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S�`i A
AMi`Q/m+iBQM
h?2 lMBp2`b2 ?�b #22M �ii`�+iBM; ?mK�MǶb BMi2HH2+im�H +m`BQbBiv 7Q` KQ`2 i?�M kyyy v2�`bX
aBM+2 �bi`QMQKB+�H Q#D2+ib �`2 p2`v 7�` �r�v- Bi Bb �Hr�vb +?�HH2M;BM; iQ +H�`B7v i?2B` T`QT2`@
iB2bX �b ?mK�Mb /2p2HQT b+B2M+2- KQ`2 �M/ KQ`2 BMi2`T`2i�iBQM +�M #2 ;Bp2M iQ Q#b2`p�iBQM�H
bB;M�HbX h?2 /2p2HQTK2Mi Q7 bT2+i`QK2i2` �HHQrb mb iQ BMp2biB;�i2 i?2 bT2+i`�H 2M2`;v /Bb@
i`B#miBQM Q7 2KBbbBQM 7`QK �bi`QMQKB+�H Q#D2+ibX h?2 /2p2HQTK2Mi Q7 [m�MimK K2+?�MB+b
�HHQrb mb iQ B/2MiB7v i?2 2tBbi2M+2 �M/ �#mM/�M+2 Q7 � +2`i�BM 2H2K2Mi Q` KQH2+mH2 #v i?2
2KBbbBQM �M/ �#bQ`TiBQM 72�im`2X "v i?2 KQ/2HBM; Q7 bi2HH�` BMM2` bi`m+im`2 �M/ 2tTHQbBp2
2p2Mib HBF2 bmT2`MQp�2 UaL2V Q` M2mi`QM@bi�` K2`;2` ULaJV r2 H2�`M ?Qr i?2b2 2H2K2Mib �`2
bvMi?2bBx2/X am+? +?2KB+�H �#mM/�M+2b �`2 +`m+B�H T`Q#2b iQ BMp2biB;�i2 MQi QMHv i?2 7Q`K�@
iBQM �M/ 2pQHmiBQM Q7 �bi`QMQKB+�H Q#D2+ib HBF2 bi�`b Q` ;�H�tB2b- #mi �HbQ BM i?2 +QbKQHQ;B+�H
+QMi2ti HBF2 +QbKB+ `2BQMBx�iBQMX

ai2HH�` �`+?�2QHQ;v Bb � TQr2`7mH �M/ U`2H�iBp2HvV `2+2MiHv /2p2HQT2/ K2i?Q/QHQ;v iQ BM@
p2biB;�i2 ?B;? `2/b?B7i lMBp2`b2 U6 ! z ! 30VX aBM+2 i?2 bT22/ Q7 HB;?i Bb MQi BM}MBi2- i?2
bBKTH2bi r�v iQ BMp2biB;�i2 i?2 ?B;?@`2/b?B7i lMBp2`b2 Bb iQ Q#b2`p2 Q#D2+ib �i ?B;? `2/b?B7iX
>Qr2p2`- i?Bb Bb /B{+mHi 7`QK i?2 Q#b2`p�iBQM�H TQBMi Q7 pB2rX A7 r2 mb2 i?2 +QbKQHQ;B+�H
T�`�K2i2`b i�F2M 7`QK i?2 KQbi `2+2Mi SH�M+F `2bmHi- i?2 HmKBMQbBiv /Bbi�M+2 iQ �M Q#D2+i
�i z = 6 Bb �#Qmi kyy :Hv`X *QKT�`2/ iQ bi�`b BM Qm` ;�H�tv Ur?B+? �`2 KQbiHv rBi?BM Ryy
FHv`V- i?2 Q#b2`p2/ ~mt Bb r2�F2` #v ∼ 1012 B7 i?2 �#bQHmi2 HmKBMQbBiv Bb i?2 b�K2X �MQi?2`
r�v iQ BMp2biB;�i2 ?B;?@`2/b?B7i lMBp2`b2 Bb iQ BMp2biB;�i2 i?2 T`QT2`iB2b Q7 M2�`#v bi�`b BM
/2i�BH- �M/ bim/v i?2 7Q`K�iBQM 2MpB`QMK2Mi Q7 bm+? bi�`bX h?Bb K2i?Q/ Bb M�K2/ ǳai2HH�`
�`+?�2QHQ;vǴ- �M/ �HbQ ǳM2�`@}2H/ +QbKQHQ;vǴX h?2 `2+2Mi /2p2HQTK2Mi Q7 ?B;?@/BbT2`bBQM
bT2+i`Qb+QTv UR " 30000V �HHQrb mb iQ K2�bm`2 i?2 �#mM/�M+2 Q7 2H2K2Mib BM 2ti`2K2 /2i�BHX
�`+?�2QHQ;B+�H �TT`Q�+? rBHH #2 BKTQ`i�Mi BM i?2 M2ti /2+�/2X

PM2 BKTQ`i�Mi `2b2�`+? bm#D2+i �`2 SQTmH�iBQM AAA USQT AAAV bi�`bX �HH i?2 bi�`b r2
?�p2 Q#b2`p2/ +QMi�BM ?2�pv 2H2K2Mib bm+? �b *�H+BmK Q` A`QMX SQT AAA bi�`b �`2 bi�`b rBi?
