determine the cooling e�ciency of the gas. Omukai (2000) assume
the present-day dust, where the refractory elements such as silicon, magnesium, and iron
are all depleted into grains according to the dust model of Pollack et al. (1994). It should
be noted that the metal and dust properties in the early star-forming clouds are di�erent
from those in the present-day. If the metal abundances are imprinted by a Pop III super-
nova, which is the �rst metal polluter, the abundances of lighter elements such as C and
O relative to Fe are greater than in the Solar system. The depletion e�ciencies of heavy
elements onto grains are smaller as demonstrated by the observations of high-redshift
damped Lyman α systems (Schady et al. 2010; Zafar et al. 2011). Table 1.1 shows the
grain species which we consider here and their mass fraction relative to heavy elements.

Here, we calculate the thermal evolution of clouds with various metallicities 0�1 ZJ,
employing the present-day metal and dust model according to the recipe presented by
Omukai (2000). The number fraction of carbon and oxygen nuclei relative to hydrogen
are 2.015 × 10−4 and 4.956 × 10−4, respectively. If neglecting ices and organics, which
are sublimated in warm metal-poor clouds, 25% of oxygen are depleted into grains. We
assume that 54% of carbon nuclei is condensed into amorphous carbon grains, whereas a
fraction of carbon nuclei are locked into organics in the original calculations by Omukai
et al. (2010). Further, we do not include dust sublimation. These modi�cations from
the original calculations do not have signi�cant e�ects on the thermal evolution of the
clouds.

Figure 1.7 shows the results of the calculations with metallicities 0, and 10−6 to 1 ZJ

every 1 dex from top to bottom. The temperature in the cloud cores tend to decrease with
increasing metallicities. Each evolutionary tracks passes the regimes where the di�erent
cooling/heating processes are important. We can predict that the gas fragmentation
occurs at the density where the temperature dip appears. In a quantitative manner, the
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Figure 1.7: Temporal evolution of temperature in a cloud center in the primordial case
(black; labeled �Z∞�), and with metallicities Z = 10−6�1 ZJ (�Z6�Z0�) from top to
bottom. The thin black dotted lines indicate the Jeans masses at corresponding densities
and temperatures. The triangles and circles are plotted at the density and temperature
where the condition for the cloud fragmentation into massive (> 0.8 MJ) and low-mass
(< 0.8 MJ) cores, respectively, is satis�ed.
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gas fragmentation occurs under the condition as

• the speci�c heat ratio γ is less than 0.8 for the core to be elongated, and

• γ becomes conservatively 0.97 after the gas cooling

as presented by Schneider and Omukai (2010). The critical values of γ (0.8 and 0.97) in
the above criterion is determined from the several three-dimensional simulations for the
gases with the various speci�c heat ratios (Li et al. 2003; Tsuribe and Omukai 2006). Each
evolutionary track undergoes the temperature dip at most at two densities as indicated
by triangles and circles. The triangles (circles) depict the density and temperature where
the gas is expected to fragment into clumps with the mass larger (smaller) than 0.8 MJ.
If the mass of stars which eventually form is less than 0.8 MJ, the stars can survive for
more than the Hubble time (Raiteri et al. 1996).

With 0, 10−6 and 10−5 ZJ, the temperature dip appears at the density ∼ 104 cm−3,
where H2 line cooling is e�ective although the abundance of H2 molecule is still y(H2) ∼
10−4. At the density, the gas fragmentation is expected to occur. We indicate the Jeans
mass, and the density and temperature where the temperature dip appears corresponds
to ∼ 103 MJ. This suggests that the clump of ∼ 103 MJ is formed and, if the most
of the gas eventually fall into the central protostars, massive stars are expected to form.
This scenario can be demonstrated by several three-dimensional simulations (e.g. Abel
et al. 2002; Bromm et al. 2002; Yoshida et al. 2003).

With Z > 10−4 ZJ, the transition line cooling by metal ions, atoms, and molecules
create the temperature dip at densities nH ∼ 1�106 cm−3 varying with the metallicities.
Although the line cooling have been considered to be the crucial to the low-mass gas
fragmentation (e.g. Bromm and Loeb 2003), the cooling e�ciencies rapidly become in-
su�cient because the line populations reach LTE or because the lines become optically
thick. If the stars eventually formed have the mass comparable to the mass of the frag-
ments, the model predicts the stellar mass of at least ∼ 10 MJ with metallicity 10−4 ZJ.
Such massive stars could not be observed in the Galactic halo.

At higher densities, corresponding to the Jeans mass of 0.01�0.1 MJ, another tem-
perature dip can be seen with metallicities Z > 10−5 ZJ. This is due to the dust thermal
emission. Dust grains are thermally coupled with gas particles only at the large densities.
This can straightforwardly explain the formation of the low-mass cores (even stars) with
extremely low metallicities. The dust cooling continues to be e�ective until the thermal
coupling between gas and dust is completed at the densities and temperatures indicated
by the circles in Figure 1.7.

From the discussions above, we can de�ne the condition for gas fragmentation into
low-mass cores as

Z & 10−5 ZJ (1.22)

in the realm of the model where the gas fragmentation is induced by radiative cooling.
Below 10−6 ZJ, H2 line cooling is e�cient to induce fragmentation at nH ∼ 103 cm−3.
In this regime, fragments of mass ∼ 103 MJ will be formed. Even with the slight
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metallicity (10−6 ZJ), the cloud is in the same regime as in the Pop III cloud without
metal or dust by de�nition. Above 10−5 ZJ, transition line cooling is e�ective to induce
fragmentation but the mass scale of fragments is still large so that the formed stars can
not survive until the present-day. Yet, the gas enters the second fragmentation regime at
the higher densities. We can expect that the cloud further fragment into low-mass cores
with ∼ 0.1 MJ.

1.3.3.2 Pop III supernova model

The model in the previous section can simply predict the condition for the stellar mass
transition by imposing the assumption that the dust amount is simply proportional to the
metal abundance (about half the metal content). However, the assumption is not in the
case in the early Universe as revealed by the observations of the low-metallicity DLAs at
high redshifts. First, the condensation e�ciency of the metal into dust grains in the early
Universe is smaller than in the present-day. Further, the diversity of the dust-to-gas mass
ratio among the DLAs is signi�cant even with similar metallicities. This implies that the
star-forming clouds in the low-metallicity environment have the various dust content, or
dust cooling e�ciency.

The theoretical model also predict the smaller and diverse condensation e�ciencies in
the formation site of second-generation stars. The early dust is considered to be mainly
supplied by supernovae while the present-day dust is condensed by the various channels
such as supernovae, stellar wind from the low-mass asymptotic giant branch (AGB) stars,
and grain growth in molecular clouds. This is because the progenitors of the supernovae
has large masses (> 8 MJ), or short lifetimes. These massive stars die, releasing metal
and dust to the ambient interstellar medium for the su�ciently short timescales relative
to the formation epoch of the observed low-metallicity stars in the Galactic halo. A
semi-analytic calculations predict that the AGB stars, whose hosts are less-massive, can
become to release the dust 500 Myr after the pollution by the supernovae (Dwek et al.
2007). Further, the stellar wind hardly blows from the surfaces of the stars with extremely
low-metallicities because the dust grains, which has the large opacities to drive the wind
by the radiation pressure from beneath the atmosphere, is not abundant (Ventura et al.
2014).

Especially in the formation site of the very second-generation stars which we here focus
on, the gas should be polluted with metal and dust by the supernova of the �rst stars. In
order to consider the stellar mass transition, or the formation of the �rst low-mass star,
it is required to employ the model of metal and dust supplied by Pop III supernovae.
Fortunately, we can directly access the metal abundance of the primitive stars by the
recent observations of the low-metallicity stars in the Galactic halo (Beers and Christlieb
2005; Frebel et al. 2005; Ca�au et al. 2011; Keller et al. 2014; Aoki et al. 2014). These
peculiar abundance relative to the solar one can be successfully reconstructed by the
nucleosynthetic models of the stellar evolutions and the supernova explosion of parent
Pop III stars (Umeda and Nomoto 2002; Limongi and Chie� 2012; Tominaga et al. 2014).
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The remaining uncertainties are the condensation e�ciency of metals onto grains,
abundance of grain species, and dust size distributions in the parent gas clouds of the
low-metallicity stars. These dust properties in the collapsing clouds are signi�cantly
important to determine the dust cooling e�ciency and the cloud fragmentation properties.
The one of the clues is the dust contents in the high-redshift DLA systems. The semi-
analytic models predict that the ∼ 1 MJ dust is required per supernova event to explain
the dust-to-gas mass ratio is these objects (Dwek et al. 2007). From a more microscopic
view, the metal condensation e�ciency, dust abundances, and size distributions can be
obtained by the models of the evolution of blast waves from an individual supernova
(Todini and Ferrara 2001; Nozawa et al. 2003; Bianchi and Schneider 2007; Marassi et al.
2014). These models well predict the production of grains of ∼ 1 MJ. We brie�y review
the dust formation and destruction processes in the supernova shocks as follows.

The e�ciency of the condensation of the heavy elements into dust grains is determined
by the density, temperature, and chemical composition in their formation sites. The con-
densation occurs in supernova ejecta rich with the heavy elements. According to the
expansion of the ejecta, the temperature decreases adiabatically until ∼ 103 yr after the
explosion. After the temperature decreases down to an order of the sublimation temper-
ature of a grain species, the condensation of the species begins typically several hundred
years after the explosion. The process soon becomes ine�cient because the almost all
of refractory elements are locked into the grains. Then, the grain destruction becomes
e�cient at ∼ 104 yr after the explosion. When the ejecta sweeps up the ambient gas
with the same mass, the reverse shock is generated. The shock starts to move backward
and penetrate into the ejecta which the grains have been formed. In the downstream
of the reverse shock, the temperature is very high (107�108 K). If the grains enter the
region, high-energy ions hit the grains to strip the atoms on the surfaces. The sputtering
reduces the dust-to-gas mass ratio in the ejecta with a fraction of nuclei again released
into the gas-phase. Consequently, both the gas-phase metal and dust are dispersed into
the interstellar medium (Nozawa et al. 2007; Bianchi and Schneider 2007).

Schneider et al. (2012a) perform the same one-zone calculations as Omukai (2000, see
Section 1.3.3.1) but include the metal and dust model consistently calculated with the
stellar evolution of Pop III stars and hydrodynamic evolution of their supernova ejecta.
They compute the metal abundances with various Pop III stellar masses Mpr. The three
parameters of the explosion energy ESN, the mass cut Mcut, and the mass M(56Ni) of
nickel 56 are determined so that the resulting metal abundance pattern is consistent with
that of the recently discovered star SDSS J1029 + 1729. They also compute the dust
formation in the expanding ejecta with a simple model mimicking the hydrodynamic
evolution of the ejecta. The destruction e�ciency of dust is determined by the ambient
gas density ρamb. With larger ρamb, the resulting dust-to-gas mass ratio becomes smaller.
They consider the four cases: without destruction (�norev�), and ρamb = 10−25 (�rev1�),
10−24 (�rev2�), and 10−23 g cm−3 (�rev3�).

As a result, they �nd that the critical metallicity above which low-mass fragmentation
is induced are dependent not solely by metallicity but by the depletion factor of metal
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onto grains. If the depletion factor is small, the dust cooling e�ciency is also small so that
the fragmentation criterion in Section 1.3.3.1 is not satis�ed even with Z & 10−5 ZJ.
They conclude that not the metallicity but the initial dust-to-gas mass ratio D is the
direct indicator of the cooling e�ciency and important to determine the fragmentation
property. The critical condition can be analytically driven by the balance between the
adiabatic heating rate and the dust cooling rate as

Γadi = Λd, (1.23)

where Λd is the dust cooling rate per unit volume of the �uid. The properties of the dust
is characterized by the geometrical cross-section S per unit dust mass. This indicates
the frequency of the collision between gas and dust, and typically take the value of
∼ 105 cm2 g−1 with a variation among the progenitor mass Mpr and the ambient gas
density ρamb. From Equation (1.23), we obtain

SD > 1.4 × 10−3 cm2 g−1
( nH

1012 cm−3

)−1/2
(

T

103 K

)−1/2

. (1.24)

Since the value S is [2.22�5.37]×105 cm2 g−1 in their dust models, the cloud fragmentation
condition can be written as

D > [2.6 − 6.3] × 10−9
( nH

1012 cm−3

)−1/2
(

T

103 K

)−1/2

. (1.25)

Schneider et al. (2012b) further apply their model to the formation condition of the
most primitive star SDSS J1029 + 1729 ever observed. They prepare the two progenitor
mass models with Mpr = 20 and 35 MJ, and four dust destruction models (norev and
rev1�3) for each Mpr. They �nd that the fragmentation condition is satis�ed for four out
of eight models. For rev3 with Mpr = 20 MJ and rev1�3 with 35 MJ, the dust destruction
e�ciency is so large that the weak dust cooling can not induce the cloud fragmentation.
Nevertheless, their model can partly explain the formation of the primitive star. We can
say that dust cooling is crucial to the formation of the low-mass stars in the low-metallicity
environment.

1.3.3.3 Grain growth

These authors impose the strong assumption that the dust-to-metal mass ratio, or the
condensation e�ciency of metal onto grains, is constant during the cloud collapse. How-
ever, it would increase while the gas density increases and the collision rate of gas-phase
molecules with dust grains. The grains would capture the gas-phase species to grow.
This accretion phenomenon is called grain growth. In the neighbor dense molecular cloud
cores, the evidences of the grain growth are discovered by the recent observations (e.g.
Chapman et al. 2009; Steinacker et al. 2010). The mid-infrared observations by the
Spitzer telescope reveal that the scattered light by micron-size grains are detected in the



1.3. Fragmentation criteria 19

cloud core. This can be the evidence of the growth of dust grains whose size is usually
sub-micron in the interstellar medium. Also in the early Universe, it is expected that
the grains, which has been partly destroyed by the e�ect of the reverse shock when they
are released from Pop III supernovae, again accrete the gas-phase metal during the suc-
ceeding cloud collapse as the gas density increases so that the timescale of the growth is
smaller than the dynamical time of the gas even with the small dust-to-gas mass ratio.

Nozawa et al. (2012) estimate the e�ect of the growth of the dust grains of metallic
iron and silicon on the low-metal gas. They integrate the depletion rate in the gas whose
density increases with the free-fall timescale and whose temperature is �xed 1000 K.
They study in the case where the dust size is uniform with initially 0.01 µm. The initial
depletion e�ciency of metal is set for 0.001�0.1. Both the values are consistent with
the grain properties created in the supernova ejecta (Nozawa et al. 2003). As a result,
they �nd that the grain growth indeed occurs so that the gas-phase materials are totally
depleted in the cloud even with the extremely low metallicities & 10−5 ZJ although the
initial depletion factor is too small 0.001. This study indicates that the grain growth
occurs well before the dust cooling becomes e�cient. However, the gas temperature is
�xed to be 1000 K in this study. Since the temperature evolution is crucial to determine
the fragmentation condition, the temperature evolution, which interacts with the grain
growth rate, should be required to be solved.

In our previous work, Chiaki et al. (2013) solve the gas temperature evolution and the
grain growth for the �rst time in the context of the low-metal star formation. We employ
the semi-analytical model based on Omukai (2000) and explicitly solve the growth rate
of the grains which depends on the gas density, temperature, and chemical composition.
While Nozawa et al. (2012) consider the metallic iron and silicon grains, which have less
e�cient cooling rate (photon absorption cross-section), we include the enstatite (MgSiO3)
grains, one of the most important species in the early Universe and present-day. The
abundances of silicon and magnesium are the scaled solar abundances as AMg = 3.47 ×
10−5 and ASi = 3.31× 10−5 for Z = ZJ (Lodders et al. 2009). Figure 1.8 shows the dust
depletion e�ciency fMgSiO3,Si(t), radius rMgSiO3 and gas temperature. With 10−5 ZJ, the
fragmentation condition is satis�ed only with grain growth. The gas fragmentation is
favored even with the low initial depletion factor fdep,0 of 0.001 in the extremely metal-
poor regime & 10−5 ZJ. This indicates that the critical metallicity above which the dust
cooling is e�ective is insensitive to the initial depletion factor. For a wide range of fdep,0,
the gas-phase silicon is e�ciently depleted onto the grains until exhausted well before the
dust cooling becomes e�ective at nH ∼ 1012�1014 cm−3. This model elegantly shows that
a parameter of the dust property hardly a�ects the gas fragmentation properties.

In this model, however, there are several limitations to be considered. First, we assume
a single component of dust, MgSiO3. The Pop III supernova model predicts the rather
small amount of silicates (MgSiO3 and Mg2SiO4) as shown in Nozawa et al. (2007). These
grains had e�ciently been destroyed by the reverse shocks before they are dispersed into
the interstellar medium (see Chapter 3 in more detail). Although the carbon grains are
another important coolant because of their large amount and large emissivity, we can
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expect that they do not grow because the free carbon atoms available to be accreted
onto grains are depleted into CO molecules more rapidly than grain growth as in the
expanding supernova ejecta (Bianchi and Schneider 2007). Further, we see in Chiaki
et al. (2013) the slight dependence of the critical metallicity on the grain size. For the
grain sizes less than 0.01 µm, the critical metallicity is between 10−6 and 10−5 ZJ while,
for > 0.1 µm, between 10−5 and 10−4 ZJ with a �xed initial depletion factor fdep,0 = 0.1.
This is because the total cross-section of the grains is reciprocally proportional to the
grain size. The cross-section determines the gas cooling e�ciency owing to the collision
with the cold grains. Therefore, we should consider the abundance of grain species and
the size distribution realistic in the early Universe.

1.3.4 Three-dimensional simulations

The analytic approaches and the one-zone calculations presented above are the powerful
tools to study the thermal properties of the collapsing clouds in a simple manner. In the
previous section, the transition line cooling and/or dust thermal emission is considered to
immediately indicate the cloud fragmentation. However, it is worth noting that we should
investigate carefully how the thermal evolution has e�ects on the cloud fragmentation.
Since it is di�cult to directly observe star-forming clouds in the low-metallicity clouds
at high redshifts, hydrodynamic simulations are useful to see the non-linearity of the
cloud fragmentation. Several authors have performed the three-dimensional simulations
to investigate the nature of the low-mass star formation in the extremely metal-poor
environment.

Dopcke et al. (2011) perform the simulations for a turbulent gas with metallicities
10−5 and 10−4 ZJ. They include the cooling e�ect of dust whose properties are the same
as in the present-day case (Section 1.3.3.1). As the density in the cloud center increases,
the dynamical time of the gas becomes very small as ∝ ρ−1/2. To satisfy the Courant
condition, the computational timestep becomes extremely tiny. To save the computa-
tional cost, the sink particle technique is often used. After the gas density becomes above
nH & 1015 cm−3, where the gas becomes optically thick, and the gas dynamical time be-
comes several years, they replace the �uid elements with a Lagrangian test particle. The
particles gravitationally interact with each other. The gas particles approaching within a
radius racc = 1 AU are accreted onto the sink particle. The formation of the multiple sink
particles can be interpreted as the cloud fragmentation. They see that the overlapping
�lamentary structures are formed and several tens of sink particles are created in the
dens clumps. The typical mass of the sinks is ∼ 0.1 MJ, which explicitly shows that the
low-mass fragmentation is triggered by dust cooling. This occurs in the both of the cases
with 10−5 and 10−4 ZJ. Therefore, the critical metallicity should be below 10−5 ZJ.
They extend their simulations for the wider range of metallicities 0�10−4 ZJ (Dopcke
et al. 2013). Although the fragmentation is con�rmed even with the cases with Z = 0

and 10−6 ZJ, the mass function of the sink particles changes from �at, top-heavy types
to the peaky, bottom-heavy types with the increasing metallicity. The transition of the
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mass function occurs between 10−6 and 10−5 ZJ. They therefore conclude that there
exists the metallicity critically deviding the di�erent mass function regimes, and its value
is below 10−5 ZJ.

Safranek-Shrader et al. (2014a) consider the star formation in the star-forming region
in the atomic cooling halo with metallicities 10−4�10−2 ZJ. In order to see the e�ect
of �ne-structure cooling, they replace the gas with the sink particles at somewhat large
density ∼ 107 cm−3. The line cooling induces the gas fragmentation only with ≥ 10−3 ZJ,
where transition line cooling becomes e�ective. Only a sink is formed with 10−4 ZJ

sounded by a circumstellar disk. The typical mass of the central most massive sinks
reaches ∼ 100 MJ after the accretion process for several Myr. This result shows that the
low-mass fragmentation would be triggered by dust cooling at higher densities. Safranek-
Shrader et al. (2014b) extend one of their simulations with 10−2 ZJ until the central
density reaches 1013 cm−3 before sink particles are put. The cloud eventually fragment
via the multiple �lamentary structures into the sub-solar mass clumps. They also con�rm
that dust cooling can induce the second-step of fragmentation. In addition, the spectral
index α = 1.3 of the mass function of the sinks are similar to the one in the ultra-faint
dwarf galaxies (Geha et al. 2013).

Above the two authors put the metal by hand uniformly in the turbulent clouds
(Dopcke et al. 2011, 2013) or the �rst galaxy-forming halo (Safranek-Shrader et al.
2014a,b). Most recently, Smith et al. (2015) explicitly follow the entire process of the
metal enrichment by the expanding blast waves from a Pop III supernova. They �rst
perform the cosmological simulations and put a stellar particle in a primordial minihalo.
After that, they follow the propagation of the supernova shock and derive the metal dis-
tributions around the minihalo. They �nd the collapsing neighboring halo enriched with
' 2 × 10−5 ZJ. In the turbulent cloud, multilayered �lamentary structures appear and
the low-mass sink particles are formed. They con�rm that the dust cooling can enhance
the fragmentation by their controlled simulation without the cooling e�ect by dust grains.

These simulations explicitly shows that the dust cooling can induce the low-mass star
formation. However, there remain rooms for us to elaborate the simulations. First, the
present-day metal and dust model is used in these earlier studies. As we have seen in
Section 1.3.3.2, the di�erent metal abundance and dust condensation e�ciency in the
early Universe from in the local Universe can modify the thermal evolution of the clouds.
Related to this, the e�ect of several metal molecular cooling has been overlooked. In the
earlier studies, line cooling by CO, OH, and H2O molecules is ignored. Although this has
been justi�ed only in the case with the present-day metal abundance (Omukai 2000), such
cooling would become more e�ective in the Pop III metal yield model, which predicts O-
excess (Umeda and Nomoto 2002; Limongi and Chie� 2012). Further, they often ignore
the e�ect of the chemical heating by the H2 molecular formation. The H2 molecules
are formed via the exothermic reactions. The three-body reactions are e�cient and the
abundant binding energy is converted into the gas thermal energy at nH ∼ 108 cm−3 (see
the yellow line in Figure 1.7). This rapid gas heating might stabilize the gas against the
elongation. Tsuribe and Omukai (2008) present that H2 formation heating signi�cantly
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Figure 1.9: Schematic image of the fate of the low-metallicity collapsing cloud.

suppress gas elongation by their three-dimensional simulations for the polytropic gas
mimicking the thermal evolution of the cloud. Finally, the authors demonstrate the gas
collapse only for one cloud with each metallicity. Hirano et al. (2014) recently report
that the thermal evolution of the clouds, which crucially a�ects the cloud fragmentation
properties, would be varied even with a �xed metallicity (Z = 0 in their simulations).
They �rst argue that the variation of the primordial stellar masses spreading ∼ 10�
1000 MJ according to the variation of the thermal evolution. They identify the collapse
timescale as the another important parameter, which determine the thermal path of the
cloud as well as the gas metallicity. In order to seek entire feature of the early clouds, it
is required to investigate the various clouds with di�erent collapse timescales.

1.4 Aims of the thesis

In this thesis, we aim to de�ne the critical condition to the �rst low-mass star formation in
the early Universe. We employ analytic calculations, semi-analytic one-zone models, and
three-dimensional hydrodynamics simulations to follow the cloud collapse with extremely
small metallicities. Because of the computational cost, we here focus on the early collapse
phase of the star-forming clouds. The condition for the gas fragmentation into low-mass
clumps are investigated (Figure 1.9).

1.4.1 Grain growth and the Pop III supernova models

To this aim, we begin with studying the necessary but so far overlooked thermal processes
in the collapsing clouds with the one-zone simulations which is suitable to see the thermal
evolution of the clouds. Nozawa et al. (2012) and Chiaki et al. (2013) predict the grain
growth is important to enhance dust cooling rate with a simple model. We elaborate their
calculations with the Pop III supernova metal and dust models as the realistic chemical
abundance of the early prestellar clouds. Recently, several authors build the model of
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nucleosynthesis in the main-sequence and the supernova explosion (Umeda and Nomoto
2002; Limongi and Chie� 2012). Based on the metal yield, Nozawa et al. (2007) and
Schneider et al. (2012a) employ the hydrodynamic model of expanding ejecta to follow
the processes of metal condensation and dust sputtering and estimate the resulting dust
content and size distributions. We perform one-zone calculations including the metal and
dust models to see the e�ect on the cloud thermal evolution. Also, we explicitly see how
grain growth can modify the fragmentation property of the gas.

Here, we focus on the formation of �ordinal� EMP star. A some fraction of EMP stars
show the carbon-enhanced abundance feature ([C/Fe] > 1; Beers and Christlieb 2005),
and are called carbon-enhanced extremely metal-poor (CEMP) stars. The fraction of
CEMP stars increases with decreasing metallicities (Frebel and Norris 2013): the 28%
of EMP stars so far observed are carbon-enhanced with [Fe/H] < −3, and three out of
four stars have the carbon-enhanced abundance with [Fe/H] . −5 (SAGA database1:
Suda et al. 2008). The recently discovered star SMSS J0313 − 6708 for which no iron
lines are detected and the upper limit is [Fe/H] < −7.1 has the carbon-enhanced feature
([C/H] = −2.4) (Keller et al. 2014). Even for the star, metallicity (mass fraction of total
heavy elements) itself is moderate (∼ 2.7 × 10−3 ZJ). It has been considered that the
EMP stars with [Fe/H] < −4 generally have the carbon-enhanced feature relative to iron.
However, recent observation of SDSS J102915+172927 with [Fe/H] = −4.99 reveals that
abundance of not only iron but carbon is very small (Ca�au et al. 2011). Carbon lines
are not detected and the upper limit of the abundance is [C/H] < −4.3, corresponding
the lowest metallicity < 4.5×10−5 ZJ ever observed. The explanation of existence of the
both carbon- and iron-poor star is challenging topic due to a signi�cant lack of coolant.

1.4.2 Three-dimensional simulations

To seek highly non-linear evolution of the collapsing clouds, we perform three-dimensional
hydrodynamic simulations of low-metal clouds. First, we develop a novel zoom-in tech-
nique necessary to follow the cloud collapse from an interstellar medium to the protostellar
core over the density of 20 orders of magnitude. Then, we apply this to the simulations
of clouds with low metallicities. Finally, we attempt to identify the gas heating/cooling
processes which determines the cloud fragmentation into low-mass protostellar cores.

1.4.2.1 Novel zoom-in simulation technique

In the collapse simulations, we are required to follow the gas evolution over 20 orders of
magnitude. At that time, the mass (spacia)l resolution of the discretized �uid elements is
restricted to be well less than the local Jeans mass (length) Truelove et al. (1997) (Jeans
criterion). If the mass resolution is violate the criterion, the spurious fragmentation
is reported to occur owing to the numerical noise. Besides, it is unrealistic that we
start simulations with the su�cient mass resolution to follow the evolution of eventually

1http://sagadatabase.jp/

http://sagadatabase.jp/
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formed protostellar cores. The cores are formed after the gas becomes optically thick at
nH ∼ 1015 cm−3, where the Jeans mass is MJ ∼ 0.1 MJ. When we impose the Jeans
criterion of mp < 105MJ (see Chapter 4), where mp is the mass of a �uid element in
the simulation, the required mass resolution is ∼ 10−6 MJ. A typical molecular cloud
with nH ∼ 104 cm−3 begins to collapse with the mass scale larger than the Jeans mass
of MJ ∼ 102 MJ. Therefore, the required number of the particles are ∼ 108. Although
such an expensive simulation is indeed possible with the machine power of the recent
supercomputers, the performance of parameter studies should be limited.

To overcome the numerical di�culty, the particle splitting technique is often used in
smoothed particle hydrodynamics (SPH) simulations. A coarse (parent) particle which
is about to break the Jeans criterion as its density increases is replaced with a set of
the �ner (daughter) particles. In the corse of the cloud collapse, the �ner particles are
generated toward the cloud center. It is based on the common idea with the adaptive
mesh re�nement (AMR) technique in Eulerian grid codes. While the distribution of
re�ned grids can be almost uniquely determined according to the coordinate of the parent
grid in the AMR codes, it is non-trivial how to distribute the daughter particles in the
SPH simulations. Several authors have determined the distribution of the daughters in
somewhat simple manners. Kitsionas and Whitworth (2002) put tens of daughters around
the position of their parent on the lattice of the hexagonal closest packaging. Mayer
et al. (2010) distribute the daughters on the vertices of the cube the half inter-particle
distance on a side parallel to the coordinate of the simulation box. Although only the
simple procedure is required in these methods, the global particle distribution should be
a�ected by the symmetric distributions of daughters of each parent. We thus develop the
novel particle splitting where daughter particles are distributed by the Voronoi diagrams
created by the parent particles. We can expect that the particle distribution of the cloud
is properly preserved with our method. The distribution of the particles are connected
with the density structure of the clouds. The preservation of the density structure before
particle splitting would lead us to more properly predict the cloud fragmentation which
is a�ected by the gas density structure.

1.4.2.2 Necessary thermal processes

As discussed in Section 1.3.4, there are several thermal processes which crucially a�ect
the cloud fragmentation but which have so far been overlooked. We propose that the two
other processes are important as well as dust thermal emission: H2 formation heating and
OH/H2O molecular cooling. We summarize the expected e�ects of these three processes
on the cloud elongation and fragmentation as follows:

• Dust cooling can trigger the gas elongation and the successive fragmentation into
the low-mass pieces. Grain growth can further enhance the e�ect even in the cases
where the metal condensation e�ciency is initially small.

• Gas heating owing to hydrogen molecular formation can halt the gas elongation.
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The heating might su�ciently make the cloud core round. Even though the dust
cooling becomes e�cient at higher density, it is possible that the timescale for the
core elongation from such a round structure to a �lamentary structure is larger than
the gas dynamical timescale as presented by Tsuribe and Omukai (2008).

• Metal molecular cooling is possibly another important cooling agent as well as
grains. Although this could not contribute to formation of low-mass clumps because
these lines becomes optically thick at small densities ∼ 108 cm−3 (see Chapter 2),
it can even enhance the cloud elongation before the dust cooling becomes e�cient.

1.4.2.3 Variation of collapse timescale

As Hirano et al. (2014) con�rm by the simulations for more than 100 primordial clouds,
the thermal evolution varies from cloud to cloud. Some of them undergo su�cient HD
cooling because their compressional heating rate is smaller and the time during which the
clouds are exposed to the radiative cooling is longer for the longer collapse timescale than
the other clouds. These thermal properties generate the eventual mass of the formed Pop
III stars. We in this thesis pick up the three minihalos which cover the entire diversity
of the thermal properties of the cloud.