T`BKQ`/B�H +QKTQbBiBQM- M�K2Hv ∼ 76 W Q7 ?v/`Q;2M- ∼ 24 W Q7 ?2HBmK- �M/ � i`�+2 �KQmMi
Q7 HBi?BmK BM K�bbX Ai Bb i?2Q`2iB+�HHv T`2/B+i2/ i?�i /m2 iQ i?2 H�+F Q7 +QQH�Mi- i?2B` K�bb
/Bbi`B#miBQM Bb #B�b2/ iQ ?2�pv 2M/ +QKT�`2/ iQ M2�`#v bi�`bX h?2 }`bi T�`i Q7 i?Bb i?2bBb
Bb i?2 rQ`F QM i?2 SQT AAA BMBiB�H K�bb 7mM+iBQM UAJ6V #v �`+?�2QHQ;B+�H �TT`Q�+?X h?2
AJ6 Bb �M BKTQ`i�Mi BM7Q`K�iBQM Q7 SQT AAA bi�`b- #2+�mb2 KQbi Q7 bi2HH�` T`QT2`iB2b �`2
/2i2`KBM2/ #v i?2B` K�bbX lbBM; i?2 �#mM/�M+2 Q7 2H2K2Mib i?�i �`2 bvMi?2bBx2/ BM aL2-
r2 KQ/2H i?2 ?BbiQ`v Q7 bi�` 7Q`K�iBQM �M/ i?2`27Q`2 2H2K2Mi bvMi?2bBb BM 2�+? /�`F@K�ii2`
?�HQX S`2pBQmb rQ`Fb �bbmK2 i?�i BMbB/2 2�+? /�`F@K�ii2` ?�HQ ?2�pv 2H2K2Mib /Bbi`B#mi2
?QKQ;2M2QmbHvX >Qr2p2`- � ?v/`Q/vM�KB+b bBKmH�iBQM Q7 ;�H�tB2b �i ?B;? `2/b?B7i bm;;2bib
i?�i BM bB;MB}+�Mi 7`�+iBQM U∼ 20 WV Q7 ;�H�tB2b i?2 �bbmKTiBQM Bb MQi i`m2, � HQi Q7 ;�H�tB2b
rBi? H�`;2 BM?QKQ;2M2BiB2b 2tBbiX 6Q` i?2 }`bi iBK2- r2 KQ/2H i?2 BM?QKQ;2M2Biv Q7 ;�H�tB2b
BM i2`Kb Q7 A`QM �#mM/�M+2- �M/ 2biBK�i2 i?2 2z2+i Q7 BM?QKQ;2M2Biv QM i?2 T`2/B+iBQM Q7
SQT AAA AJ6X

h?2 b2+QM/ ?�H7 Q7 i?Bb i?2bBb Bb `2H2p�Mi iQ irQ `2b2�`+? iQTB+bX A #`B2~v BMi`Q/m+2 i?2
iQTB+b BM im`MX PM2 Bb i?2 `@T`Q+2bbX h?2 `@T`Q+2bb Bb QM2 Q7 i?2 KQbi BKTQ`i�Mi T`Q+2bb 7Q`
?2�pv 2H2K2Mi bvMi?2bBbX AM M2mi`QM@`B+? 2MpB`QMK2Mi- ?2�pv 2H2K2Mi Mm+H2B +�Tim`2 M2m@
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i`QMb �M/ BM+`2�b2 i?2B` K�bbX A7 i?2 M2mi`QM@+�Tim`2 Bb [mB+F2` i?�M β@/2+�v- i?2 T`Q+2bb
Bb +�HH2/ ǳ`@T`Q+2bbǴX qBi? i?2 ?B;?@/BbT2`bBQM bT2+i`Qb+QTv r2 +�M K2�bm`2 i?2 �#mM/�M+2
Q7 `@T`Q+2bb 2H2K2Mib bm+? �b 2m`QTBmK U1mVX h?2v r2`2 T`2pBQmbHv #2vQM/ i?2 +�T�#BHBiB2b
Q7 2tBbiBM; BMbi`mK2Mib #2+�mb2 i?2 �#mM/�M+2 Bib2H7 Bb [mBi2 bK�HH- �M/ i?2 �#bQ`TiBQM 72�@
im`2 +QmH/ MQi #2 B/2MiB}2/ rBi? � TQQ` `2bQHmiBQM BM r�p2H2M;i?X h?2 �bi`QT?vbB+�H bBi2b Q7
`@T`Q+2bb �`2 biBHH MQi mM/2`biQQ/- �Hi?Qm;? r2 ?�p2 � 72r +�M/B/�i2bX h?2 QMHv +QM}`K2/
+�M/B/�i2 �`2 M2mi`QM@bi�` K2`;2`b ULaJbVX AM � ;`�pBi�iBQM�H@r�p2 2p2Mi :qRdy3Rd- 2H2+@
i`QK�;M2iB+ +QmMi2`T�`i r�b Q#b2`p2/X h?2 HB;?i +m`p2 b?Qrb i?2 72�im`2 Q7 `�/BQ�+iBp2
/2+�v Q7 `@T`Q+2bb 2H2K2MibX >Qr2p2`- 7`QK +?2KB+�H 2pQHmiBQM bim/B2b Q7 Qm` ;�H�tv Up�M /2
oQQ`i 2i �HX kyRNc *Ƭiû 2i �HX kyRNV- bQK2 2pB/2M+2b �`2 �;�BMbi i?2 b+2M�`BQ i?�i �bbmK2 i?2
LaJb �`2 i?2 /QKBM�Mi `@T`Q+2bb bBi2bX Pi?2` +�M/B/�i2b �`2 bT2+B�H FBM/b Q7 aL2- bm+? �b
K�;M2iQ@`Qi�iBQM�H aL2 UJ_aL2VX q2 +�M 2tT2+i i?�i 7Q` i?2 +QKBM; /2+�/2 i?2 MmK#2`
Q7 Q#b2`p�iBQMb Q7 bi2HH�` 1m �#mM/�M+2 ;`Qrb � HQiX h?2`27Q`2 i?2 [m�MiBi�iBp2 KQ/2HBM; Q7
`@T`Q+2bb �#mM/�M+2 2pQHmiBQM Bb BKTQ`i�MiX

h?2 Qi?2` i�`;2ib �`2 b�i2HHBi2 ;�H�tB2bX AM Λ@*.J lMBp2`b2- i?2 +m``2Mi bi�M/�`/ +Qb@
KQHQ;v T�`�/B;K- �#Qmi 3y W Q7 K�ii2` Bb /�`F K�ii2`- �M/ `2K�BMBM; ky W Bb i?2 T�`iB+H2b
r2 FMQr Uǳ#�`vQMbǴ, T`QiQMb- M2mi`QMb- Mm+H2B �M/ 2p2M BM+Hm/BM; 2H2+i`QMbVX h?2 �#mM/�Mi
/�`F@K�ii2` #2?�p2b �b i?2 TQi2MiB�H r2HH i?�i +QM}M2b ǳ#�`vQMbǴ iQ � bK�HH `2;BQMX am+?