1.5 Structure of thesis

We have so far seen that the critical conditions for the �rst low-mass stars are highly
unknown because of the several processes crucially a�ect the cloud evolution. We step-
by-step disclose the e�ects of these factors. In Chapter 2, we begin with the list up the
important chemical reactions and gas cooling/heating mechanisms which are included
in our analytic, semi-analytic, and numerical models employed throughout this theses.
Although we have already introduced some of them such as �ne-structure cooling by
oxygen and carbon and dust thermal emission, it is necessary to more closely understand
the physical mechanisms. In Chapter 3, we investigate the e�ects of the Pop III supernova
model and grain growth on the thermal evolution of metal-de�cient clouds. To this aim,
simple one-zone model is suitable.

We then move on the three-dimensional simulations to explicitly see the cloud frag-
mentation and to see the connection between the thermal evolution and the fragmentation
property. We introduce our novel particle splitting method based on the Voronoi tessel-
lation of SPH particles in Chapter 4, and apply it to our low-metal collapse simulations
in Chapter 5. Finally, we present the concluding remarks in Chapter 6.
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Chemical reactions and cooling rates
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2.1 Cooling and heating processes

2.1.1 Radiative cooling

The radiative cooling leads the gas temperature to decrease. The level of a species
is excitated by the collision with another ion, atom, or molecule. An electron usually
contributes to the excitation as a carrier of the kinetic energy by its small mass, and a
hydrogen atom or molecule is also important because of its large abundance. When the
level is de-exited, the excessive energy is released in the form of radiation. The net e�ect is
that the kinetic energy of gas is converted to the radiation energy. The rate of transition
line cooling per unit volume can be written as the summation of the contributions of
spontaneous radiation from the level i to j:

Λ =
∑
i>j

hνijAijβijni
Sij − JCMB,ij

Sij

, (2.1)

where νij is the frequency corresponding to the energy di�erence between the levels i

and j, Aij is the coe�cient of spontaneous emission from level i to j < i, and ni is the
population of the target molecule in the level i. The source function Sij is written as

Sij =
Aijni

Bjinj − Bijni

=
2hν3

ij

c2

(
gi

gj

nj

ni

− 1

)−1

, (2.2)
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where Bij is the rate of the stimulated emission (i < j) or absorption (i > j), gi and gj

is the statistical weights of the levels i and j, respectively. The intensity of the CMB
photons at the frequency of the i-j transition is

JCMB,ij =
2hν3

ij

c2

[
exp

(
hνij

kTCMB

)
− 1

]−1

(2.3)

The rate of the photon reduction by the self-absorption of the molecules and dust is
anisotropic. In the direction s of the line-of-sight, the escape probability can be written
as

βs
ij =

(
1 − e−τs

ij

τ s
ij

)
e−τcont (2.4)

under the large velocity gradient (LVG) approximation (Takahashi et al. 1983; Omukai
2000). The optical depth τ s

ij in the direction of a line-of-sight s is

τ s
ij =

hc

4π

Bjinj − Bijni

dvs/ds
=

c3Aij

8πνij

(
gi

gj

nj

ni

− 1

)
ni

dvs/ds
, (2.5)

where dvs/ds is the local velocity gradient. In the one-zone calculations (Chapter 3), we
estimate the velocity gradient as

dvs

ds
=

1

3tff
(2.6)

independent on the direction. Therefore, βij in Equation (2.1) equals to βs
ij. In three-

dimensional simulations (Chapter 5), the velocity gradient at the coordinate r can be
directly estimated by the SPH formula as

dvs

ds
=
∑

n

mn

ρ

s − sn

|r − rn|
(vs − vs,n)∇W (|r − rn|, h), (2.7)

where n is the index of a neighbor particle, and ∇W is the gradient of the kernel function
(see Chapter 4). We estimate the velocity gradients in directions s = x, y, and z. Then,
as in Hirano and Yoshida (2013), we estimate the escape probability as

βij =
βx

ij + βy
ij + βz

ij

3
. (2.8)

We estimate the population ni from the balance equation between the transition rate
from another level j to i and that from i to j as

ni

∑
i 6=j

[
Aij + BijJCMB,ij +

∑
k

γk
ijn(k)

]
=
∑
i6=j

nj

[
Aji + BjiJCMB,ji +

∑
k

γk
jin(k)

]
,

(2.9)
where Aij = 0 for i < j, γk

ij is the rate of the de-excitation (i > j) and excitation (i < j)
by the impact, with molecules k, and n(k) is the number density of the molecules k in
the �uid. We neglect the self-absorption and stimulated emission by the line photons to
save the computational cost. We still con�rm the e�ect of the stimulated emission on the
thermal evolution of the gas can be neglected by the semi-analytic calculations presented
used in Chapter 3.
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Table 2.1: Transition lines of HD molecules
J → J ′ aνJJ ′ [Hz] aAJJ ′ [s−1] bγH

JJ ′ [cm3 s−1]

1 → 0 2.67 × 1012 5.12 × 10−8 3.46 × 10−12 + 2.83 × 10−13T 0.77

2 → 1 5.32 × 1012 4.86 × 10−7 3.23 × 10−12 + 1.57 × 10−13T 0.92

3 → 2 7.93 × 1012 1.72 × 10−6 1.89 × 10−12 + 6.85 × 10−14T 1.03

2 → 0 7.99 × 1012 7.05 × 10−12 2.68 × 10−13 + 8.66 × 10−15T 1.12

3 → 1 1.33 × 1013 1.15 × 10−10 2.52 × 10−13 + 1.02 × 10−15T 1.47

Note � References: a Abgrall et al. (1982), b Galli and Palla (1998). In the last
column, T is the gas temperature in the unit of K.
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Figure 2.1: Transition levels of the species C ii (left) and C i (right panel).

2.1.1.1 Molecular lines of primordial species

(a) H2

H2 molecules are the important cooling agent in the gas with < 10−5 ZJ, where the
dust thermal emission is ine�cient. We solve the cooling rate for the rotation energy
levels J = 0�19, and the vibrational energy levels v = 0, 1, and 2. The spontaneous
emission rate Av,J ;v′,J ′ for the ro-vibrational transition from (v, J) to (v′, J ′) is taken
from Turner et al. (1977). The rates γk

ij of the collisional excitation and de-excitation are
taken from Hollenbach and McKee (1979) for k = H and H2. The energy di�erence is
calculated according to the formula of Borysow et al. (1989).

(b) HD

The radiative cooling by HD molecules becomes important in slowly collapsing clouds
with large f0 and with metallicities . 10−6 ZJ. The molecular cooling can serve as the
variation of the thermal evolution of the hyper metal-poor clouds while the O i cooling
is dominant in the slowly rotating clouds with & 10−5 ZJ. We in this thesis consider
the vibrational transitions J = 0�3. Table 2.1 shows the energy separation, A-coe�cient,
and collision rate of each transition which we here consider.
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Table 2.2: Transition lines of metal ions and atoms
species i → j νij [Hz] Aij [s−1] γe

ij [cm3 s−1] γH
ij [cm3 s−1] γH2

ij [cm3 s−1]

C ii 1 → 0 1.9 × 1012 2.4 × 10−6 2.8 × 10−7(T/100K)−0.5 8.0 × 10−10(T/100K)0.07

C i 1 → 0 5.0 × 1011 7.9 × 10−9 3.0 × 10−9 1.6 × 10−10(T/100K)0.14 0.05γH
10

2 → 0 1.3 × 1012 5.0 × 10−9 5.0 × 10−9 9.2 × 10−11(T/100K)0.26 0.5γH
20

2 → 1 8.1 × 1011 1.5 × 10−8 1.5 × 10−8 2.9 × 10−10(T/100K)0.26 0.5γH
21

O i 1 → 0 4.7 × 1012 8.9 × 10−5 1.4 × 10−8 9.2 × 10−11(T/100K)0.67

2 → 0 1.0 × 10−10 1.4 × 10−8 4.3 × 10−11(T/100K)0.80

2 → 1 2.1 × 1012 1.7 × 10−5 5.0 × 10−9 1.1 × 10−10(T/100K)0.44

3 → 0 6.3 × 10−3 1.0 × 10−10 1.0 × 10−12

3 → 1 2.1 × 10−3 1.0 × 10−10 1.0 × 10−12

3 → 2 4.7 × 1014 7.3 × 10−7 1.0 × 10−10 1.0 × 10−12

4 → 0 2.9 × 10−4 1.0 × 10−10 1.0 × 10−12

4 → 1 7.3 × 10−2 1.0 × 10−10 1.0 × 10−12

4 → 2 0.0 1.0 × 10−10 1.0 × 10−12

4 → 3 5.4 × 1014 1.2 0.0 0.0

References � Hollenbach and McKee (1989) and Osterbrock (1989).

(3) 1D2

(4) 1S0

6300 Å

5577 Å

O I

×100

(0) 3P2

(1) 3P1

(2) 3P0

63.1 µm

145.6 µm

Figure 2.2: Transition levels of the species O i.
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2.1.1.2 Forbidden line of metal ions and atoms

The metal ions and molecules emit photons by the forbidden line transition. Figures 2.1
and 2.2 show the levels of the species C ii, C i, and O i. We con�rm that the other
abundant elements Si and Fe do not have signi�cant e�ects on the gas thermal evolution
by their line emission. Table 2.2 shows the A-coe�cients and γk

ij (k = e, H, and H2).
(a) C ii

C+ ions are not important during the cloud collapse even with the carbon-enhanced
metal abundance because the ions are recombined immediately after we start the cal-
culations. The cooling process is still worth reviewing because the well-known emission
line at 158 µm can be used to observationally investigate the metal abundance and the
star formation process in high redshift galaxies. Further, the simple two-level system is
suitable to in detail see the process of the photon emission. The detailed balance equation
(2.9) can be rewritten as∑

k

γk
01n(k)n0 = A10n1 +

∑
k

γk
10n(k)n1, (2.10)

n(C+) = n0 + n1 (2.11)

for the two-level system, where n(C+) is the number density of carbon ions. We neglect
the e�ect of the CMB radiation. At densities n(C+) < ncrit ≡ A10/

∑
γk

10y(k), the
spontaneous emission is balanced with the collisional excitation as

Λ(C+) = hν10

∑
k

γk
01n(k)n0 ∝ nH

2. (2.12)

Otherwise, the level population reaches the local thermal equilibrium (LTE), where

n1

n0

=

∑
γk

01n(k)∑
γk

10n(k)
' g1

g0

exp

(
−hν10

kT

)
. (2.13)

From Equations (2.10) and (2.11), the population of the level 1 can be obtained as

n1 =

g1

g0
exp

(
−hν10

kT

)
1 + g1

g0
exp

(
−hν10

kT

)n(C+). (2.14)

The cooling function is then

Λ(C+) = hν10A10

g1

g0
exp

(
−hν10

kT

)
1 + g1

g0
exp

(
−hν10

kT

)n(C+) ∝ nH (2.15)

if the abundance of carbon ions is constant. The density ncrit is called the critical density
below which the cooling rate is proportional to nH

2 and above which nH
1.

Figure 2.3 shows the cooling rate of C+ and adiabatic heating rate as a function
of the number density nH of hydrogen nuclei. We �x the temperature to 300 K and
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Figure 2.3: Cooling rate by C+ ions Λ(C+) as a function of the gas density nH (blue
solid curve). We also plot the adiabatic heating rate Γadi (red dashed). These rates are
calculated with a �xed temperature 300 K, and the number fraction of C+ is 3.16× 10−7

corresponding to the metallicity 10−3. The abundances of the species e, H, and H2 which
induce collisional excitation are 10−6, ' 1, and 10−4, respectively.
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the abundance of C+ relative to hydrogen nuclei to 3.16 × 10−7 which is 10−3 times
the solar abundance (Ca�au et al. 2011). The fraction of electrons which collisionally
induce the level excitation is 10−6. In such a case, the collisional excitation by hydrogen
atoms is dominant over electrons. The critical density is therefore ncrit ' A10/γ

H
10y(H) =

3 × 103 cm−3. We also plot the rate of gas compressional heating, which is the main
heating mechanism. The rate of adiabatic compression per unit volume is

Γadi = ρp
d

dt

(
1

ρ

)
∼ p

tff
∝ nH

1.5. (2.16)

The cooling can become dominant over the gas heating at density ∼ ncrit if the abundance
is su�ciently large. At densities > ncrit, the cooling rate can never be larger than the
compressional heating because, although the former even increases proportional to nH,
the latter increases more rapidly proportional to nH

1.5. The increasing rate of the cooling
e�ciency is further quenched after the gas becomes optically thick at the transition
frequency at nH ∼ 108 cm−3. Also, the ions are depleted into carbon atoms by the
collisional recombination with electrons.

(b) C i

We consider the three-level system for carbon atoms. The cooling rate increases as
∝ nH

2 at nH < ncrit and as ∝ nH at nH > ncrit also in the multi-level system. The
level population becomes LTE at ncrit ∼ 103 cm−3, where the di�erence of the rates
Λ(C) − Γadi marks the maximal value. When the gas metallicity is & 10−3 ZJ, the
cooling by C i becomes dominant before the atoms are oxidized onto CO molecules at
∼ 104 cm−3. Especially, C i cooling becomes important for clouds with the abundances
of the carbon-enhanced metal-poor star [C/Fe] & 1 (Marassi et al. 2014).

(c) O i

With the carbon-normal abundances, oxygen is more abundant than carbon by a
factor of 3�10 (Umeda and Nomoto 2002). In that case, O i cooling can be important
only in the early stage of gas collapse at < 104 cm−3 with metallicities & 10−3 ZJ. After
the gas density reaches the quantity, the gas becomes optically thick and oxygen atoms
are depleted onto OH molecules.

2.1.1.3 Metal molecular cooling

The e�ect of the transition line cooling owing to the metal molecules such as CO, OH,
and H2O on the thermal evolution of metal-poor gas have not so far been investigated
in the context of the early star formation. The gas fragmentation is triggered when the
gas cooling becomes ine�cient and the temperature turns to increase as we have seen in
Chapter 1. The line cooling by metal ions and atoms becomes ine�ective at ∼ 103 cm−3,
where the level population reaches LTE and these atoms and ions begin to be depleted
onto molecules. The Jeans mass at the density, which would be the typical scale of the
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Figure 2.4: Ratio of cooling rates relative to the adiabatic heating rate for C ii (purple
solid), C i (black dot-dashed), O i (yellow dotted), CO (blue dot-dot-dashed), OH (green
dot-dashed), and H2O (cyan dashed) as a function of the density with a �xed temperature
300 K. The carbon and oxygen abundances relative to hydrogen nuclei are 3.16 × 10−7

and 5.75 × 10−7, corresponding to the scaled solar abundance (Ca�au et al. 2011) with
a factor of 10−3. We calculate the cooling rates in the case where all of the relevant
elements are depleted onto each coolant.
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mass of fragments formed by the metal ion and atomic cooling is

MJ,atom = 1.5 × 104 MJ

( µ

1.2

)−3/2 ( nH

103 cm−3

)−1/2
(

T

300 K

)3/2

. (2.17)

The formation of the low-mass stars can not be explained by the gas fragmentation
triggered by the ion and atomic cooling. Further, the cooling becomes e�cient with
metallicities & 10−3 ZJ. The cooling could not explain the existence of the low-mass
star with metallicity ∼ 10−5 ZJ.

The molecules can continue to cool the gas after the ions and atoms are depleted.
The molecular cooling turns to be ine�ective at ∼ 108 cm−3. Considering that the mass
scale of the fragments is determined at that density, the Jeans mass is

MJ,molecule = 48 MJ

( µ

1.2

)−3/2 ( nH

108 cm−3

)−1/2
(

T

300 K

)3/2

(2.18)

with metallicities & 10−4 ZJ. Although the only the molecular cooling can not explain
the formation of the extremely metal-poor and low-mass stars, the molecular cooling, in
particular OH and H2O cooling play an important role in triggering gas elongation as we
present in Chapter 5.

The molecular cooling rate can be estimated by the same procedure as presented in
the previous section. However, we should treat spontaneous, radiative, and collisional
transition of ∼ 100 rotational transitions for each molecules. We here utilize the func-
tional formula of the cooling L rate per molecule presented by Neufeld and Kaufman
(1993) as

1

L
=

1

L0

+
n(H2)

LLTE

+
1

L0

[
n(H2)

n1/2

]α(
1 −

n1/2L0

LLTE

)
, (2.19)

where L0 and LLTE are the cooling rates per molecule at densities below and above
the critical density, respectively. The collisional excitation and de-excitation with H2

molecules are considered here. Only the transition from the �rst excited state to the
ground state is taken into consideration in calculating L0 while the populations of the
relevant levels are LTE in calculating LLTE. These functions are smoothly connected at
density n1/2 nearly according to the power low with the spectral index α. The cooling
rate L0 is the function of the gas temperature T . The other four quantities are the
functions of a sort of column density Ñ(m) of molecule m = CO, OH, and H2O, and
the gas temperature T . The functional forms are given by Omukai et al. (2010) for CO
and OH molecules, and by Neufeld and Kaufman (1993) and Neufeld et al. (1995) for
H2O at temperatures T > 100 K and T < 100 K, respectively. The column density is
de�ned as Ñ(m) = n(m)/|dvs/ds| in the direction of the line-of-sight s under the LVG
approximation. We estimate the cooling rates L in the directions x, y, and z, and then
take the arithmetical average of these three quantities.
(a) CO
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Table 2.3: Rate of energy released per H2 molecule
Process Reaction Rate [eV s−1]

form. via H− 3 3.53(1 + ncr/nH)−1

form. via three-body 5, 6 4.48(1 + ncr/nH)−1

diss. via three-body 4, 7 −4.48

form. on grains 8 0.2 + 4.2(1 + ncr/nH)−1

Note � In the second column, the reaction ID is the same as indicated in Table 2.4.
The energy rates shown here are taken from Hollenbach and McKee (1979).

It is well-known that the radiative cooling by CO molecules are important in the
interstellar medium in our Galaxy. These molecules are second most abundant, following
H2 molecules. These heteronuclear diatomic molecules have the dipole moments and
the excitation temperature is smaller than homonuclear molecules such as H2. The CO
molecular cooling is however not so important in the metal-poor gas especially in the Pop
III supernova models, which generally predicts the large carbon abundance than oxygen.
(b) OH

In the Pop III supernova models, OH and H2O molecules become the important
coolants after their association at densities ∼ 104 and 108 cm−3, respectively, with
10−3 ZJ. Figure 2.4 shows the ratio of the cooling rates of metal ions, atoms, and
molecules to the adiabatic heating rate for the scaled solar abundance with metallicity
10−3 ZJ. If all oxygen nuclei are depleted onto OH molecules throughout the gas col-
lapse, the cooling rate increases proportional to nH

2 until nH ∼ 107 cm−3, where the gas
becomes optically thick. Even though the oxygen atoms are depleted onto OH molecules
at 104 cm−3, the gas continues to be cooled by the emission from OH molecules.
(b) H2O

After H2O molecules are formed from OH molecules, the cooling by the rotational
transition of H2O becomes the dominant cooling process in the gas. We calculate the
H2O with the ratio between ortho- and para-H2O as 3:1. The molecules are formed at
∼ 108 cm−3. After that, the gas heating by the H2 molecular formation via three-body
reactions (see below) becomes dominant and stabilizes the cloud. H2O cooling is expected
to overcome the stabilizing e�ect.

2.1.2 Chemical heating and cooling

Hydrogen molecules are formed via several reactions. When the atoms are associated,
the binding energy of the molecule is released and converted to the gas thermal energy.
The energy per molecule formed is listed in Table 2.3. In the list, the critical density ncr

is estimated as

ncr =
106T−1/2

1.6y(H) exp[−(400/T )2] + 1.4y(H2) exp[−12000/(T + 1200)]
, (2.20)
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where the unit of the temperature T is kelvin. In particular, the gas heating by the
hydrogen molecular formation via three-body reaction 5 has the signi�cant e�ects on the
gas thermal evolution. The chemical heating rate is

Γ3b = 4.48(1 + ncr/nH)−1k5n(H)3 eV cm−3 s−1

= 1.3 × 10−18(1 + ncr/nH)−1

(
T

300 K

)−1(
y(H)nH

108 cm−3

)3

erg cm−3 s−1 (2.21)

while the adiabatic heating is

Γadi = 9.5 × 10−18
( µ

1.2

)−1 ( nH

108 cm−3

)3/2
(

T

300 K

)
erg cm−3 s−1. (2.22)

H2 formation heating becomes dominant over the adiabatic heating at 108�109 cm−3. The
rapid heating stabilizes the gas against the growth of the deformation perturbations as
Tsuribe and Omukai (2008) indicate by their simulations in the polytropic cloud model
mimicking the evolution of the metal-poor clouds.

2.1.3 Dust thermal emission

The gas is cooled by the heat exchange with cold dust grains. The rate at which grains
obtain the thermal energy per grain of species i with the radius r is

Gi(r) = σd〈nv(k)〉 [2kT − 2kTi(r)] , (2.23)

where σd = πr2 is the geometrical cross-section of the grain and 〈nv(k)〉 =∑
n(k) (8kT/πµ(k))1/2 is the average velocity multiplied by the number density of the

gas-phase species k which collides with the grain. The grains release their energy by
emitting photons at a rate

Li(r) = 4σBTi(r)〈Qν
i (r)〉σdβcont, (2.24)

where σB is the Stephan-Boltzmann constant, 〈Qν
i (r)〉σd is the average absorption cross-

section weighted by the Planck distribution.
The escape probability βcont of the continuum emission can be estimated as

βcont = min{1, τ−2
cont} (2.25)

under the di�usion approximation, where τcont is the continuum opacity of the �uid
consisting on gas and grains as

τcont = κgρg +
∑

i

∫
〈Qν

i (r)〉σdniϕi(r)dr, (2.26)

where κg is the absorption cross-section per unit gas. where ni is the number density of
grains i, and ϕi(r) is the distribution of the grain radii normalized as

∫
ϕi(r)dr = 1. The
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dominant processes of the photon absorption are Thomson scattering, Rayleigh scattering,
and H− free-free, bound-free, and bound-bound absorptions. We here utilize the table
presented by Mayer and Duschl (2005). We neglect the absorption by heavy elements
in the simulations of metal-poor star formation. The mass density of the gas ρg almost
equals to the total mass density of the �uid ρ because the mass fraction of the dust is
too small < 1 × (Z/Z�) %.

The grain temperature is determined from the equation of the thermal balance Gi(r) =

Li(r) for each species and radius under the assumption that the thermal equilibrium is
rapidly reached than the dynamical time of the collapsing gas. Then, the total emission
rate and gas cooling rate per unit volume can be obtained as

Λd =
∑

i

∫
Li(r)niϕi(r)dr, (2.27)

The heat exchange between gas and dust becomes rapid at the large density. The
dust cooling rate can be written as

Λd =

[∑
i

∫
σdniϕi(r)dr

]
〈nv(k)〉2kT

= 1.8 × 10−7
( nH

1014 cm−3

)2
(

T

1000 K

)3/2(
Z

10−5 ZJ

)
erg cm−3 s−1 (2.28)

in the Pop III dust model utilized in our simulations in Chapter 5. We assume T � Ti(r)

well before the thermal coupling. On the other hand, the adiabatic heating rate is

Γadi = 3.7 × 10−7
( µ

2.1

)−1 ( nH

1014 cm−3

)3/2
(

T

1000 K

)
erg cm−3 s−1. (2.29)

It is the �rst point that the dust cooling can become e�ective at higher densities nH ∼
1011�1014 cm−3 than the densities where the atomic and molecular cooling is important.
At that time, the Jeans mass is

MJ,dust = 0.11 MJ

( µ

2.3

)−3/2 ( nH

1014 cm−3

)−1/2
(

T

1000 K

)3/2

. (2.30)

The cooling mechanism can explain the formation of the low-mass stars. The second
point is that the dust cooling can become e�ective even with extremely low metallicities
∼ 10−5 ZJ. Therefore, the dust cooling is considered to trigger the formation of the
extremely metal-poor stars which have so far been observed in the Galactic halo (e.g.
Omukai 2000; Schneider et al. 2003).

2.2 Chemical reactions

The cooling rates depends not only on density and temperature but also on the abundance
of the relevant species. The abundances evolve by the chemical reactions. Since the
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Table 2.4: Chemical reactions of primordial species

No. Reaction Rate Coef. Ref.

1 H+ + e → H + γ k1 = exp[−28.6130338 − 0.72411256(ln(T (eV))) A97
−2.02604473 × 10−2(ln(T (eV)))2

−2.38086188 × 10−3(ln(T (eV)))3

−3.21260521 × 10−4(ln(T (eV)))4

−1.42150291 × 10−5(ln(T (eV)))5

+4.98910892 × 10−6(ln(T (eV)))6

+5.75561414 × 10−7(ln(T (eV)))7

−1.85676704 × 10−8(ln(T (eV)))8

−3.07113524 × 10−9(ln(T (eV)))9]
2 H + e → H− + γ k2 = 1.4 × 10−18T 0.928exp(−T/1.62 × 104) GP98
3 H− + H → H2 + e k3 = 4.0 × 10−9T−0.17 (T > 300) GP98

k3 = 1.5 × 10−9 (T < 300)

4 H2 + H → 3H k4 = k1−a
H ka

L
kL = 1.12 × 10−10exp(−7.035 × 104/T ) SK87
kH = 6.5 × 10−7T−1/2exp(−5.2 × 104/T )[1 − exp(−6000/T )]
a = (1 + n/ncr)−1

log10(ncr) = 4.0 − 0.416log10(T/104) − 0.327(log10(T/104))2

5 3H → H2 + H k5 = 5.5 × 10−29T−1 PSS83
6 2H + H2 → 2H2 k6 = k5/8 PSS83
7 2H2 → 2H + H2 k7 = k1−a

H ka
L SK87

kL = 1.18 × 10−10exp(−6.95 × 104/T ) PSS83 (kH)
kH = 8.125 × 10−8T−1/2exp(−5.2 × 104/T )[1 − exp(−6.0 × 103/T )]
a = (1 + n/ncr)−1

log10(ncr) = 4.845 − 1.3log10(T/104) + 1.62(log10(T/104))2

8 2H + grains → H2 + grains see text
9 D + H+ → D+ + H k9 = 3.7 × 10−10T 0.28exp(−43/T ) NU02
10 D+ + H → D + H+ k10 = 3.7 × 10−10T 0.28 NU02
11 D + H2 → H + HD k11 = 9.0 × 10−11exp(−3876/T ) NU02
12 D+ + H2 → H+ + HD k12 = 2.1 × 10−9 NU02
13 HD + H → H2 + D k13 = 3.2 × 10−11exp(−3624/T ) NU02
14 HD + H+ → H2 + D+ k14 = 1.0 × 10−9exp(−464/T ) NU02

The unit of temperature T is K. The unit of all rate coe�cients are cm3 s−1, but cm6 s−1 for three-body reactions 5 and
6. Ref.: A97; Abel et al. (1997), GP98; Galli and Palla (1998), SK87; Shapiro and Kang (1987), NU02; Nakamura and

Umemura (2002), PSS83; Palla et al. (1983).

typical timescales of the reactions are comparable to the dynamical timescale of the
collapsing gas, we should take the non-equilibrium chemistry into consideration in our
simulations.

2.2.1 Gas-phase chemistry

2.2.1.1 Primordial species

As well as hydrogen molecules are the important coolant with metallicities . 10−6 ZJ, the
thermal evolution at lower densities than 108 cm−3 is a�ected by the hydrogen molecular
abundance enhanced by their formation on the grain surfaces in the present-day dust
model (Omukai et al. 2005). Also, hydrogen deuteride (HD) can also be an important
coolant in hyper metal-poor gas (< 10−5 ZJ) even without the background radiation
against as found for the �rst time in our previous work (Hirano et al. 2014). We show
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the chemical reaction rates of the primordial species included in our simulations in Table
2.4.
(a) Formation and dissociation of H2 molecules

The homonuclear diatomic molecule H2 does not have the dipole moment. To release
the surplus energy which the molecules obtain in their formation, hydrogen molecules
are formed more rapidly with catalysts than the formation process where two hydrogen
atoms are directly associated with photon emission.

i) H− process

The molecules are formed via reactions

H + e → H− + γ, (Reaction 2)

H− + H → H2 + e. (Reaction 3)

In the case, electron is the catalyst. The formation process is important at low den-
sities nH . 108 cm−3. The number fraction of hydrogen molecules slowly increases
up to ∼ 3 × 10−4 in the absence of the formation reaction on grain surfaces. Even
with the small fraction, the H2 cooling rate can excess the adiabatic heating rate
until the gas density reaches the critical density for the molecule. The gas is rapidly
cooled at densities from nH ∼ 1 to ncrit ∼ 103 cm−3. At nH > ncrit, the gas tem-
perature slowly increases with the balance between H2 cooling and compressional
heating.

ii) formation on grains

The reaction rate depends on the grain temperature. Dust grains promote the
e�ciency of the H2 molecular formation via the reaction on the grain surfaces. Since
H2 molecules are major coolants in a low-metallicity gas, the thermal evolution of
the collapsing gas is signi�cantly a�ected especially in the early stages of collapse.
At lower density nH . 108 cm−3, the reaction on grain surfaces also contribute
to the formation of hydrogen molecules. This can modify the e�ciency of H2 line
cooling and the thermal evolution with intermediate metallicities Z & 10−3 ZJ.
Hydrogen atoms are absorbed on the surfaces of grains, move from a potential well
to another well to form molecules as

H + H + grains → H2 + grains. (Reaction 8)

The formation rate of hydrogen molecules per grain of species i with radius r is
estimated as

RH2,i(r) =
1

2
n(HI)〈vH〉πr2εH2SH, (2.31)

where n(x) is the number density of gas-phase species x, 〈vH〉 = (8kT/πmH)1/2 is
the average velocity of hydrogen atoms, εH2 is the e�ciency of H2 recombination
on grain surfaces, and SH is the sticking e�ciency of hydrogen atoms colliding with
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the grain surfaces (Cazaux and Tielens 2002). The quantities of εH2 and SH are
functions of both gas and grain temperatures (see Schneider et al. 2006, for detailed
formulations). We estimate RH2,i(r) for each grain species and radius. Then, the
total formation rate of hydrogen molecules on grain surfaces per unit volume is
described as

dnH2

dt

∣∣∣∣
on grains

=
∑

i

∫
RH2,i(r)niϕi(r)dr. (2.32)

iii) three-body reactions

The third body can be hydrogen atoms at smaller densities or hydrogen molecules
at larger densities. This is called three-body reactions and becomes important at
nH & 108 cm−3. The importance of the reaction is �rst reported by Palla et al.
(1983) in the context of the Pop III and II star formation. In the primordial gas,
where the catalysts for hydrogen molecular formation is limited to the primordial
species, the reactions are important to serve as the coolant (Abel et al. 2002; Yoshida
et al. 2003). The reactions can be written as

H + H + H → H2 + H, (Reaction 5)

H + H + H2 → H2 + H2. (Reaction 6)

The inverse reactions, i.e., the collisional dissociation of hydrogen molecules

H2 + H → H + H + H, (Reaction 4)

H2 + H2 → H + H + H2. (Reaction 7)

become important at densities nH ∼ 1016�1018 cm−3. Since these are the endother-
mic reactions, the gas kinetic energy is absorbed to form hydrogen atoms. It is
considered that the reactions becomes e�ective after the gas is optically thick to
form the adiabatic core, and trigger the second collapse with su�ciently larger
metallicities & 10−5 ZJ (Larson 1969; Omukai 2000).

(b) HD molecules
Hydrogen deuteride (HD) control the thermal evolution of the gas as well as H2

molecules with metallicities . 10−5 ZJ. The molecules are formed via the reactions

D + H2 → HD + H, (Reaction 11)

D+ + H2 → HD + H+, (Reaction 12)

balanced with the dissociation reactions

HD + H → D + H2, (Reaction 13)

HD + H+ → D+ + H2. (Reaction 14)



42 Chapter 2. Chemical reactions and cooling rates

C+ 37

38

CO+ 43
CO

26
CO2

44

C

28, 29

32

CH
20, 27

15

23

16
CH2

C (s)

Carbon

Si
52, 53

SiO
54

SiO2

Si (s) Mg2SiO4 MgSiO3 SiO2 (s)

Silicon

Figure 2.5: Chemical network of C-bearing (top) and Si-bearing (bottom) species. Circles
and squares depict the gas- and solid-phase species, respectively. The index `(s)' indicates
the solid-phase species. The black arrows indicate the gas-phase reactions, and the white
arrows indicate the accretion of gas-phase species onto grains. The numbers attached to
the arrows are identical with the IDs in Table 2.5.

In the case where the gas temperature is above 100 K at nH ∼ 104 cm−3, the equilibrium
between the formation reactions (Reactions 11 and 12) and the dissociation reactions
(Reactions 13 and 14) is reached. The fraction of HD molecules relative to hydrogen
nuclei is almost constant to ∼ 10−7. Whereas, if the gas temperature becomes below
100 K, the formation reaction rates slightly excess the dissociation reaction rates. The
increasing abundance of HD molecules leads the gas to be further cooled. Therefore,
the di�erence of the temperature among clouds tend to be wider in the existence of HD
molecules at densities nH . 108 cm−3.
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Table 2.5: Chemical reactions of metal
No. Reaction Rate Coef. Ref.

15 H + CH → C + H2 k15 = 4.98 × 10−11 M97
16 H + CH2 → CH + H2 k16 = 2.70 × 10−10 M97
17 H + OH → H2 + O k17 = 7.00 × 10−14(T/300)2.80exp(−1950/T) M97
18 H + H2O → OH + H2 k18 = 6.83 × 10−12(T/300)1.60exp(−9720/T) M97
19 H + O2 → OH + O k19 = 3.30 × 10−10exp(−8460/T) M97
20 C + H2 → CH + H k20 = 6.64 × 10−10exp(−11700/T) M97
21 O + H2 → OH + H k21 = 3.43 × 10−13(T/300)2.67exp(−3160/T) M97
22 H+ + O → O+ + H k22 = 7.00 × 10−10exp(−232/T) M97
23 H2 + CH → CH2 + H k23 = 2.38 × 10−10exp(−1760/T) M97
24 H2 + OH → H2O + H k24 = 1.55 × 10−12(T/300)1.60exp(−1660/T) M97
25 2OH → H2O + O k25 = 1.65 × 10−12(T/300)1.14exp(−50/T) M97
26 OH + CO → CO2 + H k26 = 1.00 × 10−13 M97
27 C + H → CH + γ k27 = 1.00 × 10−17 M97
28 C + OH → CO + H k28 = 1.10 × 10−10(T/300)0.50 M97
29 C + O2 → CO + O k29 = 3.30 × 10−11 M97
30 O + H → OH + γ k30 = 9.90 × 10−19(T/300)−0.38 M97
31 2O → O2 + γ k31 = 4.90 × 10−20(T/300)1.58 M97
32 O + CH → CO + H k32 = 6.60 × 10−11 M97
33 O + OH → O2 + H k33 = 4.34 × 10−11(T/300)−0.50exp(−30/T) M97
34 H+ + OH → OH+ + H k34 = 2.10 × 10−9 M97
35 H+ + H2O → H2O+ + H k35 = 6.90 × 10−9 M97
36 H+ + O2 → O+

2 + H k36 = 2.00 × 10−9 M97
37 C+ + OH → CO+ + H k37 = 7.70 × 10−10 M97
38 C+ + O2 → O+ + CO k38 = 6.20 × 10−10 M97
39 O+ + H → H+ + O k39 = 6.80 × 10−10 M97
40 O+ + H2 → OH+ + H k40 = 1.70 × 10−9 M97
41 OH+ + H2 → H2O+ + H k41 = 1.01 × 10−9 M97
42 H2O+ + H2 → H3O+ + H k42 = 8.30 × 10−10 M97
43 CO+ + H → H+ + CO k43 = 7.50 × 10−10 M97
44 C+ + e → C + γ k44 = 4.40 × 10−12(T/300)−0.61 M97
45 OH+ + e → O + H k45 = 3.75 × 10−8(T/300)−0.50 M97
46 H2O+ + e → OH + H k46 = 1.60 × 10−7(T/300)−0.50 M97
47 H2O+ + e → O + H2 k47 = 2.00 × 10−7(T/300)−0.50 M97
48 H3O+ + e → H2O + H k48 = 3.50 × 10−7(T/300)−0.50 M97
49 H3O+ + e → OH + 2H k49 = 6.50 × 10−7(T/300)−0.50 M97
50 O+

2 + e → 2O k50 = 1.95 × 10−7(T/300)−0.70 M97
51 H2 + C → CH2 + γ k51 = 1.00 × 10−17 M97
52 Si + OH → SiO + H k52 = 3 × 10−11 H80
53 Si + O2 → SiO + O k53 = 1.3 × 10−11 exp(−111/T) LG90
54 SiO + OH → SiO2 + H k54 = 2 × 10−13 H80

The units of temperature T and rate coe�cients are K and cm3 s−1, respectively. Ref.: M97; Millar et al. (1997), H80;
Hartquist et al. (1980), LG90; Langer and Glassgold (1990).
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2.2.1.2 Metal species

The important chemical reaction networks of carbon- and silicon-bearing species are
described in Figure 2.5. Especially, CO molecules are important as the gas coolant with
metallicities Z > 10−3 ZJ, and otherwise OH, and H2O are. Table 2.5 shows the reaction
rates of the metal species.
(a) C-bearing species

Carbon atoms formed most e�ciently via the reaction

C + OH → CO + H (Reaction 28)

at densities nH ∼ 1�108 cm−3, followed by

C+ + OH → CO+ + H, (Reaction 37)

CO+ + H → CO + H+ (Reaction 43)

until nH ∼ 105 cm−3 and

C + O2 → CO + O (Reaction 29)

from nH ∼ 105 cm−3 with metallicity 10−4 ZJ. Since the carbon atoms are depleted into
CO molecules at nH ∼ 105 cm−3, the amorphous carbon grains can not accrete the atoms
to grow.
(b) O-bearing species

Oxygen atoms are reduced to OH and H2O molecules. First, OH molecules are formed
mainly via the reaction

O + H → OH + γ. (Reaction 30)

Part of oxygen nuclei is depleted on OH molecules at nH ∼ 105 cm−3. The reaction

OH + OH → H2O + O (Reaction 25)

rapidly proceeds to form H2O molecules until the OH molecules are dominant at .
108 cm−3. The main formation reaction of H2O turns to be

OH + H2 → H2O + H (Reaction 24)

after the hydrogen molecules becomes dominant by three-body reactions and after most
of OH molecules are converted to H2O molecules.
(c) Si-bearing species

Silicon atoms are oxidized into SiO and SiO2 molecules. At nH ∼ 105 cm−3, SiO
molecules are formed via

Si + OH → SiO + H, (Reaction 52)
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Figure 2.6: Conceptual image of grain growth. A metal atom or molecule (indicated by
the blue circle) collides and sticks to a dust grain (left smaller yellow circle). As a result,
the mass and the size of the dust grain increase (right larger yellow circle).

Si + O2 → SiO + O. (Reaction 53)

Although the SiO2 molecules are rapidly formed at nH & 108 cm−3 via the reaction

SiO + OH → SiO2 + H, (Reaction 54)

the abundance of the molecules is comparable to the fraction of SiO. SiO and SiO2

molecules are accreted onto silicate grains as we revisit below to contribute to the gas
cooling e�ciency.

2.2.2 Grain growth

Grain growth is the accretion process of the gas-phase metal molecules onto grains. This
can enhance the cooling e�ciency by the dust thermal emission. Figure 2.6 shows the
conceptual image of the grain growth. A metal atom or molecule colides to a grain
particle. It sticks to the grain at some rate (set 1 in our simulations), and as a result, the
mass of the grain mi increases by the mass of the molecule mj. If the bulk density of the
grain is not changed, the grain size increases by a factor of [(mi + mj)/mi]

1/3. Hereafter,
we use the indices i and j to indicate the element and grain species, respectively.

In the neighbor dense molecular cloud cores, the evidences of the grain growth are
discovered by the recent observations (e.g. Chapman et al. 2009; Steinacker et al. 2010).
The mid-infrared observations by the Spitzer telescope reveal that the scattered light by
micron-size grains are detected in the cloud core. This can be the evidence of the growth
of dust grains whose size is usually sub-micron in the interstellar medium. Also in the
early Universe, it is expected that the grains, which has been partly destroyed by the
e�ect of the reverse shock when they are released from Pop III supernovae, again accrete
the gas-phase metal during the succeeding cloud collapse as the gas density increases so
that the timescale of the growth is smaller than the dynamical time of the gas even with
the small dust-to-gas mass ratio.
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Table 2.6: Properties of grain growth reactions
Grains Key species Chemical Reaction µij aij,0 (Å)

Si(s) Si(g) Si(g)→ Si(s) 28.0 1.684
Fe(s) Fe(g) Fe(g)→ Fe(s) 56.0 1.411
MgSiO3(s) Mg(g) 2Mg(g) + SiO(g) + 3H2O(g) → MgSiO3(s) + 3H2(g) 70.0 2.055

SiO(g) 2Mg(g) + SiO(g) + 3H2O(g) → MgSiO3(s) + 3H2(g) 140.0 2.589
Mg2SiO4(s) Mg(g), SiO(g) Mg(g) + SiO(g) + 2H2O(g) → Mg2SiO4(s) + 2H2(g) 100.0 2.319
Fe3O4(s) Fe(g) 3Fe(g) + 4H2O(g) → Fe3O4(s) + 4H2(g) 77.3 1.805
C(s) C(g) C(g)→ C(s) 12.0 1.281
SiO2(s) SiO2(g) SiO2(g)→ SiO2(s) 60.0 2.080
MgO(s) Mg(g) Mg(g) + H2O(g) → MgO(s) + H2(g) 40.0 1.646
FeS(s) Fe(g), S(g) Fe(g) + S(g) → FeS(s) 88.0 1.932
Al2O3(s) Al(g) 2Al(g) + 3H2O(g) → Al2O3(s) + 3H2(g) 51.0 1.718

The subscripts �(s)� and �(g)� depict solid- and gas-phase species, respectively. µij and aij,0 are the molecular weight and
the hypothetical radius of a monomer of grain species i per nuclei of the key element j.

We introduce the condensation e�ciency fij as the number fraction of nuclei of metal
j locked into grain species i to indicate the amount of grains. The initial condensation
e�ciency fij,0 and grain size distribution ϕi,0(r) for the relevant grain species i are given
for each Pop III supernova model where dust formation and destruction in the expand-
ing ejecta are computed. These values are made use of as the initial condition of dust
properties in our simulations of low-metallicity gas collapse. From the mass conservation
law, the temporal evolution of the condensation e�ciency is determined as

fij(t) = fij,0

∫
r3ϕi(r, t)dr∫
r3ϕi,0(r)dr

. (2.33)

The temporarily increasing size of each grain can be obtained by the time integration of
the growth rate: (

dr

dt

)
i

= αi

(
4π

3
a3

ij,0

)(
kT

2πmi1

)1/2

ni1(t), (2.34)

where αi is the sticking e�ciency for species i, or the ratio of the monomers locked into
the grains relative to the ones colliding with the grains. aij,0 = (3µijmH/4πςi)

1/3 is the
hypothetical radius of the grain monomer per nuclei of element j, and ςi is the bulk
density of the grain as a solid. ni1(t) is the number density of the gas-phase species
which carries the element j from the gas-phase to the grains such as SiO molecule for the
forsterite grains.

For simplicity, we assume that the growth rate of the size is controlled by a gas phase
species which least frequently hits the grains. The species is hereafter called the key

species. The frequency of the impact of species xj which carries the element j can be
written as νixj

= αiπa2
ij,0(kT/2πmixj

)1/2nixj
(t). For a grain species with two carriers

xj = 1 and 2, if νi1 < νi2, the species 1 becomes the key species. For example, when an
SiO molecule is sticked into a forsterite (Mg2SiO4) grain at the least frequency νMg2SiO4,SiO,
an Mg atom and two water molecules are sticked at the same rate under the key species
approximation. Table 2.6 shows the reactions from the gas phase (g) to the solid-phase
(s) considered in this Thesis and the quantities of µij and aij,0.
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3.1 Overview

Dust grains in the early Universe play a crucial role in the transition of the typical
stellar mass scale. It is considered that, even with a trace amount, they promote the gas
fragmentation into low-mass clumps and determine the critical condition for the �rst low-
mass star formation. Therefore, we should take care about the properties of dust grains.
In previous works, the properties of dust grains in the solar neighborhood are often applied
to the studies about the metal-poor star formation for simplicity. In the present-day, all
refractory elements are condensed into dust grains. Whereas, it has been revealed that
the dust-to-metal mass ratio in high-redshift objects is considerably smaller by the recent
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observations. In the early star-formation site, the metal and dust are supplied mainly by
Pop III supernovae. In the expanding ejecta, the dust destruction is also e�ective by the
reverse shocks. By the impact with energetic gas particles, the materials in grains are
released into the gas-phase. Therefore, it is expected that the the cloud polluted by the
supernova-originated dust has smaller metal condensation e�ciencies than in the present-
day. Also, the earlier studies assume that the metal condensation e�ciency onto grains
are constant during gas contraction. The accretion of gas-phase metal onto grain (grain
growth) might be important to enhance the grain cooling e�ciency and promote the
cloud fragmentation with smaller metallicities. It is worth estimating how grain growth
a�ect the thermal evolution of metal-poor clouds.

In this Chapter, in order to de�ne the condition for dust cooling to trigger the cloud
fragmentation into low-mass cores, we perform a one-zone semi-analytic model of the ther-
mal evolution of a collapsing cloud. We here employ the dust properties (the condensation
e�ciency of metal onto grains, abundance of grain species, and dust size distribution)
consistently calculated with dust formation/destruction in early supernovae as the initial
conditions of our collapse calculations. We also consider grain growth into our calcu-
lations self-consistently with cloud thermal evolution. In Section 3.2, we introduce the
realistic dust model in the early Universe: Pop III dust models and discuss the features
of them. Next, in Section 3.3, we pick up a dust model to see the resulting thermal evo-
lution of the gas. Then, we attempt to de�ne the critical conditions for the dust-induced
gas fragmentation in Section 3.4, and apply the criterion for formation of the extremely
metal-poor stars so far observed in Section 3.5.

The content in this Chapter has been already published in Monthly Notices of the
Royal Astronomical Society, Volume 446, Issue 3, p.2659-2672 (Chiaki et al. 2015)

3.2 Dust models in the early Universe

3.2.1 Pop III supernova model

The dust properties (metal condensation e�ciency, abundance of chemical species, and
dust size distribution) is calculated by the two leading studies independently. Nozawa
et al. (2007) and Schneider et al. (2012a) �rst calculate the self-consistently the hydro-
dynamic model of the expanding ejecta and dust formation/destruction therein. We
hereafter call these models as N07 and S12, respectively. They treat the dust formation
in the expanding supernova ejecta via nucleation and then accretion of ambient gas-phase
metal onto embryo grains. The formation mechanisms occur e�ciently after several 100
yr, when the temperature of the medium in the ejecta adiabatically decrease below the
order of dust sublimation temperature of each grain species. They study a wide range of
the progenitor masses with Mpr = 13, 20, 25, and 30 MJ (hereafter called M13, M20,
M25, and M30 models, respectively) for the core-collapse supernova (CCSN). N07 ex-
plore also in the case of the pair-instability supernova (PISN) with Mpr = 170 (M170)
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Figure 3.1: Number abundance Aj of heavy element j relative to hydrogen nuclei for our
Pop III models N07 (left) and S12 (right). Since the values shown here is with Z = ZJ,
the abundance in the cloud with metallicity Z is calculated as Aj(Z/ZJ).

and 200 MJ (M200).
For each progenitor mass, dust destruction occurs∼ 104 yr after the explosion. At that

time, the blast waves interact with the circumstellar medium. When the ejecta sweep up
the ambient gas with the same mass, the reverse shocks are generated. When the grains
are enclosed into the dense region between forward and reverse shocks, they undergo
sputtering by the impact with the high energy gas particles. Then, the part of their
materials are stripped away and the dust-to-metal mass ratio (condensation e�ciency) in
the gas becomes smaller. The destruction e�ciency of grains is dependent on the strength
of the reverse shocks. It can be parametrized by the ambient gas density. N07 investigate
the grain destruction for the number densities of the ambient gas namb = 0.1, 1, and
10 cm−3 (n0.1, n1, and n10, respectively). S12 investigate for the mass densities of the
ambient gas ρamb = 10−25, 10−24, and 10−23 g cm−3 (rev1, rev2, and rev3, respectively).

The Pop III dust models are the initial condition for the Pop II star-forming gas cloud.
From metal mass created by nucleosynthesis in the progenitor star, we can obtain the
abundance of heavy element j as

Aj =
Z

µjXH

Mj

Mmetal

, (3.1)

where µj is the molecular weight of nucleus j relative to hydrogen, and XH = 1 − YHe is
the hydrogen mass fraction (YHe = 0.75). Figure 3.1 shows the metal abundances with
every progenitor mass in N07 and S12 models. These models also give the mass Mi of the
grain species i released to the interstellar matter avoiding the destruction e�ect of the
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Figure 3.2: Initial depletion e�ciency fdep,i,0 of metal onto grain species i in Pop III
dust model N07. We show the quantities for the grains created in the expanding ejecta
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destruction e�ects from top to bottom (green, yellow, and red lines, respectively). �AC�
denotes the amorphous carbon.
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Figure 3.4: Initial size distribution of Forsterite grains for N07 (left) and S12 (right)
models with progenitor mass Mpr = 30 MJ. We show four dust destruction models n0,
n0.1, n1, and n10 for N07 and norev, rev1, rev2, rev3 for S12 from top to bottom.

reverse shocks. We compute the depletion e�ciency of the total metal onto grain species
i as fdep,i = Mi/Mmetal as shown in Figures 3.2 and 3.3 for N07 and S12, respectively. The
forth and sixth columns of Table 3.1 show the initial depletion e�ciencies for carbon and
silicate, respectively. As expected, the dust mass decreases with the increasing ambient
gas density. The initial condensation e�ciency of the collapsing cloud is estimated as

fij,0 =
Mi/µij

Mj/µj

. (3.2)

3.2.2 Di�erence of two models

3.2.2.1 Metal abundance

The elemental abundance resulting from the nucleosynthesis of progenitor star a�ects
the properties of grains formed. While S12 can predict the abundances less sensitive
to the progenitor mass, N07 presents the various patterns. Both N07 and S12 perform
the calculation in the core-collapse supernova (CCSN) models. The study by N07 is
based on the stellar evolution and supernova calculations by Umeda and Nomoto (2002).
They employ the standard parameters to calculate the nucleosynthesis. S12 �t the three
parameters of the mass cut, for each SN model by the abundance pattern of the most
primitive star SDSS J1029+1729 (Ca�au et al. 2011) based on the procedure of Limongi
and Chie� (2012). All the progenitor models predict the moderate excesses of the lighter
elements than Fe from the solar values by ∼ 0.5 dex. Especially, N07M13 models predict
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C > O, which would lead the carbon grains to grow by accretion of the gas-phase carbon
atoms free from depletion onto CO molecules. Although the relationship between the
progenitor mass and the metal abundances are not linear, we can see the trend that
heavier elements such as Si and Fe increases with the increasing progenitor mass. This is
due to the nucleosynthesis becomes more e�cient in the more massive stars. Note that
these elemental abundance are for C-normal extremely metal-poor (EMP) stars. For
carbon-enhanced EMP (CEMP) star, see Marassi et al. (2014).

3.2.2.2 Grain composition

By the di�erence of their procedures, N07 and S12 models predict the di�erent grain
compositions, which is expected to a�ect the dust cooling e�ciency and the gas thermal
evolution. We here discuss one-by-one below:

• The mass fraction of carbon grains is generally larger for S12 model than N07.
Carbon grains are formed by condensation of carbon atoms that are not depleted
into CO molecules in the supernova ejecta. S12 consider the destruction of the
molecules by the impact with high-energy electrons from decaying 56Co (Todini
and Ferrara 2001). N07 do not include the molecule dissociation, i.e., the carbon
nuclei are kept to be depleted onto CO molecules. Although the carbon-rich layer
is outer than oxygen-rich layer, the CO molecules are e�ciently formed in the large
overlapped region. That is why the formation of carbon grains is mitigated in N07
model.

• Magnetite grains are formed in S12 model but not in N07 model. This is due to
the di�erent treatment of �uid mixing in the ejecta between the two models. N07
calculate in the both cases: for the fully mixed and for no-mixed ejecta. We here
take the latter case in this work. In this no-mixing model, the ejecta is considered
to remain strati�ed, where the original onion-like structure is maintained during
the explosions. Since the oxygen-rich layer does not overlap with the iron-rich layer
settling in the innermost region of the ejecta, Fe3O4 grains are not formed. On the
other hand, S12 consider mixed ejecta, where the composition of heavy elements is
uniform, magnetite grains can be formed.

3.2.2.3 Size distribution

N07 and S12 models can also predict di�erent size distribution. Figure 3.4 shows the size
distributions of Mg2SiO4 grains formed and destroyed in the ejecta.

• The di�erent features of size distribution are already appear before the grains are
destroyed (see blue curves). The dust properties are determined mainly by the
density, temperature, and concentration of refractory gas species in the site of the
grain formation.



3.2. Dust models in the early Universe 53

� For the dust model by S12, where the uniform density, temperature, and ele-
mental composition in the ejecta are assumed. Considering that the grains are
formed rapidly just after the temperature in formation site decreases down to
the order of the grain sublimation temperatures, the size distribution of newly
formed grains has the peaky log-normal form.

� On the other hand, N07 consider the radial distribution of physical quantities
in the ejecta. Dust grains are formed with each characteristic radii in the
layers with the di�erent elemental compositions at the di�erent epoch. By
summing up the all contributions of grains formed in the di�erent formation
environments, the resulting size distribution spreads in a wider range of radius
than S12 model.

• The succeeding dust destruction has additional e�ects on the size distribution of
surviving grains (see green, yellow, and red curves in Figure 3.4).

� S12 assume that the grains are kept to be trapped in the high-temperature
region con�ned by the reverse and forward shocks. The dust radius continues
to decrease by the sputtering e�ect until the ejecta cools down su�ciently.
Consequently, the size distribution of surviving grain has a �at tail at the
smaller radii than the original log-normal distributions. The amount of these
grains becomes smaller with the increasing ambient gas density linearly.

� The dynamics of dust grains is determined by the di�erent equation of motion
from the gas. They are decelerated by the drag force from the gas until the
relative velocity between gas and dust is relaxed. N07 take this e�ect into
consideration in their one-dimensional �uid model of ejecta expansion. The
relaxation time is longer with larger grain radii because the geometrical cross-
section per unit mass becomes smaller. They are more likely to escape from
the high temperature region between the forward and reverse shocks, where
grains are e�ciently sputtered by the high energy ions. Whereas, the smaller
grains continue to stay in the region and to be eroded. Consequently, we
can see that the size distribution is truncated at the characteristic radius as
indicated in the left panel of Figure 3.4.

In N07 model, the average size of grain processed by reverse shock is larger than in
S12 model. With the larger grain size, the e�ciency of gas cooling becomes smaller
because the total grain cross-section becomes smaller with the �xed dust mass.

3.2.3 Dust property

In this study, at most ten dust species are considered: metallic silicon (Si), metallic iron
(Fe), forsterite (Mg2SiO4), enstatite (MgSiO3), magnetite (Fe3O4), amorphous carbon
(C), silica (SiO2), magnesia (MgO), troilite (FeS), and alumina (Al2O3). In some su-
pernova models employed here, some species are not e�ciently formed in ejecta, or are
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(almost) totally destroyed by the reverse shocks. The amount of each grain species is
quanti�ed by the condensation e�ciency fij de�ned as the number fraction of nuclei of
element j condensed into dust species i. The mass density of dust species i per �uid mass
is written as ρi = fijAjnHµijmH, where µij is the molecular weight of the grain species i

per nucleus of element j (see Chapter 2). In this study, the di�erential size distribution
function ϕi(r) is used for grain species i, normalized as

∫
ϕi(r)dr = 1. The number of

dust grains i per unit volume can be written as

ni =
ρi

(4π/3)ςi
∫

r3ϕi(r)dr
, (3.3)

where ςi is the material density of species i as ςi = 3µijmH/4πa3
ij,0, and the quantities of

molecular weight µij and monomer radius aij,0 can be seen in Chapter 2. The number
density of grains with radii between r and r + dr is niϕi(r)dr. Then, we calculate the
grain temperature, cooling e�ciency, and H2 formation rate on the grain surfaces for each
size bin and species as shown in Chapter 2.

3.2.4 Setup

Hereafter, we de�ne the critical condition for the dust-induced fragmentation with each
progenitor mass and ambient gas density by assumption that a target star-forming cloud
is polluted by a single neighboring supernova. We consider the dust models without
destruction (n0 and norev), and three reverse shock models for each progenitor mass. We
follow the thermal evolution of the polluted cloud by performing one-zone semi-analytic
calculations (see Chapter 1) During the collapse, we also consider the grain growth along
with the procedure as described in Chapter 1. In addition to the model with grain
growth, we see also in the case without grain growth as a controlled calculation. For
a given supernova dust model, the dust-to-metal mass ratio (condensation e�ciency) is
determined. Therefore, we obtain the absolute amount of dust with a �xed metallicity.
In order to determine the critical dust amount, we calculate with a range of metallicity
between Z = 10−7�10−2 ZJ, where ZJ = 0.02 is the solar metallicity.

3.3 Overall thermal evolution of clouds

3.3.1 Important chemical and thermal processes

In this section, we discuss the thermal evolution of clouds for a dust model N07M30n1.
Before determining the critical metallicity (dust amount), we perform one-zone calcu-
lations with various metallicities. Figure 3.5, we show the temperature evolutions with
metallicities 10−6 (Z6), 10−5 (Z5), and 10−4 ZJ (Z4). We enumerate the important
thermal processes during the collapse as follows:

• H2 molecular formation on grains
At the density nH ∼ 105 cm−3, the variation of the temperature with di�erent
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Table 3.1: Initial dust properties and critical conditions without grain growth
Model Mpr rev. fdep,C,0 SC,0 fdep,Sil,0 SSil,0 fdep,0 D0 D(ng)

cr [Z
(ng)
cr ]

N07M13n0 13 n0 0.101 2.65 0.024 3.83 0.305 6.106 3.060 −5.3
N07M13n0.1 n0.1 0.096 2.64 0.016 2.77 0.233 4.659 2.335 −5.3
N07M13n1 n1 0.049 2.50 < 0.001 3.76 0.093 1.851 2.330 −4.9
N07M13n10 n10 0.011 3.88 < 0.001 7.77 0.020 0.392 1.966 −4.3
N07M20n0 20 n0 0.023 4.51 0.049 4.22 0.220 4.402 2.777 −5.2
N07M20n0.1 n0.1 0.020 3.46 0.028 2.96 0.137 2.750 3.462 −4.9
N07M20n1 n1 0.013 1.96 0.002 3.61 0.055 1.110 5.563 −4.3
N07M20n10 n10 0.002 2.24 < 0.001 4.87 0.013 0.259 8.199 −3.5
N07M2513n0 25 n0 0.058 2.42 0.060 3.53 0.240 4.797 3.810 −5.1
N07M25n0.1 n0.1 0.053 1.91 0.048 1.42 0.195 3.907 3.907 −5.0
N07M25n1 n1 0.041 1.12 0.017 1.35 0.118 2.351 4.692 −4.7
N07M25n10 n10 0.016 0.83 < 0.001 3.05 0.036 0.726 4.578 −4.2
N07M30n0 30 n0 0.004 6.85 0.068 3.99 0.184 3.671 2.916 −5.1
N07M30n0.1 n0.1 0.003 7.14 0.031 4.04 0.113 2.265 3.590 −4.8
N07M30n1 n1 < 0.001 10.27 < 0.001 8.57 0.040 0.791 6.280 −4.1
N07M30n10 n10 < 0.001 7.52 < 0.001 7.17 0.015 0.292 11.639 −3.4
N07M170n0 170 n0 0.003 4.66 0.072 6.62 0.315 6.297 3.156 −5.3
N07M170n0.1 n0.1 0.002 4.88 0.016 4.76 0.138 2.761 4.377 −4.8
N07M170n1 n1 < 0.001 10.03 < 0.001 1.27 0.013 0.266 16.796 −3.2
N07M170n10 n10 < 0.001 12.31 0.000 � < 0.001 0.001 1.488 > −2.0
N07M200n0 200 n0 0.009 5.39 0.052 9.29 0.359 7.189 3.603 −5.3
N07M200n0.1 n0.1 0.007 5.20 0.007 4.94 0.091 1.824 2.892 −4.8
N07M200n1 n1 < 0.001 15.37 < 0.001 1.60 < 0.001 0.020 4.935 −2.6
N07M200n10 n10 < 0.001 18.02 0.000 � < 0.001 < 0.001 < 0.001 > −2.0

S12M13norev 13 norev 0.249 4.59 0.033 45.76 0.413 8.260 0.826 −6.0
S12M13rev1 rev1 0.185 3.35 0.003 53.73 0.197 3.947 1.571 −5.4
S12M13rev2 rev2 0.101 3.22 0.001 52.36 0.106 2.117 1.336 −5.2
S12M13rev3 rev3 0.044 3.28 < 0.001 47.14 0.047 0.943 1.494 −4.8
S12M20norev 20 norev 0.095 37.56 0.179 14.68 0.369 7.384 0.738 −6.0
S12M20rev1 rev1 0.030 32.77 0.030 18.12 0.081 1.618 0.811 −5.3
S12M20rev2 rev2 0.013 27.85 0.010 18.22 0.030 0.591 0.937 −4.8
S12M20rev3 rev3 0.005 23.72 0.004 17.00 0.011 0.219 1.098 −4.3
S12M25norev 25 norev 0.162 11.51 0.068 29.42 0.315 6.293 0.997 −5.8
S12M25rev1 rev1 0.134 3.49 0.010 34.48 0.155 3.106 2.467 −5.1
S12M25rev2 rev2 0.090 2.32 0.003 34.39 0.097 1.934 2.435 −4.9
S12M25rev3 rev3 0.047 2.04 0.001 33.17 0.050 1.000 2.512 −4.6
S12M30norev 30 norev 0.161 1.44 0.088 26.22 0.324 6.485 1.629 −5.6
S12M30rev1 rev1 0.144 1.12 0.013 31.72 0.164 3.285 2.609 −5.1
S12M30rev2 rev2 0.097 1.15 0.004 32.36 0.104 2.071 2.607 −4.9
S12M30rev3 rev3 0.052 1.18 0.002 28.84 0.055 1.094 2.182 −4.7

Note � 1st column: models which we employ here. 2nd: progenitor mass Mpr (MJ). 3rd: reverse shock model (see
text). 4�7th: initial mass fraction fdep,i,0 relative to the total metal mass and the initial geometrical cross-section Si,0

(×104 cm2 g−1) per unit dust mass for grain species i = C (amorphous carbon) and Sil (Silicates). For silicate grains, we
show the values for the dominant species: MgSiO3 for S12M13 and S12M25 models, and Mg2SiO4 for the other models.
We write fdep,i,0 and Si,0 in bold style when they are dominant coolants. 8th: the initial mass fraction of grains fdep,0

relative to metal. 9th: the dust-to-gas mass ratio D0 (×10−8) for our Z = 10−5 ZJ calculations. 10, 11th: critical

dust-to-gas mass ratio D(ng)
cr and metallicity Z

(ng)
cr which we determine by one-zone calculations without grain growth

([Z(ng)
cr ] = log[Z

(ng)
cr /ZJ]). To search the critical metallicity, we vary the metallicity from 10−7 to 10−2 ZJ every 0.1

dex. For example, [Z
(ng)
cr ] = −5.3 indicates that fragmentation condition is satis�ed in one-zone model with

[Z
(ng)
cr ] ≥ −5.3, but not with [Z

(ng)
cr ] ≤ −5.4.
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Figure 3.5: Temperature as a function of the increasing density in the corse of time.
We plot for the N07M30n1 model with Z = 10−6 ZJ (red: Z6), 10−5 ZJ (green: Z5),
and 10−4 ZJ (blue: Z4), respectively. The solid and dashed curves with each metallicity
represent the trajectories with and without grain growth, respectively. The circle symbol
indicates the density and temperature where the fragmentation criterion (see Chapter 1)
is satis�ed.
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Table 3.2: Parameter for grain growth and resulting critical condition
Model Mpr rev. rgrow

Sil log(ngrow
H,Sil) fdep,Sil,∗ SSil,∗ fdep,∗ D(gg)

cr [Z
(gg)
cr ]

N07M13n0 13 n0 0.0060 no 0.024 3.83 0.351 0.769 −5.9
N07M13n0.1 n0.1 0.0444 no 0.017 2.78 0.270 1.473 −5.5
N07M13n1 n1 0.0331 15.2 0.001 3.95 0.128 0.928 −5.3
N07M13n10 n10 0.0147 15.9 < 0.001 8.45 0.043 0.312 −5.1
N07M20n0 20 n0 0.0074 ? 0.051 5.22 0.224 2.777 −5.2
N07M20n0.1 n0.1 0.0342 12.8 0.034 3.12 0.146 2.184 −5.1
N07M20n1 n1 0.0313 14.0 0.003 4.00 0.057 1.397 −4.9
N07M20n10 n10 0.0228 15.6 < 0.001 5.25 0.013 0.820 −4.5
N07M2513n0 25 n0 0.0044 ? 0.060 4.24 0.241 3.810 −5.1
N07M25n0.1 n0.1 0.0615 ? 0.051 1.44 0.200 3.103 −5.1
N07M25n1 n1 0.0754 13.8 0.020 1.39 0.121 2.351 −5.0
N07M25n10 n10 0.0511 15.0 < 0.001 2.93 0.036 1.448 −4.7
N07M30n0 30 n0 0.0221 ? 0.069 3.99 0.184 2.916 −5.1
N07M30n0.1 n0.1 0.0339 12.7 0.044 4.01 0.128 2.265 −5.0
N07M30n1 n1 0.0120 13.2 0.006 8.80 0.045 0.628 −5.1
N07M30n10 n10 0.0246 15.9 < 0.001 5.43 0.015 0.734 −4.6
N07M170n0 170 n0 0.0078 ? 0.072 6.62 0.317 3.156 −5.3
N07M170n0.1 n0.1 0.0439 13.1 0.029 4.07 0.154 2.194 −5.1
N07M170n1 n1 0.1813 no < 0.001 1.17 0.013 2.662 −4.0
N07M170n10 n10 � � 0.000 � < 0.001 1.488 > −2.0
N07M200n0 200 n0 0.0045 ? 0.053 9.68 0.364 3.603 −5.3
N07M200n0.1 n0.1 0.0452 13.8 0.012 4.19 0.098 1.824 −5.0
N07M200n1 n1 0.1440 no < 0.001 1.48 0.001 0.031 −4.8
N07M200n10 n10 � � 0.000 � < 0.001 < 0.001 −3.2

S12M13norev 13 norev 0.0051 10.4 0.200 25.28 0.602 0.826 −6.0
S12M13rev1 rev1 0.0039 11.2 0.203 14.62 0.476 0.497 −5.9
S12M13rev2 rev2 0.0040 11.6 0.178 10.90 0.333 0.336 −5.8
S12M13rev3 rev3 0.0047 12.4 0.069 10.79 0.164 0.188 −5.7
S12M20norev 20 norev 0.0159 ? 0.179 14.68 0.370 0.466 −6.2
S12M20rev1 rev1 0.0115 11.1 0.141 11.56 0.242 0.204 −5.9
S12M20rev2 rev2 0.0109 11.8 0.107 9.24 0.172 0.118 −5.7
S12M20rev3 rev3 0.0118 12.4 0.064 7.43 0.105 0.069 −5.5
S12M25norev 25 norev 0.0080 9.1 0.086 27.19 0.337 0.997 −5.8
S12M25rev1 rev1 0.0061 11.5 0.093 17.77 0.259 0.982 −5.5
S12M25rev2 rev2 0.0060 12.0 0.074 13.58 0.181 0.770 −5.4
S12M25rev3 rev3 0.0061 12.3 0.049 11.21 0.105 0.501 −5.3
S12M30norev 30 norev 0.0088 ? 0.088 26.22 0.325 1.629 −5.6
S12M30rev1 rev1 0.0065 11.3 0.068 19.56 0.240 1.039 −5.5
S12M30rev2 rev2 0.0062 12.0 0.045 16.09 0.157 0.825 −5.4
S12M30rev3 rev3 0.0071 12.5 0.024 13.24 0.084 0.548 −5.3

Note � 4th: average radius rgrow
i (µm) of grain species i. 5th: density ngrow

H,i (cm−3) where the condensation e�ciency of

grain species i becomes above 0.5 by grain growth for Z = 10−5 ZJ runs. �?� and �no� depict the models where the
condensation e�ciency is initially above 0.5 or where the condensation e�ciency does not reach 0.5 until nH = 1016 cm−3,

respectively. 6�8th: subscript �∗� denotes the value for Z = 10−5 ZJ at density nH = 1012 cm−3. 9�10th: critical

dust-to-gas mass ratio D(gg)
cr and metallicity Z

(gg)
cr determined by our one-zone calculations with grain growth.
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metallicity has already been seen. This is due to the H2 molecular cooling enhanced
by the e�cient molecular formation on grain surfaces, which becomes important
with increasing metallicity.

• OH cooling
While cooling by metal molecules such as OH and H2O is not important in the
present-day dust model, the enhancement of oxygen in our Pop III model leads
such cooling to be important for 10−5�10−4 ZJ. The cooling becomes dominant
over gas compressional heating. We can see the rapid temperature decrease at
nH ∼ 105�107 cm−3.

• H2 formation heating
With the metallicites Z & 10−5 ZJ, we see the rapid increase of the tempera-
ture. This is due to the gas heating by the endothermic reaction of H2 molecular
formation. In this density regime, three-body reactions are important process for
the molecular formation. The heating is relaxed when the su�cient molecules are
formed and the H2O cooling can operate in this regime. The moderate gas heating
continues until the density reaches ∼ 1011 cm−3.

• Dust cooling
Finally, cooling by dust thermal emission becomes dominant at highest density
nH ∼ 1012�1014 cm−3, where the frequency of the heat exchange between gas and
dust becomes su�ciently large. If the cooling becomes dominant, we can expect
the dust-induced fragmentation into low-mass cores.

3.3.2 E�ect of grain growth

Even in the very metal-poor environment, grain growth becomes important to enhance
the gas cooling e�ciency to reduce the temperature. The green curve in Figure 3.5
(N07M30n1Z5) shows that the temperature dip appears at ∼ 1014 cm−3 if we consider
grain growth. Especially Mg2SiO4 grains rapidly grow at density nH ∼ 1013 cm−3. For
Z4 case (blue), the temperature dip becomes deeper, indicating that the dust cooling e�-
ciency increases due to grain growth. Also with the metallicity, Mg2SiO4 grains becomes
dominant after their growth at nH ∼ 1011 cm−3.

Further, grain growth is crucial to determine the critical metallicity in some cases
including this N07M30n1 model. With 10−6 ZJ, the both trajectories with and without
grain growth do not satisfy the fragmentation criterion. With 10−4 ZJ, the both trajecto-
ries satisfy because the amount of grain is enough even without the help of grain growth.
In the case with 10−5 ZJ, while the fragmentation condition are not satis�ed without
grain growth, the fragmentation is judged to occur only with grain growth. In this model,
the critical metallicity decreases from 10−4.1 to 10−5.1 ZJ (see Tables 3.1 and 3.2), which
corresponds to the decrease of the critical dust-to-gas mass ratio Dcr from 6.3 × 10−8 to
0.63 × 10−8. That is, the dust amount required to cool the gas becomes smaller by an
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order of magnitude. Therefore, we can expect that grain growth can reduce the critical
threshold metallicity for the cloud fragmentation. In the next section, we integrate the
all results given by our calculations for wider range of parameters.

3.4 Conditions for cloud fragmentation

3.4.1 Critical dust-to-gas mass ratio without grain growth

In this section, we discuss the critical condition for cloud fragmentation for all Pop III
dust models. We can obtain the critical metallicity Zcr above which the dust cooling is
e�cient by our sequence of one-zone calculations for each Pop III model. Then, the critical
metallicity is translated into the critical dust-to-gas mass ratio Dcr as Dcr = fdep,0Zcr. We
begin with discussion in the case without grain growth, where the dust amount is �xed
during the cloud collapse. In this case, the initial dust-to-gas mass ratio is the important
parameter to de�ne the critical condition (see also S12). The critical dust-to-gas mass
ratio D(ng)

cr in the case without grain growth is shown in the last second column of Table
3.1. The predicted critical dust amount is scattered. Then, we estimate the one-sigma
range of D(ng)

cr as [2.0�2.5]×10−8.1 The origin of the scatter is largely due to the di�erence
of the dust models between N07 and S12.

Di�erence between N07 and S12

Next, we discuss the variation of D(ng)
cr between the two models N07 and S12. The

average value of D(ng)
cr is 3.4 × 10−8 for N07 and 1.3 × 10−8 for S12. N07 model predicts

the larger D(ng)
cr than in S12 model by about a factor of 3. This stems from the overall

di�erence of grain composition and size distribution between the two model as discussed
above and brie�y as follows:

• N07 predict larger grain sizes because of the ejecta model and the grain destruction
model as seen in the discussion around Figure 3.4. The one-dimensional ejecta
model of N07 predict the wider range of dust size distribution than the one-zone
model of S12 just after the grains are formed, which predict the narrower log-
normal distribution around the characteristic radius determined by the nature of
each grain species. At the succeeding grain destruction phase, for N07 model, the
larger grains are likely to escape from the destruction site while the small grains
remaining in the region are eroded by the sputtering. The average size increases
with the increasing destruction e�ciency. On the other hand, in S12 model, the
grains with intermediate size slowly depleted, and the �at tail is formed at the

1Here, we neglect n1 and n10 models in the PISN case. Although n1 and n10 reverse shock models

predict the large D(ng)
cr due to the signi�cantly small initial D0, the ambient gas of these star is expected

to be less dense (∼ 0.1�1 cm−3) because they emit strong ionizing photons during their main-sequence

(Kitayama et al. 2004; Whalen et al. 2004).
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smaller radii. This leads the cross-section of thermal exchange between gas and
dust per unit dust dust mass to be smaller.

• In N07 model, the supernova is predicted to release the small amount of carbon
grains and not to create magnetite grains. Since the dissociation of CO molecular
formation owing to electrons from 56Co decay is not included, carbon grains do not
accrete free available carbon atoms even though the gas density is still su�ciently
large in the ejecta. Also, the feature of the unmixed ejecta re�ects to the lack of
magnetite grains. Both of them have large contribution to gas cooling in S12. As
a result, the critical dust-to-gas mass ratio tends to be smaller for S12 model than
for N07 model.

3.4.2 Critical metallicity

3.4.2.1 Without grain growth

We can translate the critical dust-to-gas mass ratio into the critical metallicity. These
two values are connected with the relation via the initial depletion factor fdep,0 as

D(ng)
cr = fdep,0Z

(ng)
cr . (3.4)

The critical metallicity can be written simply Z
(ng)
cr = 3.4 × 10−8f−1

dep,0 for N07 and 1.3 ×
10−8f−1

dep,0 for S12. The reciprocal dependency on fdep,0 simply indicates that the smaller

the dust cooling e�ciency (larger Z
(ng)
cr ) with the smaller initial depletion e�ciency.

3.4.2.2 With grain growth

If grain growth e�ciently occurs and all refractory elements (Mg, Si, and Fe) are eventu-
ally depleted onto grains as in the present-day model (Pollack et al. 1994), the information
of the initial depletion factor would be washed out. The critical condition for the e�cient
dust cooling can be written solely by the metallicity Z. In fact, a fraction of refractory
elements is left to be depleted onto grains especially in the case with the small fdep,0.

In the last column in Table 3.2, we present the critical metallicity Z
(gg)
cr in the case

with grain growth. We plot the critical condition for every model on the fdep,0-Z plane in
Figure 3.6. We can apparently see that the critical metallicity is reduced by the e�ect of
grain growth especially in the case with small fdep,0. In the lowest fdep,0, the metallicity
is reduced over a order of magnitude.

In the case without grain growth, where the critical condition is determined solely
by the dust-to-gas mass ratio, Z

(ng)
cr is reciprocally proportional to fdep,0. In the extreme

case where the all relevant elements are eventually accreted onto grains, the relationship
between Z

(gg)
cr and fdep,0 is horizontal. Our model predicts the intermediate dependency

between the two extreme cases. In quantitative manner, the spectral index of Z
(gg)
cr as

a function of fdep,0 (called growth index hereafter) indicates how the refractory elements
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Figure 3.6: We plot the critical conditions for the dust-induced fragmentation on the
fdep,0-Zcr plane determined by our one-zone calculations with (closed symbols) and with-
out (open symbols) grain growth. We employ the Pop III supernova dust models of N07
(left) and S12 (right). The di�erent symbols depict the di�erent progenitor mass models.
With each Mpr, the results of four dust destruction models are plotted for n0, n0.1, n1,
and n10 (N07) and norev, rev1, rev2, and rev3 (S12) from right to left. We also plot the
�tting function estimated by the Zcr and fdep,0 for the Pop III dust models with (solid)
and without (dashed) grain growth.

remain in the gas-phase. By the least squares method, we perform power-law �t of the
dependency of Z

(gg)
cr and fdep,0 in both N07 and S12 models as:(

Z
(gg)
cr

10−5.5 ZJ

)
=

(
fdep,0

0.18

)−0.44±0.21

. (3.5)

The critical metallicity still depends on the initial depletion factor. We will discuss it in
the next Section.

Remaining dependency of Z
(gg)
cr on fdep,0

Di�erence between N07 and S12

The dependencies of Z
(gg)
cr on fdep,0 are (Z

(gg)
cr /10−5.5 ZJ) = (fdep,0/0.50)−0.51 and

(Z
(gg)
cr /10−5.5 ZJ) = (fdep,0/0.022)−0.30 in N07 and S12 models, respectively (drawn in

Figure 3.6 as solid lines). As explicitly shown in Figure 3.6, grains in S12 model have
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the larger growth index than in N07. As we have discussed above, this results from
the dust composition and size distribution predicted in these models. We �nd that the
grain growth more e�ciently occurs in S12 model. Table 3.2 shows that the density ngrow

H,i

where the depletion e�ciency fij exceeds 0.5, i.e. the grain growth is considered to occur
su�ciently. We can see that ngrow

H,i . 1012 cm−3 in S12 model while ngrow
H,i & 1012 cm−3 in

N07model. This indicates that, in S12 model, grain growth occurs well before the density
reaches the regime where dust cooling is dominant. Therefore, dust cooling e�ciency is
apparently modi�ed in the case S12.

Grain growth occurs more rapid in S12 than in N07 because of the di�erence of dust
properties. In more quantitative manner, ngrow

H,i can be written as

ngrow
H,i = 1.0 × 1012 cm−3

(
Aj

7.1 × 10−10

)−2(
fij,0

0.1

)−0.8( rgrow
i,0

0.01 µm

)2(
ai,0

1 Å

)−6(
mi1

mH

)
,

from the balance between the grain growth timescale and gas dynamic timescale. The
dependency on fij,0 is determined by �tting (valid for fij,0 < 0.5). There, rgrow

i,0 is the

cross-section-weighted average radius, rgrow
i,0 = 〈r3〉1/3

i,0 .
2 The radius is the indicator of the

contribution of the size distribution to grain growth. Table 3.2 shows that the value of
rgrow
i,0 predicted by N07 is larger. That is why the dust in N07 model accretes the materials
in the gas-phase more slowly.

Dependence of Z
(gg)
cr on Mpr

Among the progenitor mass models, the critical condition have a scatter. This is
because both the abundance of grain species and size distribution a�ect the dust ther-
mal properties. We attempt to quantify the contributions of dust composition and size
distribution of each grain species to the dust cooling e�ciency. Assuming T � Ti(r), we
rewrite the rate of dust cooling as

Λd =
∑

i

∫
πr2〈nv(k)〉 [2kT − 2kTi(r)] niϕi(r)dr, (3.6)

∝
∑

i

fdep,iSi, (3.7)

where,
fdep,i =

ρi

ρmetal

(3.8)

is the indicator of the contribution of grain composition to cooling, and

Si =
π 〈r2〉i

(4π/3)ςi 〈r3〉i
=

3

4ςircool
i

, (3.9)

is the cross-section of species i per unit dust mass indicating the contribution of grain size
distribution to cooling. Here, the another type of average dust radius rcool

i = 〈r3〉i / 〈r2〉i
2〈x〉i is the size distribution-weighed average of a quantity x as

∫
xϕi(r)dr.
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is introduced to characterize dust cooling rate. We here discuss the di�erence among the
progenitor mass models separately in N07 and S12 models.

• N07

M13 model predicts the abundance pattern of AC > AO. For such an abundance
pattern, carbon grains can grow because even if CO molecules are formed rapidly
in the collapse phase, free carbon atoms available to be accreted are left. It can be
seen in Tables 3.1 and 3.2: abundance of carbon grain fC,C increases from 0.04�0.38
to 0.13�0.55. Carbon grains can contribute to the cooling e�ciency if they can
grow. This is because the carbon is generally more abundant than Si or Mg by
an order of magnitude. By comparison between the product of fdep,iSi becomes
eventually larger for carbon grain than silicate grains. Therefore, the progenitor
model predicts the larger cooling e�ciency than in the other cases, where carbon
grain can not grow to contribute the cooling e�ciency because of AC < AO. This
leads the smallest Z

(gg)
cr for M13 model. Especially, for M13n0, since MgO grain can

also contribute, the cooling e�ciency is signi�cantly large (even Z
(gg)
cr ∼ 10−6 ZJ).

• S12

� M13 vs. M30
For both models, growth of not only silicate but also Fe3O4 is important, and
the contribution of silicate is slightly larger for M13 than M30. The resulting
Z

(gg)
cr becomes smaller for M13.

� M20
For all four progenitor mass models, the dominant coolant changes from carbon
to silicates by grain growth. For M20, since carbon grains can still contribute
to the cooling e�ciency, the model predicts smallest value of Z

(gg)
cr .

3.5 Implication for the observed primitive stars

Recent observations have revealed the nature of the primitive stars. They indicate that
there are two types of stars in the extremely metal-poor (EMP) stars (see e.g. Beers and
Christlieb 2005):

• Carbon-normal extremely metal-poor star

The stars have the metallicity [Fe/H] < −3.0 without large enhancement of carbon
([C/Fe] . 1). The abundance pattern in our model can explain that of these stars.

• Carbon-enhanced extremely metal-poor (CEMP) star

The stars are categorized as the EMP star ([Fe/H] < −3.0) but show the signi�cant
enhancement of carbon ([C/Fe] & 1).
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Figure 3.7: On the Dtrans-[Si/H] plane, the critical conditions for the dust-induced
fragmentation obtained by our one-zone calculations are plotted as the green- and red-
hatched region for N07 and S12, respectively. The condition is mitigated by the grain
growth, which leads the critical Si abundance with grain growth (bottom) to be smaller
than without grain growth (top). The critical condition under which the C/O �ne-
structure cooling triggers the cloud fragmentation is indicated by the grey-shaded region
(Dtrans = −3.5 ± 0.2; Frebel et al. 2007; Frebel and Norris 2013). We compare our
criteria with the C, O, and Si abundances of the extremely metal-poor stars so far ob-
served. Black squares and blue circles indicate the abundances of C-normal EMP and
CEMP stars, respectively. We show the abundances of recently discovered primitive star
SDSS J1029+1729 (a: Ca�au et al. 2011), and most iron-poor CEMP stars HE0557-4840
(b: Norris et al. 2007), HE0107-5240 (c: Christlieb et al. 2004), HE 1327-2326 (d: Frebel
et al. 2008), and SMSS J0313-6708 (e: Keller et al. 2014). The other symbols indicate
the abundances of C-normal main sequence stars with intermediate metallicities. These
data are retrieved from the SAGA database (Suda et al. 2008).
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Although what determines the di�erence of abundance pattern is still unclear, we in this
section attempt to apply our criterion to explain their origins.

Recently, Ji et al. (2014) present that two criteria are required to explain the origin
of EMP and CEMP stars.

• Dtrans

As we have reviewed in Chapter 1, the critical discriminant Dtrans is available to
explain the origin of CEMP stars. However, the star SDSS J1029 + 1729 with
Dtrans < −4.4 (Ca�au et al. 2011), has the lack of C and O, and the Dtrans criterion
is failed.

• [Si/H]cr

Ji et al. (2014) consider that dust grains can also induce the gas cooling. They
calculate the cooling e�ciency of Si-bearing grains and de�ne the critical silicon
abundance ([Si/H]cr). Here, they do not include carbon grains for simplicity. The
formation of SDSS J1029 + 1729 can be explained by this strategy. However, the
abundance of some CEMP stars lack of Si and Fe rules out the hypothesis that
these stars are formed by this dust cooling scenario.

If it is true that the parent cloud of these stars do not have the dust cooling e�ciency
and resort only to �ne-structure cooling, there would be problems as we have discussed
in Chapter 1. The �ne-structure cooling becomes ine�cient at small densities (nH ∼
104 cm−3), where the predicted fragment mass is large ∼ 104 MJ. We reexamine whether
grain growth overcomes the problem.

We plot the abundances observed so far on the [Si/H] vs. Dtrans plane in Figure 3.7.
The green- and red-shaded areas show the critical Si abundance predicted by N07 and S12
models, respectively. We just derive the critical value as ASiZcr. Without grain growth,
the Si abundances of the CEMP stars c and d is smaller than [Si/H]cr predicted by any
progenitor models in N07. This means that N07 model fails to explain the origin of these
stars. However, with grain growth, some progenitor models in N07 become to predict the
smaller [Si/H]cr than the Si abundances of the stars c and d. This means that the dust
cooling scenario is not excluded by the observations so far.

3.6 Chapter summary

In this Chapter, we investigate the e�ect of the realistic dust models in the early Universe
and grain growth on the thermal evolution and fragmentation properties of the clouds
with extremely small metallicities. We employ the recent models of dust grains which have
been released from Pop III stars. Comparison with the present-day dust model where all
refractory elements are all depleted onto dust, in this model, the condensation e�ciency
of metal onto dust is smaller because of the e�cient dust destruction process by the
reverse shocks. Earlier studies with the present-day dust model have de�ned the critical
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metallicity above which the dust cooling is e�cient as between 10−6 and 10−5 ZJ. If the
dust destruction can be neglected, our models (N07n0 and S12norev) predict the same
order of the critical metallicity. However, in the models with the most signi�cant e�ect
of the dust destruction (N07n10 and S12rev3), the critical metallicity becomes larger by
a order of magnitude. In the PISN cases, the e�ect is much more severe because of their
energetic feature which lead the dust destruction to strongly occur.

Grain growth can (partly) mitigate the dependency of the critical metallicity on the
dust destruction e�ect. While Z

(ng)
cr depends on fdep,0 reciprocally as Z

(ng)
cr = 2.3 ×

10−8f−1
dep,0 without grain growth, the dependency is mitigated into (Z

(gg)
cr /10−5.5 ZJ) =

(fdep,0/0.18)−0.44. In N07n10 and S12rev3 cases, the critical metallicity is reduced at most
over an oder of magnitude. We can conclude that the grain growth is necessary process
to determine the fragmentation condition for low-mass star formation. Further, we apply
our dust model to the abundances of the observed EMP and CEMP stars. Without grain
growth, all progenitor models of N07 model fail to explain the origin of some CEMP
stars with small Si abundances. If we include the e�ect of grain growth, the critical Si
abundance in some of N07 model becomes smaller than that of the stars.
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4.1 Overview

As we have seen in the previous Chapter, dust thermal emission is crucial to form low-mass
and low-metallicity star formation. In order to explicitly see the e�ect, hydrodynamic
simulation is the useful tool because the dust cooling induces gas elongation and fragmen-
tation (Chapter 1), which are both highly inhomogeneous phenomena. The di�culty in
the cloud collapse simulation is that we should follow the �uid motion from an interstellar
medium to protostellar cores with the density range over 20 orders of magnitude with
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a su�cient resolution (so-called Jeans criterion; Truelove et al. 1997). If the criterion is
not satis�ed, the spurious fragmentation occurs because of the numerical noise. Since the
aim of Thesis is to properly follow the cloud fragmentation, we should take care about it.

To save the computational cost, zoom-in techniques are often used. In the smoothed
particle hydrodynamics (SPH) simulations, the coarse (parent) particles are replaced
with the set of smaller mass (daughter) particles. Such a technique is called particle

splitting, and corresponds to the adaptive mesh re�nement (AMR) implemented in a
part of Eulerian grid codes. While the way to split the coarse grid is almost uniquely
determined in the AMR scheme, the distribution of daughter particles in SPH is not
trivial. Previous studies such as Kitsionas and Whitworth (2002, hereafter, KW02) and
Martel et al. (2006) present the simple methods of particle splitting: the daughters are
distributed uniformly on the sphere and cube centered at their parent. Although their
methods are very simple to be implemented, the symmetric distribution of the daughters
is expected to smooth out the aspherical structure of the �uid.

In order to follow the aspherical structure such as sheet and �lament, we develop
the method as the daughters are distributed within the Voronoi cell tessellated by their
parents. The Voronoi cells �exibly capture the distribution of the particles. In this Chap-
ter, we introduce our novel particle splitting method based on the Voronoi diagrams and
perform several test simulations. In Section 4.2, we brie�y review the zoom-in simulation
and resolution criterion. In Section 4.3, we introduce our particle splitting method. Then,
the validity of our method is checked in Section 4.4 by the well-known Bodenheimer col-
lapse test. There, we perform high-resolution simulation without particle splitting and
lower-resolution simulation with previous and our splitting methods. In Section 4.5, we
�nally perform the simulation for the primordial gas cloud cut out from a cosmological
simulation to compare the previous and our methods. Finally, we discuss the possibility
that the di�erence splitting methods a�ect the cloud evolution including the fragmenta-
tion property and other issues in Section 4.6, and then summarize this Chapter in Section
4.7.

The content in this Chapter has been already published in Monthly Notices of the
Royal Astronomical Society, Volume 451, Issue 4, p.3955�3963 (Chiaki and Yoshida 2015)

4.2 Basics of the particle splitting

In this Section, we brie�y review the general feature of the particle splitting. Truelove
et al. (1997) originally present the criterion for the AMR scheme in the Eulerian grid
code. The parent coarse grid is split into the set of the �ner grids in the scheme. They
present the criterion for the grid re�nement: the coarse grid is required to be split when
the grid size is less than the factor of Jeans length λJ ∼ cT/

√
Gρ, where cT is the local

sound speed (Jeans criterion). They con�rm that the spurious fragmentation occurs in
the case with the lack of resolution.

In the SPH simulations, the Jeans criterion is written by the Jeans mass MJ ∼
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hpar

SPHERE VORO

Figure 4.1: We compare the splitting methods of previous (left) and this work (right)
in the two-dimensional manner. The central black particle represents the target parent
particle. In the left panel, the daughters (blue dots) are distributed in the orange-shaded
area with radius of hpar, or the smoothing length of the parent particle. The daughters
are distributed to form the hexagonal closed packing. In the right panel, green-shaded
area is the Voronoi cell of the parent. Its daughters are generated within the cell.

(4π/3)ρλ3
J ∼ c3

TG−3/2ρ−1/2. For a simulation with the number Nngb of neighbor particles
and particle mass mpar, the minimal mass Mmin = Nngbmpar resolved by the SPH particles
should satisfy

Mmin < MJ/Rcr, (4.1)

where Rcr is the mass fraction of the Jeans mass to Mmin. This corresponds to the
numbers of particles within the Jeans length. The quantity Rcr is an indicator of the
simulation resolution.

4.3 Strategy

In this section, we begin with comparing the idea of the previous studies and ours.
We here focus on the particle splitting method presented by KW02. In their method, a
daughter is located at the same coordinate its parent, and twelve are distributed to create
the hexagonal closed packing. The angle of the distribution is randomly determined,
and the distance ldau of the twelve particles from the parent is ldau = 1.5hpar/131/3,
where hpar is the smoothing length of the parent particle. The length hpar/131/3 is the
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Figure 4.2: Two-dimensional illustration of our algorithm for the Voronoi tessellation.
The blue shaded region represents the trial (in panels 1, 2) or �nal (3) Voronoi cell of the
central blue particle (see text for the detailed description of the algorithm).

expected smoothing length of the daughters. We show the two-dimensional image of the
distribution in the left panel of Figure 4.1. As one can see, some daughters leak into the
upper originally sparse region. The density in this region will be overestimated after the
splitting. This means that the anisotropic density structure would be smoothed out by
the isotropic distribution of the daughters.

We in this Thesis develop the particle splitting technique by introducing the Voronoi
tessellation, de�ned as space division into the group of points (Voronoi cell) whose dis-
tance from a corresponding generator is smallest. As we present in the right panel of
Figure 4.1, the simulation box is divided by the Voronoi edges (black lines) as perpen-
dicular bisectors between adjacent SPH particles. For a target particle (parent; black
dots), the re�ned particles (daughters; blue dots) are distributed according to the geo-
metrical structure of the Voronoi cell. The strong point of the particle splitting based
on the Voronoi diagram is that the shape of the Voronoi cell traces the distribution of
the parent particles. By distributing daughter particles uniformly in the Voronoi cell, we
can preserve the original particle distributions created by the parent particles as shown
in the blue dots in Figure 4.1.
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4.3.1 Algorithm of Voronoi tessellation

In this Section, we introduce the scheme of the Voronoi tessellation. The scheme is
implemented into the parallelized N -body/SPH code, gadget-2 (Springel 2005). Figure
4.2 shows the two-dimensional image of our scheme of the Voronoi tessellation.

1) We �rst put the cube of a size 2lcube centered at a parent particle (blue dot). The
cube corresponds to the �rst trial Voronoi cell (blue-shaded region).

2) Then, we split the cube by the perpendicular bisector (black line) of a line segment
between the parent and another particle (red dot) in the trial cube.

3) We repeat the procedure 2) for all particles in the cube. Then, we obtain the
Voronoi cell for the central parent particle.

So far, particles outside the initial cube but closer to the parent particle than
2lmax can potentially modify the �nal shape of the Voronoi cell, where lmax is the
maximal distance between the central particle and the vertices of the trial Voronoi
cell constructed so far. If lmax > lcube/2, we enlarge the initial cube and go back to
1).

4) After repeating 1)�3) for all particles, we obtain the Voronoi diagram in the simu-
lation box.

In practice, we create the Voronoi cell only for the parcels which is about to break the
Jeans criterion to save the computational cost. This algorithm scales as O(Nsp log Nsp)�
O(N2

sp) for the number of split particles Nsp. If the parent particles are uniformly dis-
tributed originally, we need not enlarge the initial cube size after the procedure 3), and
thus the algorithm scales only as O(Nsp log Nsp). If the distribution of the particles are
signi�cantly inhomogeneous, the iteration of procedures 1)�3) will takes a cost.

4.3.2 Distribution of daughters

4.3.2.1 Setup for the selection

We then put daughter particles of a target parent particle according to the structure of the
Voronoi cell. We �rst split the Voronoi cell into smaller units (�subcells�), along with the
geometry of the cell, and then daughters are distributed, corresponding to each subcell.
Although the distribution of the daughters is not uniquely determined, the daughters are
required to be put as uniformly in the Voronoi cell as possible because the density of
particles too close/distant to each other is over/underestimated. We try some patterns
of particle distribution, and choose the one that best reproduces the original density
distribution of the parent particles. The density ρi of SPH particle i is de�ned by the



72 Chapter 4. Zoom-in simulation scheme based on the Voronoi diagrams

Figure 4.3: Two-dimensional images of three patterns of the daughter particle distribu-
tions. The daughters (blue dots) are distributed according to the structure of Voronoi
cell cut out around a parent particle (black) and the distribution of the neighbor particle
(open circles). 1: A daughter d is distributed on the center-of-mass of its corresponding
subcell which is divided by the dashed lines connecting the parent and vertices of the
Voronoi cell. 2: d is located on the internally dividing point of line segment (dashed
line) between the particle and the neighbor particle n as shown in Figure 4.4. 3: d is on
the center-of-mass of the subcell de�ned by the dashed line between the parent and the
middle point of each corresponding edge. For the patterns 1 and 2, a Voronoi edge is
de�ned to be the perpendicular bisector by m

1/3
par : m

1/3
ngb of the parent p and the neighbor

particle n, but for pattern 3, by 1 : 1.

Figure 4.4: Location of a daughter d (blue dot) generated around parent p (black dot)
in the case with voro splitting of pattern 2. The daughter corresponds to the neighbor
particle n (open circle).
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standard SPH formulation as the statistical average of the neighbor particles:

ρi =

Nngb∑
j=1

mjW (rij, hi), (4.2)

where Nngb is the number of neighbor particles, mj is the mass of the neighbor particle
j, and W (rij, hi) is the smoothing kernel as

W (rij, hi) =
8

πh3
i


1 − 6

(
rij

hi

)2

+ 6
(

rij

hi

)3

,
(
0 ≤ rij

hi
≤ 0.5

)
2
(
1 − rij

hi

)3

,
(
0.5 <

rij

hi
≤ 1
)

0.
(
1 <

rij

hi

) (4.3)

The smoothing length hi of the particle i is iteratively estimated to be

4π

3
ρih

3
i = Nngbm̄, (4.4)

where m̄ is the mean particle mass. We compare the maximal and minimal densities
ρmax and ρmin, respectively, among the SPH particles. We also see the particle-mean and
standard deviation of the density ρ̄ and σρ, respectively, just after the particle splitting.

We �rst prepare a randomly generated locations of 163 parent particles in a simu-
lation box with length of 1 code unit on a side. The particle mass is mpar = 1/163

so that the volume-averaged mass density is unity. At the initial state, ρmax and ρmin

are signi�cantly deviated from unity (6.16 and 0.46, respectively), and ρ̄ and σρ is large
(1.34 and 0.49, respectively) by the random noise. We thus begin with performing the
simulation without particle splitting for the time 10tsc so that the density perturbation
is relaxed by the gas pressure. Here, we de�ne the sound crossing time tsc as ¯hpar/cT,
where ¯hpar = (3Nngb/4π)1/3/16 is the average smoothing length, and cT is the isothermal
sound speed de�ned so that tsc is the code unit. We consider that the typical scale of
the density perturbation is the order of ¯hpar. The perturbation is partly smoothed out
by the gas pressure, and at the time 10tsc, ρmax and ρmin approach unity (1.08 and 0.92,
respectively), and ρ̄ and σρ reduce down to 0.998 and 0.026, respectively. In this test
simulations, we �x the number Nngb of the neighbor particles 50± 1, and the gas evolves
isothermally without self-gravity. Since we impose the periodic boundary box, the gas
is not dissipated beyond the boundaries. All the control parameters are the default of
gadget-2.0.7.

We then split the all particles in the simulation box, mimicking the cloud core, where
the all particles have been re�ned. We here compare the three patterns of daughter
particle distributions as follows. Figure 4.3 shows the schematic two-dimensional image
of these patterns.

1: A daughter particle d is distributed on the center-of-mass of its corresponding sub-
cell which is divided by the dashed lines connecting the parent and vertices of the
Voronoi cell. In this case, the daughter corresponds to the neighbor particle n.
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2: d is located on the internally dividing point of line segment (dashed line) between
the particle and the neighbor particle. While we here consider that the parent
particles have a uniform mass, the mass of the neighbor particles is sometimes
di�erent from that of the parent in practical collapse simulations. In the pattern
2, the Voronoi cell is de�ned by the plane which internally divide the particle p

and its neighbor n by m
1/3
par : m

1/3
ngb.

1 When the parent particles are replaced with
a daughter particle d, its location is shifted so that the distance from the Voronoi
plane becomes closer by the factor of (Vdau/Vpar)

1/3 as shown in Figure 4.4, where
Vdau and Vpar are the volumes of the corresponding subcell (red-shaded region in
Figure 4.3) and the whole Voronoi cell (green), respectively. The implementation
of 2 is most simple among the three patterns because the only value that we should
know is the coordinates of the neighbor particles.

3: d is on the center-of-mass of the subcell de�ned by the dashed line between the
parent and the middle point of each corresponding edge. In Figure 4.3 shows the
two-dimensional image. We describe the way to split the Voronoi cell into subcells
and to distribute the daughters in three-dimensional manner in the Section 4.3.2.3.
In this case, a daughter corresponds to each Voronoi vertex.

We then consider the particle mass assigned to daughters and a mass threshold mth,
which is the minimal mass of the daughters. If we give the daughter with mass of
(Vdau/Vpar)mpar, the mass di�erence between adjacent particles can be too large. When
particles with signi�cantly di�erent masses are mixed, the uncertainty of the smoothing
length and density becomes large because we �x the number Nngb of the neighbor particles
in estimating the particle density as Equations (4.2) and (4.4). By the SPH formulation
(Equation 4.2), the smoothing length is the radii of sphere who contains the �xed number
Nngb of neighbor particles. When the mass of neighbor particles is large relative to the
target particle, the smoothing length h is underestimated. Since the kernel function is
proportional to h−3, the density is estimated to be small. To avoid this, we impose the
lower limit of daughter particle mass. It is also considerable to give an equal mass to
daughters although a daughter located in a subcell with small volume (size) tends to
close to the adjacent daughters and its density will be overestimated. We here test three
di�erent ways to assign the daughter mass as follows:

A: The mass of a daughter is assigned to be (Vdau/Vpar)mpar, and the mass threshold
is mth = mpar/1000. The trial daughters with mass mdau < mth are removed, and
the total mass of these particles are added to the other daughters, proportional to
Vdau, so that the total mass is conserved.

B: Same as A but mth = mpar/30.

1Strictly speaking, it does not satisfy the de�nition of the Voronoi tessellation, but it would be

desirable that the typical size of the cell of the particle increases proportional to m
1/3
par .
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Table 4.1: Trial coordinate and mass of daughters in Voronoi particle splitting
Model Np,fin ρmax ρmin ρ̄ σρ

sphere 53 248 4.03 0.72 1.17 0.22
1A 57 514 3.79 0.30 1.05 0.19
1B 47 747 5.28 0.51 1.12 0.28
2A 57 514 2.80 0.23 1.20 0.28
2B 47 747 2.62 0.60 1.19 0.20
2C 40 960 2.63 0.77 1.31 0.16
3C 40 960 1.83 0.67 1.06 0.14

Note � Np,fin is the number of particles after splitting. ρmax, ρmin, ρ̄, and σρ depict the
maximum, minimum, particle-averaged, and standard deviation of the densities of SPH

particles just after the splitting.

C: After we put trial daughters on the center-of-mass of subcells, we merge the sub-
cells whose corresponding daughters are closest. We then put the new (merged)
daughter on the center-of-mass of the merged subcell. This procedure is repeated
until the number of subcells becomes down to Ndau. In this way, we can realize
the uniform distribution of the daughters. To conserve the uniformity of the distri-
bution of the daughters, Ndau is desired to be large. Besides, to prevent the mass
di�erence between parent and daughter particles, which can be adjacent to each
other in practical zoom-in simulations, from becoming too large, and to save the
computational cost, we set Ndau = 10.

We test six combinations (1A, 1B, 2A, 2B, 2C, and 3C) of the coordinate (1�3) and mass
(A�C) of the daughters to compare ρmax, ρmin, ρ̄ and σρ between just before and after
the particle splitting.

4.3.2.2 Results for the trial simulations

The tried models and the results are summarized in Table 4.1. We compare the results for
the splitting method of this work with the previous method of KW02 (called sphere).
After the particle splitting, we terminate our simulations at t = 20tsc. Figures 4.5 and 4.6
show the time evolution of ρmax, ρmin and σρ, respectively. After we randomly generate
the distribution of the parent particles, the amplitude of density perturbation is dumped
and approaches unity, oscillating due to the gas pressure (black dot-dashed curves). The
period of oscillation is roughly ∼ tsc. Then, at t = 10tsc, the maximal/minimal densi-
ties abruptly increases/decreases because the particle splitting adds the perturbation to
the density distribution (green and red curves). For sphere splitting, the number of
particles becomes 13 × 163 = 53 248, and ρmax and ρmin become 4.03 and 0.72, respec-
tively. The particle-averaged density for the daughters is 1.17, which is larger than the
volume-averaged density of 1. This means that the number of particles whose density is
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Figure 4.5: Temporal evolutions of the maximal and minimal densities among SPH
particles. We begin with distributing 163 parent particle in a periodic simulation box
at t = 0tsc, and then split the all particles at t = 10tsc. Black dot-dashed curve repre-
sents the densities in the case without particle splitting, red dashed curve with sphere

splitting, and the green solid curves with voro splitting for the six patterns of daughter
particle distributions: 1A (left-top), 1B (middle-top), 2A (right-top), 2B (left-bottom),
2C (middle-bottom), and 3C (right-bottom).
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Figure 4.6: Same as Figure 4.5 but for the deviation of density.
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Figure 4.7: Density assigned to SPH particles (Equation 4.2) in our model 2A, where
the mass of daughters are proportional to the volume of the subcell, as a function of the
particle mass just after splitting (left) and when the simulation is terminated (right).
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overestimated is larger than the ones whose density is underestimated. As shown in the
left panel of Figure 4.1, some daughters are likely to be too close to others by the nature
of sphere splitting that the angle of the hexagonal closed packing array, on which the
daughters are distributed, is randomly determined. The standard deviation of particle
density σρ increases from 0.022 to 0.22 just after the particle splitting. After that, the
maximal/minimal density decreases/increases, approaching the original value 1, and σρ

is dumped by the gas pressure.
For the pattern of particle distribution 1, (ρmax, ρmin) = (3.79, 0.30) and (5.28, 0.51)

for the mass threshold of mth = mpar/1000 (A) and mpar/30 (B), respectively. For
the pattern 2, (5.28, 0.51) and (2.80, 0.23), respectively. In the model A, particles
whose density is signi�cantly underestimated appear. It is because the particles assigned
the small mass tends to have small density. Figure 4.7 shows the relationship between
the particle density and mass just after the particle splitting (t = 10tsc) and when we
terminate the simulation (20tsc) in the model 2A. A positive correlation between these
two quantities can be seen at t = 10tsc and some particles with mdau . mpar/30 remain
underdense at 20tsc. This suggests that the ideal mass threshold is mth > mpar/30. On
the other hand, the number of particles is desired to be as large as possible to reproduce
the density structure originally created by the parent particles. Thus, the threshold
mth = mpar/30 would be valid when we assign the mass of daughter particle proportional
to the volume of subcells. We can see that the density underestimation is overcome in
both patterns 1B and 2B, enhancing the mass threshold although ρmax and ρ̄ are larger
for 1B than for 1A.

In the cases A and B, the deviation of density σρ remains large, even larger than
sphere splitting (see the left four panels of Figure 4.5). When the di�erent mass particles
are adjacent, the density is overestimated or underestimated as discussed above. This
triggers the remaining density deviation in the cases A and B (Figure 4.6). We also test
the case 2C, where the particle mass is assigned uniformly for the distribution pattern 2.
The density deviation at t > 10tsc becomes smaller, down to the same level of the sphere
splitting. However, the particle-averaged density ρ̄ just after the splitting becomes larger
(1.31) in the case 2C than in 2B. In the particle distribution pattern 2, two daughters can
become close to each other (see Figure 4.3). While these particles are likely to have small
mass in the cases A and B because of the small volume of their subcells, these particles
are assigned larger mass mpar/Ndau in the case of C. This leads the particle densities to
be overestimated in the case 2C.

Moreover, in the distribution pattern 2, where a daughter d is located between its
parent p and the neighbor n along the straight line, if the distance between p and n is
close, d and n become closer to each other. Also in the pattern 1, the subcell becomes
�attened if the parent and the corresponding neighbor is close. The daughter is located
close to the neighbor, and their density is likely to be overestimated.

Finally, we perform the simulation in the case 3C, where daughters are distributed on
the center-of-mass of the subcell corresponding to each Voronoi vertex, and its mass is
uniformly given with mpar/Ndau. Since the daughters are no longer distributed between
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Figure 4.8: We plot the three-dimensional structure of the Voronoi cell of a parent
particle (black dot). The daughter particle (blue dot; �di�) is located on the center-of-
mass of the subcell de�ned by the green-dotted lines and the purple planes. The green
dotted line connects between the center-of-mass of the planes (P ) and the middle point
of the edge (E). The daughter di corresponds to the vertex i. This will be merged with
the adjacent daughter corresponding to the vertex vj (see text).

their parent and the neighbor particles, the density overestimation is suppressed: the
maximal density ρmax and density deviation σρ just after the particle splitting are reduced
down to 1.83 and 1.06, respectively. Although the minimal density ρmin becomes smaller
(0.67) than 2C and sphere case, the particle-averaged density ρ̄ becomes closer to unity
(1.06). This suggests that the overestimation and underestimation of the density occur
to the similar extent. We can conclude that the reproduction of the original density
distribution is re�ned in 3C model with respect to the other cases. We in this Thesis
determine the coordinate and mass of the daughters, utilizing 3C.

4.3.2.3 Detail description of pattern 3 in three-dimensional manner

Figure 4.3 schematically presents the way to locate the daughter particles in the Voronoi
cell for the pattern 3 in the two-dimensional manner. The test simulations are performed
three-dimensionally. In this Section, we present the method to distribute daughter for
the pattern 3 in the three-dimensional manner. Figure 4.8 shows the three-dimensional
description of the con�guration of the subcell and the daughter particles. As described in
the left panel of Figure 4.8, planes of the subcell (indicated by the purple-shaded region)
are de�ned by the dotted line segments, which connect the center-of-mass of the Voronoi
plane (P) and the middle point of the Voronoi edges (E). Then, we cut out the polyhedron
(subcell) de�ned by the edges connecting each vertex of the the planes with the parent
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Figure 4.9: Stereograph of the particle distribution. The ten daughters (blue dots) can
be seen within the Voronoi cell de�ned by the black lines around the parent (black dot).
The Voronoi cell is de�ned by the distribution of the neighbor particles (open circles).

as shown in the right panel of Figure 4.8. A daughter di is located at the center-of-mass
of the subcell corresponding to the Voronoi vertex vi.

The typical number of the vertices per Voronoi cell is 20�30. We then perform the
merger process as presented above. In the case where the adjacent subcells are closest,
we merge the subcells. The vertex vi is actually close to the adjacent vertex vj, and the
daughter di is also close to the next daughter corresponding to vj. Such a close pair of
the daughters are merged. We merge such a close pair of daughters until the number
Ndau of the daughters becomes 10 if the number of vertices are above this. We show the
stereogram of the �nal distribution of the daughters in Figure 4.9. We redistribute the
mass of the parent mpar to the daughters equally mdau = mpar/Ndau.

4.3.2.4 Physical quantities assigned to daughters

SPH particles have the quantities of position, mass, velocity, temperature, and chemical
composition. Once the position and mass are given by the above procedure, its density
is determined by Equation (4.2). Just after splitting, we give the same temperature
as the parent to its daughters as a trial value. After the one computational timestep,
the temperature is recalculated according to the change of particle density with entropy
conserved. We reassign the same velocity as the parent to its daughters so that the
kinetic energy and momentum are strictly conserved. The chemical compositions of the
daughters are also assigned to the same quantities as the parent particle.
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Table 4.2: Setup for bb79 tests
Quantity Symbol Value

Cloud mass Mini 1 MJ

Cloud radius Rini 0.02 pc
Sound speed cT 0.17 cm s−1

Rotation rate Ωini 7.2 × 10−13 s−1

Pert. amplitude Am=2,ini 0.1

4.4 Bodenheimer test

4.4.1 Setup

In this section, we discuss the results of the so-called Bodenheimer test (Boss and Bo-
denheimer 1979). We hereafter call the set of runs as bb79. We prepare the isothermal
uniform gas sphere with rotation and bar-mode (m = 2) perturbation. The parame-
ters for the simulations are shown in Table 4.2. The initial mass and cloud radius gives
the initial density of nH,ini = 2.0 × 10−18 g cm−3. The initial sound speed corresponds
to the temperature of 8 K for the fully isothermal gas, and the ratio of the thermal
energy to the gravitational energy as αini = 5c2

TRini/2GMini = 0.32. The initial rota-
tion rate are given, corresponding to the initial ratio of the rotational energy to the
gravitational energy as βini = Ω2

iniR
3
ini/3GMini = 0.28. We assign the particle mass as

mp,ini = m̄p,ini(1+Am=2,ini cos 2φ/2) at the angle φ, where m̄p,ini = Mini/Np is the average
particle mass.

We perform the simulations in the case without particle splitting (NoSp) and with the
previous KW02 and our methods (sphere and voro, respectively). In NoSp simulation,
we set the number of SPH particles ∼ 108 in order to satisfy the Jeans criterion Rcr ∼ 100

at density ∼ 5 × 10−12 g cm−3, where the gas becomes optically thick and we terminate
our simulations. In the case with splitting, we distribute Np ∼ 4 × 106 of particles. In
these runs, the particles are on-the-�y split into daughters at the corresponding densities
where the Jeans criterion for Rcr = 100 is about to broken.

4.4.2 Results

4.4.2.1 Overall feature of density structure

In Figure 4.10, we show the density slice obtained by our simulations when the maximal
density among the SPH particles reaches 5 × 10−12 g cm−3. Among all of three models
(NoSp, sphere, and voro), the density structure is not signi�cantly changed. Fila-
mentary structure is maintained without fragmentation with slight blobs appearing at
the both ends of the �lament. We further see the density pro�les in the three cases as a
function of the distance at the center of one of the two blobs in Figure 4.11. The density
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Figure 4.10: Density slice on the plane perpendicular to the rotational axis for the
Bodenheimer test simulations (bb79) without particle splitting (NoSp; left) and with
the particle splitting of the previous work (sphere; middle) and the present work (voro;
right) at the peak density ∼ 5 × 10−12 g cm−3.
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Figure 4.11: Density as a function of the distance from the most dense region (one of the
two blobs shown in Figure 4.10). in the bb79 simulations for NoSp (black dot-dashed),
sphere (red dashed) and voro (green). Note that the red and green curves closely
overlap with each other.
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pro�les also have the almost same feature in the three simulations although the density
between the two blobs at distance 10−3 pc is slightly smaller for sphere and voro than
for NoSp by a factor of 3. We can conclude that the particle splitting does not a�ect the
density structures.

4.4.2.2 Comparison with the semi-analytic studies

In this section, we compare our results with the semi-analytic and numerical studies
previously presented by Tsuribe and Inutsuka (1999a,b). They follow the evolution of the
rotating isothermal clouds with various α and β parameters to seek the fragmentation
conditions. They conclude that the fragmentation condition is sensitive dominantly to
the α parameter. The case with α = 0.32 and β = 0.28, where we investigate here, is the
marginal case (Tsuribe and Inutsuka 1999b), and they con�rm that the fragmentation
occurs when the initial perturbation amplitude is larger than 0.15 by their simulations
(Tsuribe and Inutsuka 1999a). Our perturbation amplitude is 0.1, and thus our simulation
results is consistent with their studies.

When we further continue the simulation for NoSp, the density in the central �lament
increases and breaks the Jeans criterion. The several spherical clumps appear along the
�lament. From the semi-analytic approaches, we can say that this is due to the spuri-
ous fragmentation presented by Truelove et al. (1997). The length resolution becomes
comparable to the typical length of the density structure, and then the numerical noise
becomes important to create random distribution of the SPH particles. This triggers the
spurious �uctuations of the gravitational potentials.

4.4.2.3 Comparison between two splitting methods

In this bb79 test, we can not see the di�erence of the density structure between the
previous and this work. As seen in Figure 4.1, if the length-scale of the density structure
is smaller than the length-scale over which the daughters are distributed, the anisotropic
structure in sphere can be smoothed out by the uniform distribution of the daughter
particles. The length scale of the density structure can be measured by lρ = ρ/|∇·ρ|, and
the scale of the daughter particle distribution is ∼ hpar ∼ cTR−1/3

cr (Gρ)−1/2. We compare
these scales on the iso-density surface where the particle splitting occurs. By the gas
rotation, the disk structure is formed. The �uid elements on the equatorial plane have
a smaller infall velocity relative to the �uids contract along the rotational axis because
of the support by the centrifugal force. Therefore, the upper and lower sides of the disk,
the density gradient becomes largest. At the density ∼ 5 × 10−13 g cm−3, the particle
splitting occurs for the second time. On the iso-density surface, lρ marks the minimal
value on the poles, 4 × 10−6 pc. The value is still larger than hpar ∼ 3 × 10−6 pc. In the
simulations with very small sound speed (cT = 0.1 km s−1), hpar tends to be su�ciently
small. In that case, the splitting method sphere can work very well to preserve the
density structure of the gas. However, in the warm gas such as the primordial gas, this



84 Chapter 4. Zoom-in simulation scheme based on the Voronoi diagrams

Table 4.3: Setup and result for mh tests
run Nngb Rcr Np,ini Np,fin Comp. time

mh-sphere 64 ± 8 1000 169 511 314 867 48 315 s
mh-voro 64 ± 8 1000 169 511 318 148 81 320 s

mh-sphere-h 64 ± 8 4000 169 511 1 283 284 323 309 s

Note � In the last column we show the computational time from nH,peak = 10 cm−3 to
nH,peak = 1 × 1012 cm−3.

is not the case.

4.5 Collapse simulations of primordial gas cloud

4.5.1 Setup

4.5.1.1 Target cloud

Then, we perform the simulation in the primordial minihalo case. We hereafter call the
set of runs as mh. The data of the dark matter minihalo with the gas trapped by the
halo is taken from the cosmological simulation of Hirano et al. (2014). We cut out the
∼ 1 kpc region centered at the isolated minihalo with the halo mass Mh = 4.8× 105 MJ

at the redshift z = 15. The halo is categorized into a subclass where the less-massive
Pop III stars are formed (∼ 10�100 MJ) because in the corse of collapse, HD, which
is another important coolant in the primordial gas, is e�ciently formed. We start the
collapse simulation of the hosted gas cloud from the peak density nH = 10 cm−3. The
included chemical reactions, cooling rates and the treatment in the optically thick regimes
are shown in Chapter 2. Here, we do not include the chemistry and cooling by metal and
dust.

4.5.1.2 Numerical scheme

We show in Table 4.3 the numerical setup for the simulations with the particle splitting
methods by previous (sphere) and present works (voro). Initially the simulation data
contains 169 511 gas particles. The number increases in the corse of collapse by the
particle splitting. Here, we set the �ducial value of Rcr = 1000. In the central region of
the gas, some particle are already split once, and the mass of these once split particles
is m

(1)
p = 5/13 MJ. We follow the collapse until the central density reaches nH =

1×1012 cm−3. At that time, the SPH particles are split four times. By the n'th splitting,
the particle mass becomes m

(n)
p = m

(1)
p /13n−1 for sphere or m

(n)
p = m

(1)
p /10n−1 for

voro. Therefore, the particles are split when the local Jeans mass (as a function of the
particle density and temperature) is reduced down to MJ = RcrNngbm

(n−1)
p . The series
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of simulations is carried out on Cray XC30,2 using 128 cores.

4.5.2 Resulting density structures

Figure 4.12 shows the results of the collapse simulations with the particle splitting meth-
ods of sphere and voro when the maximal density nH,peak among the SPH particles
reaches 1012 cm−3. At nH ∼ 103 cm−3, HD cooling becomes e�cient. The cloud core is
elongated and wound by the rotation, and then the disk and spiral structure form. This
trend lasts until the gas density becomes nH ∼ 106�107 cm−3, where HD lines become op-
tically thick. In the middle panel of the Figure 4.12, we can see the spiral arms triggered
by HD cooling. One can see that the structure of disk and the spiral arms are remarkably
di�erence between the two splitting methods. While the di�used spiral arms are around
the less dense smooth spheroidal disk in sphere, the dense and thin spiral arms are seen
around the ellipsoidal core.

After the gas density exceeds ∼ 106�107 cm−3, the gas becomes optically thick for HD
transition lines. The cloud collapse is partly halted and the density gradient becomes
steep.3 Figure 4.13 shows that the density pro�le for our mh simulations. At the density
∼ 106�107 cm−3 (length ∼ 0.1 pc), the pro�le becomes very steep almost proportional to
r−4, and the fourth step of particle splitting is operated.

Let us again compare the two length scales: one for the density gradient, and one for
the distribution of the daughter particles. The length scale lρ of the density gradient is
reduced down to ∼ 0.01 pc. The scale over which the daughters are distributed is

• sphere: the order of the smoothing length hpar of the parent particles
∼ hpar ∼ (Nngbmpar/ρ)1/3 ∼ cTR−1/3

cr (Gρ)−1/2 ∼ 0.01 pc.

• voro: the order of the inter-particle length λp of the parent particles
∼ λp ∼ (mpar/ρ)1/3 ∼ 0.004 pc

For sphere, hpar is comparable to lρ, which means that the distribution of the daughters
can only marginally follow the density structure. Whereas, for voro, the distribution of
the daughters can well capture the steep density gradient.

In the simulations for the primordial gas, we can see the remarkable di�erence between
the two splitting methods sphere and voro while they show the almost the same result
in bb79. This stems from the gas temperature. In bb79 case, the gas is cold (cT ∼
0.1 km s−1), corresponding to T ' 8 K. In the warm primordial gas with T ∼ 100 K,
since hpar becomes larger according to hpar ∝ T 1/2, daughter particles have a lack of
ability to capture the steep density structures.

2Center for Computational Astrophysics, National Astronomical Observatory of Japan.
3This trend can be seen also at nH ∼ 108 cm−3, where the gas heating by the exothermic reactions

to form H2 molecules are dominant.
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Figure 4.12: Density-weighted density projection of the primordial clouds in our mh
simulations from the face-on and edge-on views of the disk when the peak density reaches
nH,peak = 1012 cm−3. We show the results obtained with the particle splitting methods of
sphere (top) and voro (bottom) from the same initial condition.
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Figure 4.13: Density as a function of the distance from the cloud center in our simulations
for the minihalo (mh) with the splitting methods of sphere (red dashed) and voro

(green solid). We also plot the density gradient of ∝ r−2.2, which typical primordial
clouds are along (black-dotted line).
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Figure 4.14: Color contor map of Toomre Q-parameter, which spreads from 0.5 (blue)
to 5 (red) in the plotted region for sphere (left) and voro (right). the white squares
indicate the point where the Q-parameter marks smallest the smallest value.

4.6 Discussion

4.6.1 Implication for the gas fragmentation

We have so far seen that the particle splitting methods can a�ect the global structure
of the gas cloud. For voro case, the dense and apparent spiral arms are formed with
respect to the sphere case. Such the di�erence might also change the gravitational
feature of the disk. It is reported that the dens massive spiral arms on the disk fragment
by self-gravity (Turk et al. 2009). Although we can not follow the further evolution of
the arms, we here utilize the Toomre Q-parameter to see whether the spiral arms in our
simulations fragment by self-gravity or not. The parameter is de�ned as Q = 2ΩcT/πGΣ,
where Σ is the column density integrated in the direction parallel to the rotational axis.

Figure 4.14 shows the distribution of the Q-parameter in our simulations. We can
see that the parameter is small along the dense spiral arms (see 4.12). The blue-colored
region, where Q < 1, more widely spreads for voro than for sphere. This should re�ect
the feature of our splitting method that the anisotropic structure is captured by the
elaborated distribution of the daughter particles. Recently, Takahashi (2015) present the
critical condition for fragmentation of the dense spiral arms. They present that, when
Q < 1, it does not immediately indicate the fragmentation on the disk. Instead, they
con�rm that the spiral arms appear if the disk satis�es the criterion by their simulations.
By their linear analysis of the instability of gas ring, an analogue of the spiral arm, it
is suggested that the arms with Q . Qcr becomes unstable to fragment. The critical
value Qcr depends on the selection of the gravitational potentials. In the case with
the incompressible �uid, Qcr = 0.6, and 1/π for the three-dimensional potentials. This
model predicts that, If even a part of the spiral arms satis�es the criterion, such a region
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becomes unstable to fragment. We measure the minimum values of Q in the spiral arms,
and compare with the critical value. As a result, we obtain Qmin = 0.59 for sphere
and Qmin = 0.41 for voro. As one can expect, the apparent thin �lament appearing
in the simulation with our splitting method predicts the smaller Q-value than with the
previous method. This re�ects the nature of both splitting methods. The concentrated
gas is more likely to be unstable by its self-gravity in the former case. Meanwhile, in
the former case, the symmetric distribution of the daughter particle is imposed, and
the resulting di�used density structure may suppress the e�ect of the self-gravity. The
minimal Q-value is slightly larger than the critical value in both cases, i.e., the spiral
arms are marginally stable against the fragmentation. Still, the global structure of the
spiral arms is considered to have an e�ect on the evolution of the central embryo stars
(also see Greif et al. 2012; Vorobyov et al. 2013). We also comment that the criterion
of the fragmentation of spiral arms on the disk is still under the debate. The critical
value depends on the selection of the gravitational potentials. In order to investigate it
by simulations, it is required to fully resolve the spiral arm structures for a long time.

4.6.2 Computational time

The construction of the Voronoi diagram is indeed costly with current algorithm intro-
duced in Section 4.3.1. In the primordial cloud collapse simulations, the computational
time is 48 315 and 81 320 seconds respectively for sphere and voro (Table 4.3) with the
splitting criterionRcr = 1000 to follow the cloud evolution from nH,peak = 10 to 1012 cm−3,
using 128 cores. Especially, the procedure of the Voronoi tessellation accounts for the half
of the total computational time. It is expected that we can shorten the computational
time for the Voronoi tessellation, introducing the incremental construction scheme scaling
as O(Nsp log Nsp) (Sugihara and Iri 1994) and the more e�cient parallelization scheme
scaling as O(Nsp) (Chiaki, Yoshikawa & Yoshida, in preparation).

4.6.3 Resolution test

Through the series of our simulations, it is indicated that the length resolution in the case
with voro particle splitting is e�ectively higher than sphere by a factor of ∼ λp/hpar ∼
N

−1/3
ngb . In our method, the Voronoi cell �exibly capture the density distribution created

by the set of parent particles, and preserve the anisotropic density structure while such
the structure is spherically smoothed out in sphere simulations. In utilizing the method
sphere, we recommend to impose another criterion for splitting than the Jeans criterion
so that the length scale lρ of density gradient is resolved by the smoothing length hpar.
In principle, the results of the simulations of sphere and voro will converge with the
in�nite resolution. We run the another simulation for sphere with substantially high
resolution criterion Rcr = 4000 (sphere-h). Figure 4.15 shows the resulting snapshots
for sphere, voro and sphere-h. This high-resolution run shows the dens spiral arms
and the ellipsoidal core. We can see that the voro splitting reproduces qualitatively
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Figure 4.15: Density map of the collapsing primordial cloud at the peak density nH,peak =

1012 cm−3 for sphere (left), voro (middle) with the splitting criterion Rcr = 1000 and
sphere-h with Rcr = 4000 (right). The right and middle panels are identical to the
middle panels of Figure 4.12.

similar structure.
This test also serves as the convergence check of the simulations. It is ideal to compare

the result of the su�ciently high-resolution run without particle splitting with that of
the simulation with splitting. For the set of runs bb79, we compare the NoSp and
sphere/voro runs and see the results are qualitatively the same. On the other hand,
the run mh, and the part of collapse simulations for the meal-poor gas clouds (presented
in Chapter 5), the target gas clouds are taken from the cosmological simulation in the
larger simulation box (1 h−1Mpc comoving length on a side). In that case, we resort to
the comparison between the simulations with the di�erent splitting criteria Rcr to check
the convergence. Although the thinner and denser spiral arms winding about one round
appear around the central blob in the run sphere-h than for voro, the computational
time for sphere-h (323 309 s) is by a factor of about four longer than voro (81 320 s).
In Chapter 5, we perform the collapse simulations for metal-poor gas clouds (Z = 10−6�
10−3 ZJ). In addition to the primordial chemistry in mh case, we compute the chemistry
of another 19 metal species, the equilibrium grain temperature (thermal emission rate)
for 20�35 size bins of 9 grain species (total 253 size bins), and the further evolution until
the central density reaches nH,cen > 1016 cm−3 to follow the dust-induced fragmentation
which occurs at high densities typically nH ∼ 1012�1014 cm−3 (see Chapter 1) in the
metal-poor cloud simulations. Let us set the splitting criterion Rcr = 1000 in this Thesis.

4.7 Chapter summary

In this Chapter, we present the newly-developed method of the particle splitting. While
the daughter particles are distributed in the symmetric manner around the parent parti-
cles, the locations of the daughters are determined based on the Voronoi diagram created
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by the distribution of the parent particles. In the former case, it is liable that the
anisotropic �uid structure with the steep density gradient might not be captured. We
perform two sets of the simulations: so-called Bodenheimer test (bb79) and the collapse
simulations of a primordial gas cloud hosted by a cosmological minihalo (mh). In these
simulations, our splitting method (voro) is compared with the previously presented
method by which the daughter particles are distributed on the sphere with radius hpar

centered at the parent particles (sphere).

• In bb79, we test the collapse of an uniform, isothermal, and rotating cloud in
the three cases without particle splitting (NoSp) and with the splitting method of
sphere and voro. Consequently, all of three give the consistent density structures:
the �lamentary structure with slight blobs are formed. In this set of simulations,
we can con�rm that the both of the particle splitting methods are valid to properly
follow the evolution of the collapsing cloud. These results are also consistent with
the previous semi-analytic and numerical works.

• In mh, we follow the cloud contraction in a cosmological minihalo with sphere and
voro. In this case, we can con�rm that the structure of the apparent spiral arms
and the ellipsoidal core is preserved for voro, while the less dense, di�used spiral
arms and spheroidal core appear for sphere. This re�ects the feature of the both
methods. The daughter particles distributed within the Voronoi cell can �exibly
follow the original density structure generated by their parents. Whereas, if the
daughters are distributed isotropically, this fails to capture the density structure
with the density gradient appearing in a certain direction. Further, we estimate
the Q-parameter, the indicator of the instability in the disk. Although Q is slightly
larger than the critical value in voro, the di�erence of the density structures should
a�ect the evolution of the central protostellar core.

As above, the density structure is similar for sphere and voro in the bb79 test
while di�erent in mh. This is because of the temperature of the two cloud. In bb79, the
cloud temperature is low, corresponding to cT ∼ 0.1 km s−1. Whereas, the primordial
cloud is warm T ' 100 K (cT ∼ 1 km s−1) because of the lack of important coolant
(metal and dust). In warmer cloud, the separation between newly located daughters
and their parents becomes longer (∼ hpar ∝ cT). Accordingly, the length scale at which
the daughters smooth out the density structure becomes larger. We can conclude that
our novel method of particle splitting should be utilized in the collapse simulation with
warmer gas especially in the metal-free or metal-de�cient cases in order to capture the
anisotropic �uid structures including cloud fragmentation.
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5.1 Overview

We have so far discussed that the cloud fragmentation in the metal-poor environment is
dependent on the initial dust model and grain growth. Also, we see that the numerical
zoom-in technique also would have an e�ect on the density structure of the cloud, which
is crucial to determine the fragmentation condition. In this Chapter, we perform the
simulations for the metal-de�cient cloud collapse. In our model, grain growth, molecular
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cooling, and gas heating owing to hydrogen molecular formation are for the �rst time self-
consistently included as well as the non-equilibrium chemistry and �ne-structure cooling.
The initial abundance of heavy element and grain species and dust size distribution are
given by the Pop III supernova model introduced in Chapter 3.

Employing the state-of-the-art particle splitting method based on the Voronoi tes-
sellation described in Chapter 4, the central mass resolution is eventually re�ned into
∼ 10−5 MJ (10 earth masses). Further, as Hirano et al. (2014) recently indicated, the
di�erent clouds hosted by minihalos undergo the di�erent thermal evolutions. We here
perform simulations for the several pre-stellar clouds, and see that the di�erent proper-
ties of these clouds have e�ect on the thermal properties of cloud, and the fragmentation
condition. In Section 5.2, we introduce our numerical method, and follow the necessary
chemical reactions and cooling/heating processes in the metal-de�cient cloud collapse by
using the results for the uniform gas sphere in Section 5.3. Then, we see whether each
cloud fragments or not, and derive the critical conditions for the cloud fragmentation in
Section 5.4. In Section 5.5, we discuss the numerical results for the succeeding phase of
gas accretion onto the protostars. Finally, we discuss some issues in Section 5.6.

The content in this Chapter has been submitted to Monthly Notices of the Royal
Astronomical Society.

5.2 Numerical method

5.2.1 Hydrodynamics and particle splitting

In this Chapter, we continuously use the parallel N -body/SPH simulation code gadget-
2 (Springel 2005) to seek the evolution of three-dimensional structure of the metal-poor
gas clouds. The cloud collapse is a phenomenon whose dynamic range of density (length
scale) is very wide, over 20 (10) order of magnitude. We initially follow the �uid dynamics
over the ∼ 1 kpc. To resolve the length scale of ∼ 0.1 AU over which eventually the
protostars lie, we resort to the zoom-in technique. We in Chapter 4 develop the novel
particle splitting method based on the Voronoi tessellation. In this method, we distribute
the �ner daughter particles around the coarse parent particle according to the geometry
of the Voronoi cell created by the parent particle distribution. By the nature of the
Voronoi cells which well capture the original distribution of the parent particles, the even
global anisotropic density structure can be reproduced in the cloud collapse simulations.
Here, the mass of the SPH particles are re�ned so that always they resolve the Jeans
mass MJ divided by the factor of Rcr (Chapter 4) to avoid the spurious fragmentation
(Jeans criterion: Truelove et al. 1997, 1998) as RcrNngbmpar = MJ. Here, the number of
neighbor particle is Nngb = 64 ± 8. We set Rcr = 1000 according to Hirano et al. (2014).
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Figure 5.1: Density-weighted density projection of our clouds uni, mh1, mh2, and mh3

from left to right just after the simulations are started.

5.2.2 Chemistry and cooling in collapse phase

The cooling processes considered here are �ne-structure line cooling of C ii, C i, and O i,
and transition line cooling by H2 and by HD molecules. We for the �rst time implement
the molecular cooling by CO, OH, and H2O into the simulation. Since the formation
reaction of hydrogen molecules is the exothermic one, the binding energy is released to
heat the gas when the molecules are formed. They are mainly formed via three-body
reactions at the densities nH ∼ 108�1011 cm−3. Such the gas heating e�ect can halt the
cloud elongation preceding to its fragmentation as reported by the simulation of Tsuribe
and Omukai (2008) for the polytropic analog of low-metallicity gas. Then, we should
examine whether it a�ects the cloud fragmentation or not also in our simulations. In
order to determine the cooling e�ciencies of gas, the non-equilibrium chemical networks
for 27 species (H+, e−, H, H−, H2, D+, D, HD, C+, C, CH, CH2, CO+, CO, CO2, O+,
O, OH+, OH, H2O+, H2O, H3O+, O+

2 , O2, Si, SiO, and SiO2) are implicitly solved. Also
in this simulation, we consider the accretion of gas-phase metal onto dust grains (grain
growth) during the cloud collapse. The reactions and their rates are shown in Chapter 2.

5.2.3 Accretion phase

After the core becomes optically thick, it no longer collapses. The simulation timestep
is limited to the Courant condition to follow the dynamical time of the gas in the core
(∼ 1 yr). The accretion process of the ambient gas lasting for the longer timescale (∼ 105

yr) is di�cult to follow. Several authors employ a sink particle technique to overcome
this di�culty. The �uid elements within a given radius (accretion radius) centered at the
density peak are replaced with the Lagrangian particles (Dopcke et al. 2013; Safranek-
Shrader et al. 2014b; Smith et al. 2015). One can save the computational cost by masking
the central dense region whose dynamical time is signi�cantly small. Yet, the boundary
condition of the sink particles might have arti�cial e�ects on the accreting gas just outside
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Table 5.1: Initial condition for uni cloud
Quantity Symbol Value

Cloud mass Mini 2.3 × 106 MJ

Cloud radius Rini 551 pc
Temperature Tini 300 K
Rotation rate Ωini 1.4 × 10−17 s−1

Pert. amplitude σρ,ini 0.1

Table 5.2: Initial condition for minihalos mh1�3
Cloud zform MDM

h Mb
h Rh MPopIII

mh1 20.46 1.5 × 105 2.2 × 104 26.5 283.9
mh2 16.20 2.2 × 105 4.0 × 104 46.8 751.3
mh3 15.15 1.1 × 105 1.4 × 104 37.5 60.5

Note � These simulations are cut out from a cosmological simulation box with 1h−1 comoving Mpc on a side (Hirano
et al. 2014). The cosmological parameters presented by Komatsu et al. (2011) are applied. We show the formation

redshifts zform in the second column. The dark matter and baryon components of the halo mass MDM
h (third) and Mb

h
(fourth), respectively, in units of MJ at the Virial radius Rh (�fth column in units of pc), within which the average
density of the halo is 200 times that of the average density in the Universe at zform. MPopIII (MJ) is the �nal stellar

mass of the Pop III star obtained by simulations without metal.

the particle. It may enhance the rate of the ejection of sinks by the N -body e�ect. Also,
the accretion radius has e�ect on the separation of fragments (Machida and Doi 2013;
Greif et al. 2012). Instead, we in this work impose the sti� equation of state within an
opaque core. The hydrostatic core is arti�cially formed, and the contraction of the gas is
partly stopped. We set the adiabatic index 1.4 in the region with densities > 1016 cm−3,
where even the primordial gas becomes optically thick. Thanks to this, we can follow the
accretion process on the protostars and the cloud fragmentation even for a limited time
(several ten years).

5.2.4 Initial conditions

5.2.4.1 Cloud models

The two sets of clouds are employed as the initial conditions in this work; one spherical
cloud as a controlled simulation, and three clouds hosted by less-massive dark matter
halos (minihalos) with mass Mh ∼ 105�106 MJ formed in the early Universe (redshift
z ∼ 20�15), and selected from cosmological simulations. The detailed properties of these
clouds are described as follows:

• Uniform sphere (uni)
We create the initial condition with a uniform density nH,ini = 0.1 cm−3 and a
random density �uctuation by 10%. We call this cloud as uni, hereafter. The
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Table 5.3: Metal abundances
X C O Mg Al Si S Fe

AX 1.08 × 10−4 1.19 × 10−3 4.19 × 10−5 8.29 × 10−7 6.67 × 10−5 3.01 × 10−5 6.76 × 10−6

[X/Fe] 0.22 1.01 0.77 0.14 0.99 1.01 0.00

Note � Metal abundance with progenitor Pop III mass Mpr = 30 MJ and an ambient gas density namb = 1 cm−3

(Nozawa et al. 2007). AX is the number abundance of element X measured with Z = ZJ.

other parameters are shown in Table 5.1. The cloud mass Mini and radius Rini

correspond respectively to the Jeans mass and length for the density nH,ini/fenh and
temperature Tini, where fenh is the enhancement factor introduced for the cloud
to collapse. Here, we set fenh = 1.8 (Matsumoto and Hanawa 2003).1 Also, the
initial angular momentum Ωini corresponds to βini = Ω2

iniR
3
ini/3GMini is 10−3. The

initial deuterium and helium abundances are AD = 5.3 × 10−5 and AHe = 0.079,
respectively.

• Three cosmological minihalos (mh1, mh2, and mh3)
We assume that the second generation stars are born in the clouds with the similar
density con�gurations as for the Pop III stars. We cut out the ∼ 1 kpc region
(physical) from a cosmological simulation of Hirano et al. (2014) with a large sim-
ulation box of 1 h−1 comoving Mpc on a side. The regions are centered at the
three dark matter minihalos, named mh1, mh2, and mh3. Table 5.2 shows the
formation redshift zform, halo mass (MDM

h and Mb
h for the dark matter and baryon

components, respectively), and radius Rh of these halos. They are formed at red-
shifts zform = 15�20, and with halo masses of Mh ∼ 105 MJ in the range of several
tens of parsecs. Recently, Hirano et al. (2014) �nd that the primordial minihalos
undergo di�erent thermal evolution during collapse even with the same metallic-
ity (Z = 0), and eventually the di�erence a�ects the �nal stellar mass. In their
simulations, the �nal stellar masses of the stars in mh1, mh2, and mh3 are 283.9,
751.3, and 60.5 MJ, respectively, which cover the range of 110 Pop III stellar mass
of 10�1000 MJ.

Figure 5.1 shows the projection maps of these four clouds. For minihalo models (mh1,
mh2, and mh3), clouds are formed in the connecting point of the cosmological large scale
structures.

5.2.4.2 Metal and dust models

In this study, we �rst consider the realistic dust properties in the low-metallicity cloud
simulations. We uniformly add the metal and dust in our simulation clouds introduced
above. Here, we consider that the target clouds are pre-enriched by Pop III supernova

1The enhancement factor fenh indicates the excess of the gravitational force to the pressure gradient.

The corresponding α-parameter is αini = f
−2/3
enh = 0.68.
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Table 5.4: Dust properties

i Silicon Iron Forsterite Enstatite Carbon Silica Magnesia Troilite Alumina Total

fdep,i,0 [×10−3] 29.14 1.93 0.77 < 0.01 0.62 5.27 1.34 0.45 < 0.01 39.53
rgrow
i,0 [×10−2 µm] 38.67 28.30 1.20 1.38 1.97 5.76 5.31 3.53 0.11

Note � Initial factor fdep,i,0 of metal depleted onto grain species i and the characteristic radius rgrow
i,0 = 〈r3〉i/〈r2〉i of

grain species i are shown.

with progenitor mass Mpr = 30 MJ and with the ambient gas density namb = 1 cm−3 as a
characteristic model. (N07M30n1 model in Chapter 3). The metal abundances and dust
properties are shown in Tables 5.3 and 5.4, respectively. In this model, the remarkable
features are:

• O-enhancement

Pop III stars create metal with the elemental abundance showing oxygen and α-
element excesses. Especially, this model predicts large O abundance ([O/Fe] ' 1;
see Table 5.3). The e�ciency of O i, OH, and H2O line cooling will be enhanced
relative to the present-day model.

• Small dust-to-metal mass ratio

As a general feature of the Pop III supernova, the initial dust-to-metal ratio fdep,0

is small (4%; Table 5.4) relative to present day (∼ 50%). Still, since most of metal
is in the gas-phase, grains will grow during the cloud collapse. We also comment
that the rate of H2 formation reactions on grain surfaces is smaller than in the
present-day because dust amount is small.

The amount of metal and dust becomes smaller in the corse of expansion of the
polluted region, containing their relative abundances. We can set the metallicity, de�ned
as the total mass fraction of all heavy elements relative to the gas, as a dilution e�ciency.
The recent simulations show that the region polluted by a single supernova will have the
metallicities with a wide range (Ritter et al. 2012; Smith et al. 2015). Here, in order to
de�ne the critical metallicity (expected to lie at ∼ 10−5 ZJ; see Chapter 3), we study
the range of 10−6�10−3 ZJ, where ZJ = 0.02. We call the models with 10−6, 10−5, 10−4,
and 10−3 ZJ as z6, z5, z4, and z3, respectively. Initially all of C nuclei are assumed to
be in the form of C+, and all of O and Si nuclei are assumed to be in neutral atoms.

Initially, the number of SPH particles is 455 641 for uni. In the minihalo models, the
number of SPH (dark matter) particles is 464 670 (498 254), 995 908 (1 021 693), and
169 511 (182 388) for mh1, mh2, and mh3 models, respectively. The simulations for mh1
and the others are carried out on Cray XC302 and COMA,3 respectively. We use 256 and
128 cores for mh2 and the other clouds, and the computational time is 18 and 13 days
on average, respectively.

2Center for Computational Astrophysics, National Astronomical Observatory of Japan.
3Center for Computational Sciences in University of Tsukuba.
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Figure 5.2: Density-weighted density map of the cloud uni-z3 from a snapshot output
36.4 yr after the �rst protostellar core appears. The length scale of the boxes becomes
smaller clockwise from the scales of the initial cloud radius (1 kpc) to the protostars (10
AU) as written in each panel.
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Figure 5.3: Evolution of temperature at the cloud center as a function of the average
density for uni for metallicity cases z3, z4, z5, and z6 from bottom to top.
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Figure 5.4: Top: cooling functions as a function of central density for uni-z5. The
labels �adi� and �chem� depict adiabatic compressional heating, and heating owing to H2

molecule formation, respectively. Bottom: colored curves show the number abundanes of
Si- and Mg- bearing gas-phase species relative to hydrogen nuclei. Black dot-dot-dashed
curve shows the abundance of Si nuclei locked up into forsterite grains.
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5.3 Evolution of uniform clouds

We in this section brie�y see the chemical and thermal evolutions of the initially uniform,
and spherical cloud uni. Figure 5.2 shows the density maps of the cloud uni-z3 plotted
from a single snapshot dumped at 36.4 yr after the �rst protostellar core formation
(see below). Thanks to our novel method of the particle splitting, we can follow the
entire cloud collapse history from the di�use gas (nH = 0.1 cm−3) to protostellar cores
(& 1016 cm−3). The mass resolution Mmin = Nngbmpar of the SPH particle is progressively
re�ned from 320 MJ to 3.2 × 10−5 MJ (10 earth mass) after the seven-times splitting.
In the initially spherical cloud, the cloud shape in the central region is distorted by the
initially given density �uctuations. Strikingly, the cloud fragments in the two-step at
length scale 104 AU (top-right panel of Figure 5.2) and at 100 AU (bottom-middle). The
former is triggered by OH cooling, and the latter is by dust cooling. We revisit to closely
see the process of fragmentation below.

Next, we see the thermal and chemical evolutions of the cloud center to identify
the important cooling and heating processes. Figure 5.3 shows the evolution of the
temperature in the cloud core as a function of the density for uni-z3, z4, z5, and z6.4

The gas cooling/heating rates and the chemical evolutions for the Si-bearing gas-phase
and solid species are plotted in Figure 5.4 for uni-z5. We review the transition of the
important thermal processes in the corse of time.

• For all metallicities, adiabatic compressional heating is dominant over gas cooling
with . 1 cm−3.

• Then, ro-vibrational transition line cooling by H2 becomes important. The cooling
e�ciency becomes weak after the level populations of the lines reach the local
thermal equilibrium (LTE) at nH ∼ 103 cm−3. After that, the gas temperature
slowly increases as in a Pop III star forming clouds with extremely metal-de�cient
cases z4�6.

• For z3, e�cient �ne-structure line cooling by O i leads to the temperature to de-
crease. Then, O atoms are depleted into OH molecules via the neutral-neutral
radiative attachment reaction

O + H → OH + γ. (Reaction 30)

For z3, by e�cient transition line cooling owing to OH molecules at∼ 104�108 cm−3,
the gas becomes unstable to fragment two intermediate-mass clumps (top-right
panel of Figure 5.2). For z4, OH cooling becomes important at ∼ 106�108 cm−3.

4Hereafter, the quantities in the cloud core is estimated as the mass-weighted average over the gas

particles with densities nH > nH,peak/3, where nH,peak is the density of the densest SPH particle in each

snapshot.
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• Then, the remarkable gas heating occurs at ∼ 108 cm−3 for z3. This is owing to the
heating mechanism along with the hydrogen molecular formation via three-body
reactions as

H + H + H → H2 + H, (Reaction 5)

H + H + H2 → H2 + H2. (Reaction 6)

At that time, the gas becomes stabilized to form the pressure-supported spherical
core because the speci�c heat ratio exceeds the critical value 4/3 for the contraction.
A hydrostatic core de�ned by accretion shocks is formed. By the further accretion
onto the core, the gas density can continue to increase for z3.

• After ∼ 108 cm−3, the temperature keeps slowly increasing. H2 formation heating
is slightly dominant over H2 and H2O line cooling. The H2O molecules are formed
by reduction of OH molecules as

OH + H2 → H2O + H. (Reaction 24)

For z5, H2O cooling becomes dominant during the short time at ∼ 1010 cm−3.
The cyan solid curve in the top panel of Figure 5.4 becomes dominant only for a
moment. This creates the slight temperature dip on nH-T plane.

• Forsterite grains undergo rapid metal accretion until the magnesium atoms in the
gas phase are totally depleted as in the present-day (the bottom panel of Figure
5.4) at nH ∼ 1010, 1012, and 1014 cm−3 for z3, z4, and z5, respectively.

• Dust thermal emission is e�ective at 1011�1013 cm−3 for z3 and 1012�1014 cm−3 for
z4. For z5, the dust cooling marginally processes to form slight temperature dip.
In our simulation, we can not see the fragmentation. Whereas, the second frag-
mentation occurs for z3 case (bottom-middle panel of Figure 5.2). The �lamentary
structure induced by dust cooling appears, and density �uctuations grow to form
several cores along the �lament.

When the thermal coupling between gas and dust is reached, dust cooling e�ciency
becomes smaller. Just after that, the gas becomes optically thick for continuum cooling,
and starts to create a hot hydrostatic core surrounded by the accretion shock. This occurs
at 1 × 1013, 3 × 1014, 3 × 1015, and 1 × 1016 cm−3 for z3, z4, z5, and z6 , respectively.
At this time, the core has the irregular shapes, and a disk supported by the rotation
is formed just inside the core. At the center of the disk, a spherical region supported
by isotropic thermal pressure appears. In this Thesis, we call the spherical region as a
�protostar�. During or after the �rst protostar appears, the gas fragmentation occurs in
some cases, and the protostars continue to accrete the ambient gas. Then, we follow the
process of the cloud fragmentation and mass accretion onto the cores.

De�nition of protostar
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Here, we introduce our de�nition of �protostar�. First, we �nd the density peak, and
the gas particles with > nH,peak/103 around the peak is logarithmically divided into 100
density bins. We then measure the ellipticity E = a/b − 1 of each bin, where a and b

are the major- and minor-axes, respectively. Fitting the particle distribution in each bin
by an ellipsoid with a and b gives us the ellipticity. The surface of the protostar is then
de�ned as the iso-density surface with E < E∗ and most distant from the peak. Here, E∗
is the threshold ellipticity. We here set E∗ = 0.3.5

5.4 Cloud fragmentation

5.4.1 Overall features

5.4.1.1 Fragmentation process

We continue the simulations to see whether our clouds fragment or not after the opaque
core appears. Without sink technique, we can follow the evolution of the gas over several
tens of years from the �rst protostar formation. Even at the time, the gas fragmentation
is already seen in some models. The results of our 16 simulations for four clouds with four
metallicity models 106�10−3 ZJ are shown in Figure 5.5. We �nd these two remarkable
points:

1. Even with e�cient dust cooling with & 10−5 ZJ, the clouds do not necessarily
fragment for all models contrary to the accepted notion. For instance, fragmentation
does not occur even 50 years after the �rst protostar formation for mh1-z3 while
the multiple clumps are already formed before the �rst protostar is formed for
mh1-z4. For mh3-z3, although the central blob does not still satisfy our criterion
for a protostar (see above), the fragmentation is unlikely to occur in the di�used
�lament. Consequently, only one out of four clouds undergoes fragmentation with
each matallicity (uni for z3, mh1 for z4, and mh1 also for z5).

2. Even though dust cooling is not e�cient with 10−6 ZJ, the cloud fragmentation can
be seen for mh1-z6. Still, the fragments appear in the spiral arms on the accretion
disk not by dust cooling but by the self-gravity. Such a con�guration of fragments
is di�erent from that for the other cases with fragmentation (uni-z3, mh1-z4, and
mh1-z5), where the fragments appear along a almost straight �lamentary structure
created by dust cooling (see Chapter 1).

5.4.1.2 Filament fragmentation vs. disk fragmentation

First of all, let us focus on the four cases where fragmentation occurs (uni-z3, mh1-z4,
mh1-z5, and mh1-z6). It is an important point that the cloud fragments also with a very
small metallicity of 10−6 ZJ. For mh1-z6, the perturbations grow in the spiral arms,

5The protostellar mass is estimated to be only 20% smaller with a threshold of E∗ = 0.2.



5.4. Cloud fragmentation 105

Figure 5.5: Color contour map of the density distribution of the clouds uni, mh1, mh2,
and mh3 from left to right with metallicities 10−6, 10−5, 10−4, and 10−3 ZJ from bottom
to top. The output time t∗ of each snapshot is written in the bottom-left corner of the
panel as the elapsed time from the formation of the �rst protostar in each cloud. Above
the orange line, dust cooling is e�ective (see text).
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and occasionally the growth rate is enhanced by the interactions between the arms. This
happens in an accretion disk with a small size of ∼ 10 AU. Such con�guration is seen
also in the other simulations of Clark et al. (2011) and Greif et al. (2012) for metal-
free clouds. In their and our cases, the fragmentation is not induced by dust cooling.
Meanwhile, with the intermediate metallicities 10−5�10−3 ZJ, the fragments appear in a
thin and dense �lament at almost even intervals (uni-z3, mh1-z4, and mh1-z5). Such
a peculiar con�guration is due to the instability triggered by dust cooling. The length
scale of the �lament is ∼ 20�100 AU, comparable with or larger than the disk in mh1-z6.

We distinguish the two types of fragmentation and call the former as disk fragmen-

tation and the latter as �lament fragmentation. Especially, the disk fragmentation has
been discussed analytically (Toomre 1964; Gammie 2001) and numerically by Clark et al.
(2011) and Greif et al. (2012). We here closely discuss the �lament fragmentation, which
has rarely investigated by numerical studies (see also Tsuribe and Omukai 2006), in the
next section. We then brie�y revisit the disk fragmentation in Section 5.4.3.

5.4.2 Filament fragmentation

5.4.2.1 Collapse timescale and thermal evolution

In this Section, we discuss the condition for the �lament fragmentation. As seen above,
the condition depends not solely on the gas metallicity. In other words, the cloud thermal
evolution, which critically a�ects the fragmentation condition, is not uniquely determined
by the gas metallicity. The top panels of Figure 5.6 shows the temperature of the cloud
core as a function of the density for our clouds with z4 and z5. One can see that the
evolutionary trajectories spreads widely even with a �xed metallicity. The variation would
generate the di�erent fragmentation properties for our clouds.

We �nd that the di�erent thermal evolution among the clouds can be explained by
the variation of the collapse timescale tcol, i.e. the timescale for the central density to
increase due to the contraction as

tcol =
ρ

dρ/dt
. (5.1)

In a slowly collapsing cloud, the adiabatic compressional heating rate per unit volume
decreases according to

Γadi = −ρp
d

dt

(
1

ρ

)
=

p

tcol
. (5.2)

Since this is the dominant heating in the most corse of collapse, the evolutionary track
on the nH-T plane (Figure 5.6) tends to pass in a lower temperature region.

The time interval over which the peak density increases from nH,peak = 102 cm−3

to 1016 cm−3 is measured to be 3, 4, 11, and 19 Myr for uni, mh1, mh2, and mh3,
respectively. It shows that the cloud uni contracts most rapidly while mh3 most slowly.
The resulting evolutionary trajectories in Figure 5.6 roughly re�ect the trend as the
temperature of uni keeps highest almost throughout the collapse while the temperature
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Figure 5.6: Temperature (top) and ellipticity (bottom) of the cloud core as a function
of the density of the clouds uni (red), mh1 (green), mh2 (blue), and mh3 (black) for
the two metallicity cases z5 (left) and z4 (right). We show the ellipticities only for mh1
and mh3 cases to make them easy to see. In the blue shaded region (E > 20), the gas is
su�ciently elongated to fragment.
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of mh3 keeps lowest among the four clouds, even reaches the CMB �oor (∼ 50 K) during
nH ∼ 104�108 cm−3. The collapse timescale depends on the halo mass and radius (Table
5.2). We in more detail see the dependence in Section 5.6.

Naively, we expect that the cooler cloud with a large collapse timescale is more likely
to fragment. This is, however, not the case. In the cloud mh3, which collapses most
slowly, the fragmentation does not occur in all metallicity cases (see the left-most column
in Figure 5.5). The overall evolution of the clouds does not necessarily determine the
fragmentation properties of the gas.

Figure 5.6 shows that the di�erent cooling/heating processes become dominant at
the corresponding density and temperature. For example, mh1-z5 and mh3-z5 enter
the density regime where dust cooling is e�cient (nH ∼ 1012�1014 cm−3) while uni-z5
and mh2-z5 do not. In addition to dust thermal emission, we identify the other two
cooling/heating processes responsible to the cloud fragmentation: H2 formation heating
and OH cooling. We hereafter discuss these three processes one-by-one.

5.4.2.2 Important thermal processes

A. Dust cooling

Dust cooling is the important cooling process to induce the cloud fragmentation into
low-mass clumps because it sets in at the high density regime nH ∼ 1012�1014 cm−3,
where the corresponding Jeans mass is small ∼ 0.1 MJ. Figures 5.5 and 5.6 clearly
show that the dust cooling promote the fragmentation e.g. for mh1-z4 and mh1-z5.
This occurs only when the gas ellipticity is su�ciently large to form the thin �lament as
we can see in Figure 5.5. The bottom panel of Figure 5.6 shows the evolution of core
ellipticity E .6 We can see that the dust cooling promotes the bar-mode instability, and
leads the ellipticity to increase. From our simulations, the �lament fragmentation occurs
if its ellipticity becomes above 20�30, which is consistent with the results of Tsuribe and
Omukai (2006). We call the threshold value of the ellipticity as the �critical ellipticity�
E∗.

For uni-z5 and mh2-z5, the dust cooling e�ciency is too small to enhance the cloud
ellipticity up to E∗ even though the slight dip is seen in Figure 5.6. The ellipticity increases
to only at most 11 and 12 for uni-z5 and mh2-z5, respectively. Figure 5.5 shows the
�lament which is short and does not host fragments.

We stress that grain growth enhances the dust cooling rate to promote the gas elon-
gation and succeeding fragmentation. As shown in Figure 5.4, especially forsterite grains
grow until the gas-phase magnesium atoms are consumed at nH ∼ 1014 cm−3 in our Pop
III dust model (Mpr = 30 MJ, namb = 1 cm−3). In Figure 5.7 (a), we compare the results
of the simulations with (top) and without (bottom) grain growth for mh1-z5 case at the
same epoch t∗ = 4.6 yr after the �rst protostar formation. The several protostellar cores

6Fitting the distribution of the SPH particles with nH > nH,peak/3 by an ellipsoid with major- and

minor-axes a and b, we obtain the core ellipticity E = a/b − 1.
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Figure 5.7: We compare the cloud fragmentation in the �ducial simulations (top) and the
test case (bottom) at the same epoch t∗ after the �rst protostar formation. All the relevant
chemo-thermal processes are included in the former, while, in the latter simulations, (a)
grain growth, (b) H2 formation heating, and (c) OH and H2O cooling are not included.
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are formed in a �lament in the case with grain growth, the fragmentation does not occur
in the less di�used and short �lament if we do not include grain growth.

B. H2 formation heating

In most of the cases, the fragmentation does not occur even though dust cooling is
e�cient. We �nd that chemical heating owing to the exothermic H2 formation prevents
the fragmentation. For example, in mh3-z5, gas heating owing to H2 formation via three-
body reactions makes the temperature rapidly rise from 130 K at 5 × 108 cm−3 to 700
K at 2 × 1011 cm−3, corresponding to the speci�c heat ratio 1.7, which is su�cient to
stabilize the gas and make it rounder. Accordingly, the core ellipticity rapidly decreases
from 12 to 2 (the bottom of Figure 5.6).

For such a small ellipticity, even though dust cooling enhances the cloud elongation
at the higher densities 1012�1014 cm−3, the ellipticity does not increase up to the critical
value. In that case, the timescale for which dust cooling raises the ellipticity from a
small value to the critical ellipticity becomes to exceed the dynamical timescale of the
cloud. In the clouds uni, mh1, and mh2 with metallicities 10−4�10−3 ZJ and in mh3

with 10−6�10−3 ZJ, H2 formation heating suppresses the gas ellipticity.
Tsuribe and Omukai (2008) show that the metallicity range where a cloud elonga-

tion is prevented by H2 formation heating and the succeeding fragmentation is halted
is 10−5�10−4 ZJ. Our model predicts the metallicity range by an order of magnitude
larger than in their simulations. This is because the authors employ the present-day dust
model, where the rate of H2 formation on grain surfaces is 30 times larger than in our
Pop III supernova dust model. In the present-day dust model, with metallicity 10−3 ZJ,
hydrogen atoms are exhausted into the molecular form by the e�cient molecular forma-
tion on grains before three-body reactions rapidly process to heat the gas. Meanwhile, in
our simulations, the molecular formation via three-body reactions are enhanced by the
abundant hydrogen atoms remaining by the poor e�ciency of the grain surface reactions
even with ∼ 10−3 ZJ. Therefore, the associated gas heating makes the cloud rounder
with 10−4�10−3 ZJ.

We again perform a controlled simulation without the H2 formation heating in order
to clarify the e�ect of the heating mechanism on the cloud fragmentation properties.
Figure 5.7 (b) shows the density map in the central 100 AU region of the cloud mh3-z4

with (top) and without (bottom) H2 formation heating. In the former case, the core
ellipticity E is reduced down to around 3 because of the e�ective H2 formation heating
at ∼ 109 cm−3. In the latter case, OH cooling, instead of H2 formation heating, enhances
the gas ellipticity up to 15 at ∼ 109 cm−3, and then E further increases to ∼ 30 by dust
cooling. The formed �lament fragments into several protostellar cores as in Figure 5.7
(b).

C. OH/H2O cooling

For mh1-z4, although H2 formation heating is e�ective, the cloud is elongated to form
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a thin �lament, which fragments into a few clumps. In this case, OH and H2O cooling is
found to be important. Figure 5.8 shows the temporal evolution of the heating and cooling
rates as a function of density for the cloud. At nH = 106�108 cm−3, a large fraction of OH
molecules are formed, and its cooling e�ciency even exceeds the adiabatic compressional
heating rate (red solid). The thin �lament created by OH cooling con�nes the adiabatic
core due to rapid H2 formation heating, and the timescale for the stabilization becomes
longer than the dynamical timescale. At nH ∼ 1011 cm−3, where the chemical heating
ceases, the ellipticity E is largest for mh1 among the four clouds for z4 thanks to e�cient
OH cooling. In that case, the succeeding dust cooling can enhance E up to the critical
value within the cloud dynamical time. The ellipticity eventually increases up to 33,
and then, the fragmentation occurs (see Figure 5.6). Although OH cooling is indeed
e�ective for mh2-z4 at 106�108 cm−3, it is marginal to compensate the stabilization by
H2 formation.

The test simulation where the e�ects of OH and H2O cooling is neglected for mh1-z4.
(Figure 5.7 (c)) reveals that the core ellipticity is signi�cantly reduced by the chemical
heating. Eventually, a single protostar is formed without fragmentation. We can see that
the e�cient OH and H2O cooling drives the formation of a long �lament, which is the
seed of the bar-mode perturbation with a large initial amplitude.

We for the �rst time demonstrate that OH/H2O cooling plays a crucial role to de-
termine whether the cloud fragments or not, by employing the Pop III supernova model
with the excess of α-element oxygen. During the collapse, the abundant oxygen yields
the O-bearing molecules, which can signi�cantly contribute to gas cooling in some cases.
We here investigate this only for a model (Mpr = 30 MJ, namb = 1 cm−3), but the oxygen
excess is general trend for the Pop III supernovae (see Figure 3.1). The metal-poor stars
with [Fe/H] . −3.0 also show the feature of the oxygen-excess (Cayrel et al. 2004; Suda
et al. 2008). Although we see the rapid OH cooling in one (mh1) out of four clouds with
z4, the element might be a key to form the �rst low-mass stars even for a small number
of clouds undergo the rapid OH cooling.

Criteria for �lament fragmentation

We summarize the criteria for �lament fragmentation of low-metallicity clouds as

(i) dust cooling is e�cient to induce the cloud elongation with the ellipticity up to
E∗ = 20 for clouds to fragment into low-mass clumps, and

(ii-a) H2 formation heating is not e�ective to dump the bar-mode perturbation as a
precursor of the further cloud elongation by dust cooling, or

(ii-b) OH cooling is e�cient to enhance the cloud elongation even though H2 forma-
tion heating is e�ective.

The overall thermal evolution of the cloud is related to its collapse time, and the di�er-
ent trajectories pass the density-temperature regimes where di�erent thermal processes
including the above three become dominant.
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5.4.2.3 Simpli�ed model for cloud thermal evolution

In this Section, we employ a simpli�ed model to in more detail see the relationship between
the thermal evolution of the cloud with di�erent collapse time and the conditions for the
�lament fragmentation. To this aim, we perform the one-zone semi-analytic collapse
model used in Chapter 3. First, we introduce a parameter which characterizes the cloud
collapse timescale tcol. We then discuss the results of the one-zone calculations, and
present the region of (tcol, Z) favored to the �lament fragmentation in the realm of the
simpli�ed model.

Indicator of collapse time

It is di�cult to use tcol itself as a model parameter because it varies during the
collapse even for a given cloud: cooling/heating processes quicken/slower the collapse. We
therefore introduce a parameter f0 as an indicator of the collapse timescale characterizing
an individual cloud. The parameter is de�ned as the excess of the collapse time to the
self-similar solution for the polytropic gas cloud with the speci�c heat ratio γ:

f0 =
tcol

tscol(γ)
, (5.3)

where tscol(γ) is a part of tcol which depends on γ, the indicator of the gas cooling/heating,
as

tscol(γ) =
1√

1 − f∇p(γ)
t0col, (5.4)

where the factor 1/
√

1 − f∇p represents the ratio of the collapse time against that for
the pressure-less homogeneous collapse (so-called dust collapse) t0col, written by the ratio
f∇p between the pressure gradient and gravitational force (Larson 1969). The self-similar
solutions for the isothermal gas (so-called Larson-Penston solution) is reported by Penston
(1969) and Larson (1969). Yahil (1983) and Lai (2000) give the solution in the case with
more general polytropic index (γ > 1). We here use the �tting formula presented by
Omukai et al. (2005) as

f∇p(γ) =


0 (γ < 0.83)

0.6 + 2.5(γ − 1) − 6.0(γ − 1)2 (0.83 < γ < 1)

1.0 + 0.2(γ − 4/3) − 2.9(γ − 4/3)2 (γ > 1)

(5.5)

(same as Equation 1.20). The collapse time for the dust collapse t0col is (2/3π)tff = 0.212tff
asymptotically (Penston 1969), where tff = (3π/32Gρcen)

1/2 is the free-fall time and
ρcen is the central mass density.7 In the isothermal case (γ = 1), the collapse time
tscol = 0.34 tff agrees with the Larson-Penston type solution. The time tscol(γ) increases
with the increasing γ, and diverges as γ → 4/3.

7In the one-zone calculations of Omukai et al. (2005), they set the collapse timescale as tscol =
(1/
√

1 − f∇p)tff , which corresponds to f0 = 4.7.
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One-zone semi-analytic collapse model

We modify our one-zone code to solve the evolution of clouds with various f0. There,
the density is imposed to increase as

dρ

dt
=

ρ

tcol

=
ρ

f0tscol(γ)
. (5.6)

For γ & 4/3, the collapse time tcol diverges, which means our assumption of the self-
similar collapse fails. In the real simulations, the collapse continues by the accretion
of the gas. To resemble this, we set the upper limit of tscol(γ) = 5 tff . In the early
stage of the collapse (nH < 100 cm−3), we assume that the gas infall as free-fall collapse
(tscol(γ) = t0col). For a given density, temperature, and chemical compositions, the code
solves exactly the same chemical reactions, grain growth rates, and heating/cooling rates
as in our three-dimensional simulations. By integrating the cooling and heating functions,
we obtain the temperature at an arbitrary time. Here, the CMB temperature is set 50 K,
which creates the temperature �oor. In the ideal case where the cloud evolves spherically
and self-similarly, the parameter f0 is constant. We in this model impose a constant f0.
The calculations are performed with a range of f0 = 1�10 every 0.05 dex and Z = 10−6�
10−3 ZJ every 0.1 dex to cover the parameter range of the clouds in our simulations.

We show the resulting evolutionary tracks in Figure 5.9 for f0 = 1�10. These trajecto-
ries show the qualitatively similar trend to the results of the simulations. We can see that
the temperature is small for a slowly collapsing cloud (large f0). As in the simulations,
the trajectories enter the regimes where the di�erent thermal processes is dominant:

• The dust thermal emission induce su�cient gas cooling (criterion (i)) only at larger
f0 for z5 as the simulations predict. Since the adiabatic gas heating becomes
smaller with increasing f0, the dust amount required to compensate this becomes
smaller. The one-zone model predicts f0 > 3.5 (0.55 dex) for z5. Here, we decide
that the dust cooling becomes important when the minimal value of γ becomes
below a threshold value γth = 0.8. The value is determined by our simulations: the
minimum γ at nH = 1012�1014 cm−3 is 0.84 and 0.85 for respectively uni-z5 and
mh2-z5 without fragmentation while 0.78 for mh1-z5 with fragmentation.

• Further, H2 formation heating becomes important for all clouds with f0 > 1 if the
metallicity is 10−4�10−3 ZJ, and for clouds with f0 > 3.2 (0.50 dex) if the metallicity
is 10−5 ZJ. The threshold γth for (ii-b) is here de�ned to be 1.1. Although the
γ reaches 1.3 in our simulation for mh1-z5, the accuracy of the one-zone model is
limited to su�ciently small γ.

• Transition line cooling owing to OH molecules becomes important in a range of f0

with z4 as indicated by the simulation. Our one-zone model predicts that the range
of the f0 is 2.5 (0.40 dex)�4.5 (0.65 dex). For the cloud mh1-z4, γ reaches below
0.5 by the OH cooling. However, even for γth = 0.6, the region of f0 favorable to
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Figure 5.9: Temporal evolution of the temperature as a function of the density in a cloud
core obtained by our one-zone calculations for metallicities z3, z4, z5, and z6. We show
the results for the collapse timescales f0 from 1 to 10 every 0.1 dex (black curves) and for
the metallicity 10−4 ZJ. We also over-plot thick segments in the regimes where γ < 0.8

by dust emission (orange) where γ > 1.1 by H2 formation heating (purple), and where
γ < 0.7 by OH and H2O cooling (green).
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Table 5.5: Collapse timescale f0.
Z uni mh1 mh2 mh3

z3 1.1 ± 0.4 1.7 ± 0.6 2.4 ± 2.0 3.6 ± 2.1

z4 1.1 ± 0.4 2.2 ± 0.9 2.4 ± 1.6 5.4 ± 3.4

z5 1.0 ± 0.3 2.1 ± 0.6 2.0 ± 1.8 6.2 ± 3.2

z6 1.0 ± 0.2 2.0 ± 0.5 2.1 ± 1.8 6.4 ± 3.4

Note � To compute f0, we estimate the collapse time and the speci�c heat ratio as
tcol = ρ/(∆ρ/∆t) and γ = (∆T/T )/(∆ρ/ρ) + 1, respectively from every snapshot, where

∆x is the interval of x between a snapshot and its previous one. We output the data
every 0.25 dex nH,peak. We show the arithmetic mean and the standard deviation of f0

measured at each output time with nH,peak < 108 cm−3.

OH cooling does not appear in the one-zone case. We then ease the criterion and
search the region with γth = 0.65 and 0.7.

Figure 5.10 shows the results obtained by the one-zone calculations for all f0 and
Z. Above the orange line, dust cooling is e�cient to reduce γ below 0.8. H2 formation
heating is dominant and γ becomes above 1.1 in the upper region than the purple line.
OH cooling is e�cient within the region surrounded by the green lines. We here draw
critical lines for γth = 0.65 (around the darker green region) and 0.7 (around the lighter
green region). Since the former is the severer criterion, the region favorable to γth = 0.65

is smaller than the latter. We linearly interpolate the results of one-zone calculations
to draw these boundaries. The parameter regions for the fragmentation obtained by the
one-zone calculations are indicated by the orange- and green-shaded regions. They are
determined as follows:

(i) Above the orange line, dust cooling is e�cient to promote the eventual cloud elon-
gation and fragmentation. The line corresponds to the one in Figure 5.5.

(ii-a) Below the purple line, the cloud avoids the signi�cant stabilization by H2

formation heating. This ruled out the most of the region where the criterion
(i) is favored. Therefore, the orange region remains to satisfy the fragmentation
criteria.

(ii-b) Within the green line, OH cooling is e�cient to enhance the cloud elongation.
Even though the H2 formation heating is e�cient, this e�ect leads the cloud
to fragment by the succeeding dust cooling.

Comparison between the results of one-zone model and simulations

We estimate the value f0 from the results of our simulation. Table 5.5 shows the
average and standard deviation of f0 measured from our simulations during the early
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Figure 5.10: Regions favorable for the �lament fragmentation (orange- and green- shaded
regions) and the disk fragmentation (grey-hatched area) obtained by the one-zone semi-
analytic calculations for clouds with the collapse timescale f0 and metallicity Z. Above
the orange (�Dust cool.�) line, dust cooling is e�cient to reduce the adiabatic heat
ratio γ below 0.8, and, above purple (�H2 form.�) line, chemical heating are e�cient to
enhance γ above 1.1. In the light and dark green-colored region, OH cooling is e�cient
(�OH�) to reduce γ below 0.7 and 0.65, respectively. We draw these lines by linearly
interpolating the results of the one-zone calculations. We also plot at the values (f0, Z)
of the simulation clouds uni (red diamonds), mh1 (green circles), mh2 (blue triangles),
and mh3 (black squares). Close and open symbols are plotted for the simulations with
and without fragmentation, respectively.
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Figure 5.11: Temporal evolution of temperature T (top), the collapse time f0 (middle),
and cloud ellipticity E (bottom) as a function of the central density for mh1-z5 (left) and
mh2-z5 (right). The blue-shaded region is the ellipticity with which a formed �lament
fragments (E > 20). The solid and dashed curves represent the results of the simulation
and one-zone calculation with constant f0 = 2.1 and 2.0 for mh1-z5 and mh2-z5, respec-
tively. For mh1-z5, dot-dashed curve represents the result of one-zone calculation with
modi�ed evolution of f0 as sown by the dot-dashed curve in the middle panel.
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stage of collapse (nH,peak < 108 cm−3). Even with the deviation, the average value of f0

increases roughly from uni to mh3.
In Figure 5.10, we over-plot the (f0, Z) of the simulated clouds (see Table 5.5 for

the values and errors of f0). The �lled (open) symbols are plotted for the clouds with
(without) fragmentation. We explicitly perform the additional simulations for the other
metallicities and plot the symbols for them. For uni-z3, the discrepancy may be due
to the limitation of our one-zone model to reproduce the non-linear evolution of the
hydrostatic core created by H2 formation heating, where tcol reaches the signi�cantly
large value. For mh1-z6, the criterion should not be applied in the disk fragmentation
regime, which is not triggered by the thermal processes during the cloud collapse.

With metallicities 10−5�10−4 ZJ, the simulation results are qualitatively followed by
the one-zone calculations: In the region of f0 . 2 and Z = 10−5�10−4.5 ZJ, the fragmen-
tation is favored by e�cient dust cooling but ine�cient chemical heating. This can bee
seen in the simulations for uni with Z = 10−4.6 ZJ. Also, the isolated region for OH
cooling on (f0, Z) plane is predicted as the simulation results.

The parameter region of (f0, Z) is quantitatively di�erent between the two ap-
proaches. Hereafter, we discuss in more detail the discrepancy appearing for the in-
dividual models.

• mh1-z5

For this model, the average value of f0 is 2.1 at nH < 108 cm−3. In that case, the
one-zone model predicts that the cloud does not enter the fragmentation regime.
Figure 5.11 shows that f0 deviates from the average value, roughly monotonically
increases as the central density increases. This is considered to be because the cloud
ellipticity increases, and the cloud departures from the self-similar solution based on
which the one-zone model is established. For an elongated cloud, since gravitational
force in the radial direction is suppressed relative to the spherical cloud (Tsuribe and
Inutsuka 1999b), the collapse speed becomes slower. At density nH = 2×1016 cm−3,
E increases up to 18 and f0 reaches 4.5. We impose the modi�ed evolution of f0 so
that f0 = 2.0 for nH < 105 cm−3 and f0 increases up to 5 at nH = 1016 cm−3 linearly
in the logarithmic manner (dot-dashed line). The result of one-zone calculation
recover the evolution of the three-dimensional simulation although the discrepancy
remains at nH = 109 cm−3 and 1014�1016 cm−3. If f0 continues to be 2, as mh2-z5,
the dust cooling is ine�cient to induce fragmentation. Besides, if f0 is 5 from the
initial state, the e�ect of H2 formation heating becomes important. In the earlier
stage of collapse (nH < 108), the cloud can avoid to enter the regime (f0 > 3.2)
where H2 formation heating is e�ective. Then, the cloud undergoes the regime
(f0 > 3.5) where the dust cooling is e�cient at nH ∼ 1013�1014 cm−3.

• mh1-z4 and mh2-z4

The results of the one-zone model do not agree with the simulation for the clouds
mh1-z4 and mh2-z4. Figure 5.12 shows that the overall temperature evolution with
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the constant f0 is consistent with the simulations. Still, the temperature is lower
than predicted with the one-zone model at nH ∼ 100 cm−3 for mh2-z4. The trend
lasts until nH ∼ 106 cm−3, and OH cooling is less e�ective than for mh1-z4 because
the temperature is still low. At the time, the central density of the gas cloud exceeds
that of the hosting dark matter halo. The left panel of Figure 5.13 shows the radial
pro�le of the density of the gas and dark matter components. It is expected that the
excess of the density due to the halo makes the gravitational potential shallower
after the central gas density becomes over the dark matter density, and the gas
infall rate becomes slower.

We measure the gravitational potential at the radius rcloud within which the gas is
unstable to collapse. Such the radius can be estimated as the one where the ratio of
the enclosed mass M(r) to the Bonnor-Ebert mass MBE becomes maximum (Abel
et al. 2002; Hirano et al. 2014). There, MBE is the characteristic mass scale of the
self-gravitating cloud as

MBE =
1.18c4

T

G3/2P (r)
, (5.7)

where cT is the sound speed and P (r) is the pressure at a radius r (Ebert 1955;
Bonnor 1956). The right panel of Figure 5.13 shows M(r)/MBE, and the dots are
plotted at the peak. The right panel of Figure 5.14 shows the time evolution of the
gravitational potential Φ = GM(r)/r at the radius rcloud. Since the gravitational
potential near the cloud center is negligible, the smaller Φ indicates the shallower
potential. Figure 5.14 shows that, at nH = 100 cm−3, the potential becomes smaller.

For mh1-z4, the gas exceeds the dark matter density at nH ∼ 104 cm−3. The similar
trend that the temperature slightly increases after the density can bee seen. This
e�ect is smaller than mh2-z4 as shown in the left panel of Figure 5.14 because of
the smaller mass of the dark matter halo (Table 5.2). The trajectory enters the
regime where OH cooling is e�ective at higher temperature than mh2-z4, and the
e�ciency of the cooling becomes larger.

We have so far seen that the deviation of cloud evolution in the simulations from that
in the one-zone calculation with a constant f0 is important to determine the fragmentation
properties. The deviation can be explained by the departure of the cloud shape from the
self-similar solution such as the cloud elongation and the additional gravitational potential
created by dark matter halo. And especially, whether OH cooling becomes important or
not is very sensitive to the deviation as Figure 5.9 indicate that the iso-f0 curves are
separated widely in the regime of OH cooling at nH ∼ 106 cm−3 for 10−5 and 10−4 ZJ.

Analytic formulae of boundaries

Although it is di�cult to describe the thermal evolution of the cloud by a simple
constant f0 model, it is important to know the relationship between f0 and Z where the
relevant thermal processes (dust cooling, chemical heating, OH/H2O cooling) become
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Figure 5.12: Same as Figure 5.11 but for mh1-z4 (left) and mh2-z4 (right). The dashed
curves represent the one-zone model with constant f0 = 2.2 (mh1-z4) and 2.4 (mh2-z4).

0

2

4

6

-2 -1 0 1 2

MH2 Z4

lo
g 

[ 
D

en
si

ty
 / 

cm
-3

 ]

log [ Radius / pc ]

-1

0

-2 -1 0 1 2

MH2 Z4

lo
g 

[ 
M

/M
B

E
 ]

log [ Radius / pc ]

Figure 5.13: Pro�le of density (left) and the ratio of the enclosed mass M(r) to the
Bonnor-Ebert mass MBE (right) as a function of radius r for mh2-z4. We plot the
pro�les of gas (solid) at the time when nH,peak = 102, 103, 104, 105 and 106 cm−3 from
right to left, and the dark matter (dashed) at nH,peak = 102 cm−3 respectively. The
density of dark matter halo is converted to the corresponding hydrogen number density.
The dots represent the position where M(r)/MBE reaches the maximum value.
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Figure 5.14: Temporal evolution of the gravitational potential Φ = GM(r)/r in units
of erg g−1 at the radius where M(r)/MBE reaches the maximum value for mh1-z4 (left)
and mh2-z4 (right). The dashed curve represents the contribution of baryon only, and
the solid represents the total of baryon and dark matter.

important. The boundaries shown in Figure 5.10 can be described by analytic formulae.
In this part, we de�ne the conditions where the three thermal processes become e�ective
at the corresponding density.

A. Dust cooling

The critical condition where dust cooling becomes dominant (Orange line in Figure
5.10) is determined by the balance between the adiabatic compressional heating rate and
the cooling rate by dust. From Equation (5.2), the compressional heating per unit volume
is

Γadi = 5.0 × 10−7f−1
0 erg cm−3 s−1

at nH = 1014 cm−3 and T = 1000 K with tscol(0.8) = 0.21tff . In our Pop III dust model,
the dust cooling rate is

Λd = 1.8 × 10−7

(
Z

10−5 ZJ

)
erg cm−3 s−1

when the all of magnesium nuclei are locked up into forsterite grains. Equating these
formulae yields the relationship between f0 and Z as

Z > 2.8 × 10−5f−1
0 ZJ. (5.8)

The equation is well consistent with the orange line in Figure 5.10. This formula indicates
that, with slower collapse (larger f0), the gas compressional heating is less e�cient, and
thus only a small amount of dust is required to overcome the gas heating.

B. H2 formation heating

The condition for the e�cient H2 formation heating is that the equilibrium tempera-
ture Teq at nH < 108 cm−3 is smaller than one at > 108 cm−3. At nH = 1011 cm−3, the
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temperature is largely determined by the thermal balance between H2 formation heat-
ing and H2 line cooling. This yields Teq = 870 K. At nH = 107 cm−3, while adiabatic
compressional heating is the major heating process, H2 line cooling (Z . 10−5 ZJ) or
H2O line cooling (& 10−5 ZJ) is the dominant cooling process. The condition where
Teq < 870K at nH = 107 cm−3 is Γadi < ΛH2 + ΛH2O, where Λx is the cooling function of
species x per unit volume. These cooling/heating rates are written as

Γadi = 2.6 × 10−17f−1
0 erg cm−3 s−1,

ΛH2 = 3.7 × 10−18 erg cm−3 s−1,

ΛH2O = 7.9 × 10−18

(
Z

10−5 ZJ

)
erg cm−3 s−1

at 107 cm−3 and T = 870 K with tscol(1.0) = 0.34tff . Then, we obtain the condition as

Z > (3.4f−1
0 − 0.47) × 10−5 ZJ. (5.9)

The equation is almost consistent with the purple line in Figure 5.10.
For the clouds plotted above the both orange and purple line, the fragmentation is

unlikely to occur because of the stabilizing e�ect of H2 chemical heating. On the other
hand, the orange region is favored for the fragmentation (criteria (i) and (ii)-a). We
see that the cloud mh1-z5 which lies near the boundary undergo the fragmentation.
We explicitly con�rm the validity of the criterion by performing the simulations for uni
(f0 ∼ 1) with Z = 10−4.6 ZJ. As a result, the fragmentation occurs in this cloud.

C. OH/H2O cooling

The region within the green line represents the regime where OH cooling is e�ective at
nH ∼ 107 cm−3. OH molecules are formed and contribute to the gas cooling (see Figure
5.8). The major heating source is adiabatic compressional heating. At 107 cm−3 and 200
K with tscol(γ = 0.6�0.7) = 0.21tff ,

Γadi = 1.0 × 10−17f−1
0 erg cm−3 s−1,

ΛOH = 3.2 × 10−19

(
y(OH)

0.1AO

)(
Z

10−5 ZJ

)
erg cm−3 s−1,

where y(OH) is the abundance of OH molecules relative to hydrogen nuclei, and AO is
the elemental abundance of oxygen. The equation Γadi = ΛOH yields

Z = 3.1 × 10−4f−1
0 ZJ. (5.10)

The part of the equation is consistent with the green region in Figure 5.10. For large
f0 and Z, OH molecules are already formed at nH < 107 cm−3. The gas evolves nearly
isothermally by the balance between Γadi and ΛOH, without the rapid cooling (γ . 0.7).
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Figure 5.15: Left: number distribution of the 52 Pop III star-forming clouds as a function
of f0, the indicator of the collapse timescale. These clouds are taken from the cosmological
simulations of Hirano et al. (2014) and reanalyzed in this work. Right: number fraction
of Pop II star-forming clouds which satisfy the fragmentation criteria written in Section
5.4.2.2, obtained by the one-zone model with constant f0. We consider that the criteria
(ii-b) is satis�ed when the speci�c heat ratio γ becomes below 0.65 (red) and 0.7 (blue).

The criterion (ii-b) is thus satis�ed in the narrow region on the f0-Z plane. The green
shaded region with the label �OH� indicates the regimes where OH cooling promotes
the gas elongation. The cloud eventually fragments by dust cooling even though the H2

formation heating intends to stabilize the gas (criteria (i) and (ii-b)). As seen above,
mh1-z4 undergoes the e�cient cooling by OH molecules. The values of f0 and Z for
this cloud is properly plotted on the green-shaded region in Figure 5.10. Also for mh2
with 10−4.2 ZJ, the e�ect of OH cooling promotes the cloud elongation and eventually
fragmentation occurs.

Fraction of clouds with fragmentation

We further estimate the fraction of the clouds which undergo the fragmentation.
In order to know this, we need a distribution of f0 of extremely low-metallicity gas
clouds. Unfortunately, we have not so far had the way to directly obtain the information.
Instead, one of the clues may be the distribution of the collapse timescales of a bulk of
primordial clouds obtained by the cosmological simulations of Hirano et al. (2014). We
reanalysis 52 of the primordial clouds to get the distribution of f0 as shown in the left
panel of Figure 5.15. Summing up the number of clouds which satisfy the fragmentation
criteria, we obtain the fraction of the clouds for the �lament fragmentation in the low-
metallicity regime for the two γth below which OH cooling is considered to induce the
cloud elongation. The number fraction is 20�25% for γth = 0.65 (severer criterion), and
30�35% for γth = 0.7 with the metallicity ∼ 10−5�10−4 ZJ.
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5.4.3 Disk fragmentation

In this section, we discuss the disk fragmentation seen for mh1-z6. Several authors have
discussed that the fragmentation occurs on the accretion disks even in the metal-free
cases, and argued that the metal-free and low-mass stars are likely to be formed (Clark
et al. 2011; Greif et al. 2012; Susa et al. 2014). The fragmentation in their simulations
can be categorized as the disk fragmentation. In the regime

Z < 2.8 × 10−5f−1
0 ZJ, (5.11)

where dust cooling is ine�cient (see Equation 5.8), we can not apply the criterion for
the �lament fragmentation in principle. In that case, not gas cooling but the self-gravity
triggers the cloud fragmentation (e.g. Vorobyov and Basu 2010). In our simulations, the
cloud fragmentation can be seen only for one (mh1-z6) out of �ve clouds (uni-z5 and
four z6 clouds; below the orange line in Figure 5.5), which satisfy Equation (5.11). The
peculiar density structure of the mh1 cloud might drive the fragmentation, or it might
be just because the disk evolution for the cloud can be followed for the longest time (16
years) among the �ve clouds. The fragmentation might be seen also for other clouds if
we could extend the simulations. Here, we present the maximal region where the disk
fragmentation is likely to occur as Equation (5.11) indicated by the grey-hatched area on
the f0-Z plane (Figure 5.10).

For mh1-z6, until the simulation is terminated, we �nd that �ve gas clumps are
formed and immediately migrate into the central protostar within several years. If their
formation and migration continue until the end of the accretion process, the mass of
the central protostar would further increase. Besides, with the dynamical ejection of
some clumps due to the N -body gravitational interaction among the clumps, they would
avoid the merger with the central protostar and no longer accrete the gas from the dense
circumstellar disk (Zhu et al. 2012; Susa et al. 2014), which would indicate the low-mass
star formation even with very low metallicities Z . 10−5 ZJ.

5.5 Gas accretion onto protostars

5.5.1 Overall features

We have so far discussed the criteria for the fragmentation in low-metallicity clouds. It
should be noted that the gas fragmentation does not directly mean the low-mass star
formation. The protostar acquires the mass by the gas accretion after the fragmentation.
The mass of the eventually formed stars is determined after the entire process of the gas
accretion (typically for 105 yr). Since we do not employ the sink-particle technique here,
we follow the gas accretion phase for a limited time (several tens of years). However, we
can accurately follow the gas accretion process and even merger of protostellar cores with
the central core. Figure 5.16 shows the evolution of the mass fed by the accretion process
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Figure 5.16: Mass of the protostar �rst formed in the cloud mh1 for z3 (black), z5
(green), and z6 (red) as a function of the time after the �rst protostar appears.

of the central protostar for mh1. We �nd that the growth rate of the protostellar mass
increases with decreasing metallicity because the gas temperature increases.

5.5.2 Detail cloud evolution

Next, we present the accretion history of the cores including the secondary ones. For
uni-z3, the cloud fragments in the two stage: �rst by OH cooling and second by dust
cooling as we have seen in Figure 5.2. For mh1-z5 and mh1-z6, the secondary protostars
fall into the central core.

Two-stage fragmentation for uni-z3

For the cloud uni-z3, the fragmentation in the two stages are observed. Figure 5.17
shows the zoom-in snapshot of the cloud. The cloud in the �rst step fragments into two
clumps (referred to as Clump A and B from left to right) by OH cooling at nH ∼ 109 cm−3.
The separation between the two clumps is 2 × 103 AU, and the masses of the clumps A
and B are 15 and 8 MJ, respectively. These intermediate-mass clumps further fragment
at nH ∼ 1013 cm−3 by dust cooling. In Clump A, the density perturbations at the same
interval grow to form three protostars labeled as A1, A2, and A3, in the order of their
formation epoch. Whereas, Clump B monolithically collapses to form a single protostar
B1. The bottom panel of Figure 5.17 shows the mass growth rates of the protostars.

As discussed above, we con�rm that the transition line cooling can also induce the gas
fragmentation as predicted by the several authors (Bromm and Loeb 2003; Frebel et al.
2005; Ji et al. 2014). Here, the relevant cooling agent is OH molecules, rather than ions
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Figure 5.17: Snapshots of the cloud uni-z3 at 36.4 years after the �rst protostar appears.
First, the spherical cloud fragments into two clumps by OH molecular cooling, called
Clumps A and B. The density structures of Clump A (left) and B (right) are shown in
the insets. The former further fragments into three protostars A1�A3 by dust cooling,
while the latter collapses monolithically to one protostar called B1.
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Figure 5.18: Evolution of the distance of the secondary protostars A2, A3 and B1 from
the central �rst protostar A1 (left) and the protostellar mass (right) for uni-z3.
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Figure 5.19: Snapshot of the cloud mh1-z5 at the epochs t∗ = 0 yr (a), 6.0 yr (b), 7.8
yr (c), and 10.2 yr (d) from the �rst protostar formation. We number the four protostars
�1�, �2�, �3�, and �4� in the order of their formation epoch. In the panel (d), we plot the
orbits of the protostars 2 (red plus) and 3 (green cross) with large symbols at every 0.5
yr and small symbols at every 0.25 yr These symbols are plotted at the same time as
plotted in the left panel of Figure 5.20.

or atoms that the previous studies conclude to be important. Although O i cooling is
dominant until the level populations reach LTE at ∼ 104 cm−3, the gas temperature does
not turn to increase. Instead, the gas temperature keeps dropping by cooling of newly
formed OH molecules. The cloud continues to be elongated without fragmentation. Only
after the OH lines become optically thick and H2 formation heating becomes e�cient,
the cloud fragments at nH ∼ 108 cm−3, where the Jeans mass is ∼ 10 MJ. Although
the mass is still large and the formed star is unlikely to survive until the present-day, the
transition line cooling is important to trigger the �rst-step of the fragmentation.

Clump A enters the second step of the fragmentation at density nH ∼ 1013 cm−3 where
the dust cooling works. Along the thin dense �lament, �ve blobs appear at a similar
interval. Three of the �ve blobs su�ciently grow to satisfy our criterion of a protostar
(see above). The left panel of Figure 5.18 shows the separations of the protostars from
A1. When the protostars A2 and A3 appear, they are at a characteristic distance ∼ 15

AU from A1. The linear analysis of an isothermal �lament shows that the wave length of
the perturbations which most rapidly grow is λmax = 2πH, where H = (2c2

T/πGρcen)
1/2

is the scale-height of the �lament (Nagasawa 1987; Inutsuka and Miyama 1997). The
length is estimated to be 17 AU for the �lament with the mean density 1013 cm−3 and
temperature 100 K. The value is comparable to the initial interval of the protostars. The
mass growth rate of the protostars approaches the common value of 6 × 10−4 MJ yr−1

as indicated by black-dotted line in Figure 5.18.

Merger of protostars for mh1-z5

For mh1-z5, the secondary protostars migrate into and eventually merge with the
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Figure 5.20: Same as Figure 5.18 but for mh1-z5.

central core. Figure 5.19 shows the projected position, and the left panel of Figure 5.20
shows the distance of the protostars 2 and 3 from the central most massive core 1. The
protostars 2�4 are born at a distance of ∼ 7 AU, comparable to λmax for the �lament
with nH = 1015 cm−3 and T = 1000 K. The protostars approach to the center for an
order of the free-fall time. During the infall of a protostar, the next protostar is formed
at the similar distance (left panel of Figure 5.20). Here, the protostar 2 eventually merges
with the protostar 1, and a large mass is supplied with the protostar 1. Although the
growth rate of the protostar 1 is on average 3×10−3 MJ yr−1, it abruptly increases when
protostar 2 merges with 1 just after epoch (c).

Disk fragmentation for mh1-z6

The disk fragmentation is witnessed in several thick spiral arms only for mh1-z6.
The temporal evolution of the spiral arms and the disk is shown in Figure 5.21. We here
enumerate the di�erent points to distinguish the disk fragmentation from the �lament
fragmentation.

1. In mh1-z6, �ve blobs appear at various distances to the core. Especially, blob 2 is
formed by the interaction between the spiral arms. Whereas, in the regime of the
�lament fragmentation, the formation sites of protostars are separated at a distance
∼ λmax.

2. In the disk fragmentation regime, the blobs have the rotational velocity dominant
over the radial velocity The blobs slowly infall with rotating around the center.
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Figure 5.21: Same as Figure 5.19 but for mh1-z6 at the epochs t∗ = 0 yr (a), 11.2 yr
(b), 12.8 yr (c), and 15.6 yr (d) from the �rst protostar formation.

Wheres, in the �lament fragmentation regime, the radial velocity (along the �la-
ment) is larger than the rotational velocity at their birth.

3. Interestingly, none of the secondary blobs satisfy our criterion for a protostar, where
we require the sphericity of the object. The clumps around the central core are
di�used and have oblate shapes, while most of the protostars in the �lament frag-
mentation regime have the spherical shape.

5.6 Discussion

Our three-dimensional hydrodynamics simulations reveal that the cloud thermal evolution
and fragmentation mode can be determined not only by the gas metallicity Z but also
the cloud collapse timescale f0. We con�rm that the thermal evolution is important to
determine the cloud fragmentation as follows:

• The dust thermal emission is crucial to induce gas elongation and fragmentation
into low-mass clumps ∼ 0.1 MJ by its nature that the thermal exchange between
gas and dust is e�cient at high density nH ∼ 1012�1014 cm−3, corresponding to
small Jeans mass.

• Gas heating owing to the exothermic H2 formation reactions stabilizes the gas at
nH ∼ 108 cm−3 before dust cooling becomes e�cient. In that case, the timescale for
the succeeding gas deformation by dust cooling exceeds the dynamical time of the
cloud, and the fragmentation fails to occur. In Pop III dust model, this happens in
most cases with metallicites 10−4�10−3 ZJ.

• In some cases, OH line cooling enhances the cloud elongation in advance to the
stabilization by H2 formation heating. Eventually dust-induced gas elongation and
fragmentation occurs.
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Φ = GMh/Rh for 52 primordial clouds simulated by Hirano et al. (2014) including mh1
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The collapse timescale tcol, or f0 is determined by the properties of the dark matter
halo: their mass and radius. These quantities are characterized by Mh and Rh which
are determined when the matter density turns to increase against the cosmic expansion
(shown in Table 5.2 for our mh1, mh2, and mh3 models). We in the simulations estimate
Rh to be the �ltering scale within which the average density is 200 times the average
in the whole Universe (e.g. Peebles 1980), and Mh is the enclosed mass of both dark
matter and baryon within Rh. We compare the halo potential Φ = GMh/Rh with f0 of
52 primordial clouds used in the discussion around Figure 5.15. Figure 5.22 shows that,
the deeper potential becomes (the larger Φ), the faster the cloud collapses (the smaller
f0 becomes).

We should note that the cloud fragmentation into low-mass cores does not necessarily
mean the low-mass star formation. The stellar mass is �nally determined by the entire
gas accretion process onto the protostellar cores (Shu 1977; Shu et al. 1987; Omukai and
Palla 2003; Hosokawa et al. 2011, 2012). Since the dynamical timescale of the system is
limited to the one of the central dense core, we can follow the gas accretion processes for
only limited time (several tens years) without employing the other techniques such as sink
particle. During the accretion process, several physical phenomena may modify the mass
accretion rate of the protostar and the resulting �nal stellar mass: First, the accretion rate
might be suppressed if some of the protostellar cores are ejected dynamically by the N -
body interactions among the multiple cores. These core escaped from the dense �lament
or circumstellar disk (Clark et al. 2011; Greif et al. 2012; Susa et al. 2014). Also, the
radiative feedback from the protostar becomes important to halt the gas accretion after
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its mass exceeds ∼ 10 MJ (Hosokawa et al. 2012). The accretion rate can also be a�ected
by the magnetic �eld (Machida and Doi 2013). Still, we show that the mass accretion
rate decreases with increasing metallicity, which indicates that the typical stellar mass
decreases in the corse of metal enrichment of the Universe.

In the realistic case, the enrichment process of the cloud by Pop III supernovae are ac-
companied by the turbulence driven by the propagation of the blast wave. The turbulent
motion would a�ect the thermal evolution of the gas and the fragmentation properties,
suppressing the instability in the gas or even inducing the cloud fragmentation (Dopcke
et al. 2011, 2013; Smith et al. 2015). The numerical simulations of Dopcke et al. (2013)
reveal that the small mass fragments, or sink particles, are formed by a turbulent motion
of the gas with a wide metallicity range Z = 0�10−4 ZJ. Smith et al. (2015) directly
follow the enrichment and second-generation star-formation processes, and �nd that the
cloud polluted with 2 × 10−5 ZJ fragments with the length scale of ∼ 1 AU, which is
consistent with the scale of the velocity �uctuation driven by the supernova shock. We
will study the e�ects of turbulence on the fragmentation in the entire cosmological setup
as a future work.

In this numerical model, we �rst employ a Pop III supernova model of metal abun-
dance, condensation e�ciency of metal onto grains, abundance of grain species, and dust
size distribution. This model is consistently calculated with the hydrodynamic evolu-
tion of the expanding supernova ejecta, where dust production and destruction proceed
(Nozawa et al. 2007). We should note that the supernova dust model reproduces the
observed Pop II star with a �normal� abundance pattern. The observations of long-lived
metal-poor star in the Galactic halo show that there are two types of metal-de�cient
stars with [Fe/H] < −3: carbon-enhanced ([C/Fe] > 1; Beers and Christlieb 2005) and
carbon-normal stars. To reproduce the abundance pattern of the carbon-enhanced stars,
we should consider additional processes, such as the metal enrichment by faint supernovae
(Umeda and Nomoto 2003). The one-zone calculations performed by Marassi et al. (2014)
indicate that, by the carbon-enhanced feature, the clouds polluted by such supernovae
can indeed be cooled by carbon grains in most cases at around nH ∼ 1012 cm−3 although
the growth of carbon grains is prohibited by the formation of CO molecules in the early
stage (nH ∼ 104 cm−3). However, the clouds undergo the temperature decline below 100
K owing to signi�cant C i and HD cooling at densities nH . 105 cm−3. In this case, H2

formation heating becomes dominant at nH = 108 cm−3, and the fragmentation owing to
dust cooling will be suppressed.

5.7 Chapter Summary

In this Chapter, we perform three-dimensional simulations for low-metallicity clouds. We
for the �rst time consider the relevant processes as grain growth as well as non-equilibrium
chemical reactions, radiative cooling including metal molecular cooling, chemical heating
owing to hydrogen molecular formation in our code. As Hirano et al. (2014) recently
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report, the thermal evolution of clouds and resulting stellar mass vary from cloud to
cloud even with the �xed metallicity (Z = 0 in their case). In this Thesis, the thermal
evolution of four gas clouds is followed. One of the clouds initially has the uniform density
with rotation, and random density �uctuations. The other three are selected from the
set of Pop III star-forming clouds formed in a cosmological simulation so that these three
cover the entire range of mass spectrum of the eventually formed Pop III stars. These
clouds undergo the di�erent thermal trajectories as con�rmed by Hirano et al. (2014).
The variation is expected to appear also in the metal-poor case, and have e�ects on the
fragmentation properties. We uniformly put a trace of metal and dust with metallicites
10−6�10−3 cm−3. The metal abundance and dust properties are calculated from the Pop
III model. During the cloud collapse, we follow the cloud evolution from extremely low
density (. 0.1 cm−3) to the density of the protostar & 1016 cm−3, utilizing our Voronoi
particle splitting method.

Consequently, we �nd that the cloud shape and fragmentation property diverges even
with a given metallicity. On the contrary to the accepted knowledge that the cloud
fragments when the dust cooling is e�ective with metallicities above ∼ 10−5 ZJ, only one
of four clouds undergoes fragmentation even though the dust cooling is e�ective for almost
all clouds. The diversity of the cloud fragmentation properties stems from the variety
of the thermal evolution. The variation is driven by the collapse timescale tcol which
varies from cloud to cloud. In a slowly collapsing cloud, the gas compressional heating
rate becomes small, and thus the temperature becomes lower throughout the collapse.
The clouds with the di�erent evolutionary paths undergo the regime where di�erent
cooling/heating processes are important. We identify the two important processes as
well as dust thermal emission as follows:

The chemical heating owing to the hydrogen molecular formation via the exothermic
reactions stabilizes the gas and prevents the cloud from deforming at the intermediate
density ∼ 108 cm−3. Actually, the cloud fragmentation via �lamentary structure has a
high threshold. This only occurs when the cloud ellipticity E becomes above the large
threshold value 20�30 (called the critical ellipticity hereafter). If rapid gas heating leads
the cloud to be su�ciently round, the timescale for the ellipticity to grow from such
a small value to the critical ellipticity becomes longer than the dynamical time of the
cloud. In the most of the cloud, this H2 formation heating halt the gas elongation as the
precursor of the eventual fragmentation due to dust cooling. In some cases, the clouds
fragment into low-mass clumps. We �nd that the rapid OH or H2O cooling is e�ective
at nH ∼ 106�108 cm−3 to compensate the stabilizing e�ect by chemical heating.

We further employ the one-zone semi-analytic collapse model to see the relationship
between the collapse time and the thermal evolution of metal-poor clouds. We newly
de�ne the indicator f0 as the ratio of the collapse timescale of the cloud to that of
the self-similar solution. Compared with the simulation results, the simple model with
constant f0 fails to quantitatively reproduce the simulation results because the cloud
shape departures from the self-similar one. Instead, the clouds are deformed by the dark
matter potential and elongation by radiative cooling. In addition, the thermal processes
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are sensitive to the change of f0 during the collapse in the simulated clouds. This would
mean that it is necessary to perform simulations to properly follow the fragmentation
process of the metal-de�cient clouds.
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6.1 Summary

It is under the debate how the extremely-metal poor stars recently discovered in the
Galactic halo can acquire such the small mass that they can survive for the cosmic
time. The star SDSS J102915 + 172927 is the most metal-poor ever observed with Z =

4.5×10−5 ZJ (Ca�au et al. 2011). Their small metal content supports the idea that they
are the very second-generation stars born from the cloud enriched by metal-free massive
stars (Pop III stars). The Pop III stars are considered to be predominantly massive (from
20 to even 1000 MJ) as suggested by the metal abundance of the observed Pop II stars
(Ca�au et al. 2011; Keller et al. 2014; Aoki et al. 2014). Some numerical studies also
show that the �rst stars have large masses (Bromm et al. 1999; Abel et al. 2002; Hirano
et al. 2014).

The additional cooling by metal and dust is considered to trigger the gas fragmentation
into low-mass clumps during cloud collapse (Bromm et al. 2001). The linear analysis
of the bar-mode perturbations on a spherical cloud shows that the cloud elongation is
promoted/halted when the gas is cooled/heated (Hanawa and Matsumoto 2000; Lai 2000).
When cooling is dominant, the gas is elongated to form a �lamentary structure. After
the amplitude of perturbations on the �lament exceeds the density where the cooling
becomes insu�cient, the cores are stabilized to collapse spherically separately.

Recently, gas cooling by the dust thermal emission successfully explains the cloud
fragmentation into low-mass prestellar core even in an extremely metal-poor environment
(Omukai et al. 2005; Safranek-Shrader et al. 2014b). This cooling becomes e�ective only
after the thermal coupling between gas and dust becomes e�cient at nH ∼ 1014 cm−3,
corresponding to the Jeans mass of ∼ 0.1 MJ. Several authors present that the dust
cooling is e�ective even with > 10−5 ZJ,

However, the critical metallicity is determined with the present-day dust model in-
stead of the models realistic in the early Universe. The dust cooling e�ciency might be
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overestimated. The formation path of early grains is limited to Pop III supernovae (Dwek
et al. 2007). The grain destruction by the reverse shocks also suppress the dust-to-metal
mass ratio (Bianchi and Schneider 2007; Nozawa et al. 2007). Recent observations reveal
that the dust-to-metal ratio is signi�cantly smaller than in the present-day (Zafar et al.
2011).

First, we investigate the e�ect of the realistic dust models in the early Universe and
grain growth. Here, we employ the semi-analytic one-zone model for contracting clouds
pre-enriched by Pop III supernovae at the aim to focus on their thermal properties. In this
model, the density increases at the rate of ∼ tff , where tff is the free-fall time. We solve
the chemical reactions to derive the cooling/heating rates which depends on the density,
temperature, and chemical compositions in a time-dependent manner. As the metal
and dust properties, we utilize the Pop III dust models. The metal content is obtained
from the nucleosynthetic model of progenitor stars and their supernova explosion. The
dust properties are then calculated with the hydrodynamic evolution of expanding ejecta,
which is the formation site of grains. We consider a wide range of progenitor mass Mpr =

13�30 MJ of core-collapse supernovae (CCSNe) and 170�200 MJ for pair-instability
supernovae (PISNe). Finally, the dust destruction by reverse shocks propagating inward
is treated. The destruction e�ciency is determined by the ambient gas density namb

around the supernovae. Our model covers a range of namb = 0.1�10 cm−3. We utilize the
Pop III model as the initial condition of the succeeding one-zone collapse calculations.
Since here assume that a cloud is polluted by a progenitor, the model parameters are
Mpr and namb. We perform one-zone calculations with various metallicities to de�ne the
critical metallicity Zcr above which dust cooling becomes e�ective in each Pop III model.

In some cases, grain growth occurs e�ciently before the gas becomes optically thick.
The dust cooling e�ciency is enhanced, and consequently Zcr becomes smaller, i.e., the
smaller metal (dust) is enough to induce fragmentation than in the case without grain
growth. This can be seen especially in the model with small fractions fdep,0 of metal
depleted onto grains initially. It tends to mitigate the e�ect of initial depletion factor
fdep,0 compared with the case without grain growth. Also, as we have expected, Zcr is
dependent on the Pop III models. We �nd that Zcr is almost linearly related to fdep,0,
one of the quantities which characterizes the dust property of each Pop III model. While
Zcr depends on fdep reciprocally as

Z(ng)
cr = 2.3 × 10−8f−1

dep,0 (6.1)

without grain growth, the dependency is mitigated into(
Z

(gg)
cr

10−5.5 ZJ

)
=

(
fdep,0

0.18

)−0.44

. (6.2)

We can conclude that the grain growth is necessary process to determine the fragmenta-
tion condition for low-mass star formation. We also should note that the critical metal-
licity has the slight dependency on the Pop III model (spectral index of −0.44). This
indicates that the critical condition can slightly vary for di�erent clumps.
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Dust thermal emission, even enhanced by the metal accretion phenomenon, is ex-
pected to enhance the cloud elongation and fragmentation. To con�rm this explicitly,
we perform three-dimensional hydrodynamic simulations. Before that, we elaborate the
numerical technique used in collapse simulations. The cloud collapse is a phenomenon
with a large dynamic range of the density over 20 orders of magnitude. Further, the
mass (length) resolution should be su�ciently smaller than the local Jeans mass (length)
to avoid the spurious fragmentation due to the numerical noise (Jeans criterion; Tru-
elove et al. 1997). The strategy of particle splitting is frequently used: a coarse (parent)
particle about to violate the Jeans criterion is replaced with the set of �ner (daughter)
particles. On the contrary to the adaptive mesh re�nement (AMR) technique in a grid
code, the distributions of daughter particles are not trivial in a Lagrangian smoothed
particle hydrodynamics (SPH) code, which we in this theses utilize. The previous studies
have developed simple and less-costly methods. Kitsionas and Whitworth (2002) dis-
tribute the daughters uniformly on a sphere centered at their parent. Mayer et al. (2010)
put them on edges of a cube. With these symmetric distribution of daughters, one might
fail to capture the highly anisotropic shape of clouds such as a thin �lament formed by
dust cooling.

We develop the method such that the daughters are distributed uniformly within the
Voronoi cell tessellated by their parents. The Voronoi cells �exibly capture the distribu-
tion of the particles. The several test simulations show that the resulting cloud shape
for the run with our splitting method (hereafter, voro) is consistent with that without
the particle splitting. We perform the simulation for the primordial gas cloud cut out
from a cosmological simulation. As a result, the structures of spiral arms and spheroidal
core are more clearly captured in the run voro than in the other cases. With the other
methods, one or both of the aspherical structures cannot reproduced. The structures
become somewhat blurred, and approach to spherical shapes. This would a�ect also the
fragmentation condition of early clouds.

We �nally perform three-dimensional simulations for low-metallicity clouds. We for
the �rst time consider grain growth as well as non-equilibrium chemical reactions, ra-
diative cooling including metal molecular cooling, chemical heating owing to hydrogen
molecular formation in our code. As Hirano et al. (2014) recently report, the thermal
evolution of clouds and resulting stellar mass vary from cloud to cloud even with the �xed
metallicity (Z = 0 in their case). In this thesis, the thermal evolution of four gas clouds
is followed. One of the clouds initially has the uniform density of nH,ini = 0.1 cm−3,
rotation (the energy ratio of rotation to gravity 10−3), and random density perturbation
of 10%. The other three are selected from the Pop III star-forming clouds formed in a
cosmological simulation so that they cover the di�erent type of the clouds. We uniformly
put a trace of metal and dust with metallicites 10−6�10−3 cm−3. The metal abundance
and dust properties are calculated from the Pop III model. We pick up the model with
Mpr = 30 MJ and namb = 1 cm−3 as a characteristic parameters. During the cloud
collapse, we follow the cloud evolution from extremely low density (. 0.1 cm−3) to the
density of & 1016 cm−3, utilizing our Voronoi particle splitting method.
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The resultant fragmentation properties are rather complicated. We see the cloud
fragmentation occurs only one out of four clouds with each of the four metallicities.
With metallicities ≥ 10−5 ZJ, the clouds of the majority undergo monolithically collapse
without fragmentation even though the dust cooling is e�cient in almost all the models.
Also, we notice that the fragmentation occurs also with very low metallicity 10−6 ZJ.

First, we focus on the cases with fragmentation. With ≥ 10−5 ZJ, the multiple
protostellar cores appear on a thin �lamentary structure which is triggered by the dust
cooling. We call the regime of fragmentation as �lament fragmentation. The �lament
fragmentation is predicted analytically (Hanawa and Matsumoto 2000; Lai 2000) and
by numerical simulations (Tsuribe and Omukai 2006) for a polytropic gas. We con�rm
this in our more elaborated simulations including all relevant chemical reactions and
radiative cooling processes. With 10−6 ZJ, the clumps are formed in spiral arms on an
accretion disk. Let us call such a type of fragmentation as disk fragmentation. In the disk
fragmentation regime, the fragmentation is not triggered by gas cooling but by the self-
gravity of the disk. We consider that the disk fragmentation is the same fragmentation
mode as reported by several authors (Clark et al. 2011; Greif et al. 2012) in their clouds
without metal. We for the �rst time see that two fragmentation mode appear in a series
of the simulations.

Next, we consider the mechanisms which induce the variation of fragment properties.
Since the criterion for the disk fragmentation has been studied by earlier works such as
Gammie (2001) and Takahashi (2015), we here focus on the necessary thermal processes
triggering the �lament fragmentation. The diversity of the cloud fragmentation properties
stems from the variety of the thermal evolution. This variation can be explained the
collapse timescale tcol which varies from cloud to cloud. In a slowly collapsing cloud, the
gas compressional heating rate becomes small, and thus the temperature becomes lower
throughout the collapse. The clouds with the di�erent evolutionary paths undergo the
regime where di�erent cooling/heating processes are important. We identify the three
important processes including dust thermal emission as follows:

• dust cooling

Dust thermal emission induces the cloud elongation and fragmentation into low-
mass (. 0.1 MJ) clumps.

• H2 formation heating

The chemical heating owing to the hydrogen molecular formation via the exothermic
reactions stabilizes the gas and prevents the cloud from deforming at the intermedi-
ate density ∼ 108 cm−3. Actually, the cloud fragmentation via �lamentary structure
has a high threshold. This only occurs when the cloud ellipticity E becomes above
the large threshold value 20�30 (called the critical ellipticity hereafter). If rapid
gas heating leads the cloud to be su�ciently round, the timescale for the ellipticity
to grow from such a small value to the critical ellipticity becomes longer than the
dynamical time of the cloud. In the most of the cloud, this H2 formation heating
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halt the gas elongation as the precursor of the eventual fragmentation due to dust
cooling.

• OH/H2O cooling

In some cases, the clouds fragment into low-mass clumps. We �nd that the rapid
OH or H2O cooling is e�ective at nH ∼ 106�108 cm−3 to compensate the stabilizing
e�ect by chemical heating.

Therefore, the fragmentation condition can be written as

Conditions for �lament fragmentation� �
(i) dust cooling is e�cient to induce the cloud elongation with the ellipticity up to

E∗ = 20 for clouds to fragment into low-mass clumps, and

(ii-a) H2 formation heating is not e�ective to dump the bar-mode perturbation
as a precursor of the further cloud elongation by dust cooling, or

(ii-b) OH cooling is e�cient to enhance the cloud elongation even though H2

formation heating is e�ective.� �
6.2 Concluding remarks

In this Thesis, we have step-by-step disclosed the nature of the evolution of the primitive
clouds to seek the condition for the cloud fragmentation into low-mass cores which would
be the precursor of the �rst low-mass star formation in the early Universe. The Pop III
supernova model and grain growth can determine the critical condition for the su�cient
dust cooling. However, our three-dimensional simulations reveal that the e�cient dust
cooling do not directly mean the gas fragmentation. Another thermal mechanism, H2

formation heating, can halt the eventual dust-induced fragmentation in the most cases.
Therefore, with a metallicity range 10−5�10−3 ZJ, the fraction of clouds which undergo
�lament fragmentation is very small: one out of four clouds in our simulation. Although
disk fragmentation might contribute to create the low-mass and hyper metal-poor (Z .
10−5 ZJ) star, we could say that the very primitive low-mass star formation would be a
�rare� event.

The recent observation of the Galactic halo stars �nd that the abundance of the objects
with [Fe/H] ∼ −5�−4 is very small. By the simple estimation of the metal enrichment
process in the halo, the number of the stars decrease reciprocally with decreasing metal-
licity (Hartwick 1976). Such a trend is con�rmed with [Fe/H] & −3.5, but is failed for
[Fe/H] . −4 (Norris 1999). Note that the �iron-poor� does not simply mean the small
metallicity, which is de�ned as the mass fraction of �all� heavy element. These iron-poor
stars often show the carbon-enhanced feature ([C/Fe] & 1), and thus the metallicity itself
is not so small. Rather, the star with the small amount of both carbon and iron is fur
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less abundant. So far, only one star has been discovered (SDSS J1029 + 1729; Ca�au
et al. 2011). These observational facts might support our results.

There are still limitations of our current model. We here follow the evolution of col-
lapsing cloud, employing the Pop III supernova model which predicts the metal abundance
consistent with the carbon-normal extremely metal-poor (EMP) stars. To explain the for-
mation process of another population, carbon-enhanced extremely metal-poor (CEMP)
stars, it is required to consider additional process such as the mixing-fallback model in a
faint supernova (Umeda and Nomoto 2003). Our numerical model, in which any abun-
dances of metal elements and grain species and dust size distribution can be included,
will be applied to the problem. Our further comprehensive studies for the CEMP stars as
well as the present carbon-normal EMP star formation models reveal the entire formation
process of the low-mass and low-metallicity stars.

Then, it is necessary to estimate the initial mass function of forming Pop II stars
to clarify the succeeding chemical enrichment and star formation processes in the early
Universe. In our simulation presented here, the process of the gas accretion onto the
protostellar core is followed for several tens of years. It is required to follow the entire
accretion history to estimate the �nal stellar mass when the core reaches the zero-age
main-sequence, but challenging because the computational time is limited by the dynam-
ical timescale of dense protostellar core. If the central protostellar core reaches 10 MJ,
the photoionization and photodissociation become important to halt the mass accretion
(Hosokawa et al. 2011, 2012). Also, some researchers report that a part of cores are
ejected by the dynamical interactions with other cores (Greif et al. 2012; Susa et al.
2014).

Finally, we employ simulations in the �quiescent� cloud with slight turbulent motion.
Although this environment is suitable to seek the condition of fragmentation driven by
thermal processes such as dust cooling, it is known that the turbulent motion triggered by
the supernova explosion and merger of dark matter halos can enhance the cloud fragmen-
tation into low-mass clumps (Dopcke et al. 2013; Safranek-Shrader et al. 2014b; Smith
et al. 2015). The next target of this work is to explicitly follow the chemical and dynam-
ical e�ects of stellar feedback and cosmological structure formation on the succeeding
star formation and eventual �rst galaxy formation in the early Universe, applying our
numerical procedures.
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