+QM}M2K2Mi Bb `2[mB`2/ iQ 7Q`K bi�`b �M/ ;�H�tB2b- �b i?2v 7Q`K BM ?B;? /2MbBiv 2MpB`QMK2MiX
AM i?Bb T�`�/B;K- i?2 ?�HQb ;`Qr #v ?B2`�`+?B+�H bi`m+im`2 7Q`K�iBQM, BX2X }`bi bK�HH2` bi`m+@
im`2b �`2 7Q`K2/- �M/ i?2M i?2v ;`Qr #v K2`;2`b �M/ �++`2iBQMbX a�i2HHBi2 ;�H�tB2b �`2 i?2
;�H�tB2b i?�i `2bB/2 BM i?2 b�K2 ?�HQ �b Qm` ;�H�tvX S�`iB+mH�`Hv- mHi`�@7�BMi /r�`7b Ul6.bV
�`2 b�i2HHBi2 ;�H�tB2b rBi? HmKBMQbBiv L < 105L⊙X Ai Bb 2tT2+i2/ i?�i l6.b K�BMHv 7Q`K
i?2B` bi�`b #27Q`2 +QbKB+ `2BQMBx�iBQMX a�i2HHBi2 ;�H�tB2b U�M/ T�`iB+mH�`Hv l6.bV �`2 BKTQ`@
i�Mi- #2+�mb2 bi�`b BM b�i2HHBi2b Q7i2M `2i�BM i?2 BM7Q`K�iBQM Q7 i?2 T�biX AM i2`Kb Q7 2H2K2Mi
bvMi?2bBb- i?2 2H2K2Mi�H �#mM/�M+2b Q7 bi�`b �`2 U#�bB+�HHvV HQ+F2/ r?2M i?2v �`2 7Q`K2/X
h?2`27Q`2 7`QK i?2 2H2K2Mi�H �#mM/�M+2b Q7 QH/ bi�`b r2 +�M BM72` i?2 2H2K2Mi�H �#mM/�M+2b
Q7 ;�b +HQm/b BM i?2 T�biX ai�`b BM l6.b �`2 B/2�H T`Q#2b 7Q` ;�b +HQm/b BM ?B;?@`2/b?B7i ;�H�t@
B2bX �HbQ BM i2`Kb Q7 FBM2K�iB+b- b�i2HHBi2b �M/ l6.b �`2 BKTQ`i�Mi- #2+�mb2 i?2v K�v #2
i?2 Q`B;BMb Q7 ?�HQ bi�`bX h?2 Q`B;BMb Q7 ?�HQ bi�`b Ubi�`b i?�i `2bB/2 BM i?2 ?�HQ #mi 7�` �r�v
7`QK i?2 /BbFV ?�b HQM; #22M � Kvbi2`vX a�i2HHBi2 ;�H�tB2b +�M #2 /Bb`mTi2/ r?2M i?2v 7�HH
BMiQ i?2 ?�HQ- �M/ i?2`27Q`2 i?2v +�M #2 i?2 Q`B;BMb Q7 ?�HQ bi�`bX h?2 KQ/2HBM; Q7 /vM�KB+�H
/Bb`mTiBQM Bb �M QM;QBM; `2b2�`+?X �b BM i?2b2 2t�KTH2b- mM/2`bi�M/BM; b�i2HHBi2b �M/ l6.b
+�M ?�p2 � HQi Q7 BKTHB+�iBQMb QM ;�H�tv 7Q`K�iBQM �M/ 2pQHmiBQM- r?B+? K�F2b i?2K � `2�HHv
2t+BiBM; `2b2�`+? iQTB+bX

h?2 b2+QM/ ?�H7 Q7 i?Bb i?2bBb Bb iQ KQ/2H i?2 `@T`Q+2bb 2M`B+?K2Mi Q7 i?2 l6.bX "v
MQr r2 ?�p2 Q#b2`p�iBQMb Q7 1m U� `2T`2b2Mi�iBp2 `@T`Q+2bb 2H2K2MiV �#mM/�M+2b Q7 bi�`b BM
R9 l6.bX AMi2`2biBM;Hv- i?2`2 �`2 QMHv irQ l6.b i?�i �`2 ?B;?Hv `@T`Q+2bb 2M`B+?2/X h?Bb
K2�Mb i?�i i?2 Q`B;BM Q7 i?2 `@T`Q+2bb 2H2K2Mib BM i?2 l6.b b?QmH/ #2 `�`2 �M/ T`QHB}+X �
rB/2Hv �++2Ti2/ BMi2`T`2i�iBQM Bb i?�i i?2 Q`B;BM Q7 i?2 `@T`Q+2bb 2M`B+?K2Mi BM 2�+? l6.
Bb �M LaJX q2 7QHHQr i?Bb BMi2`T`2i�iBQM- �M/ 7m`i?2` BMp2biB;�i2 r?�i r2 +�M H2�`M �#Qmi
i?2 l6.b �M/ i?2 #BM�`v M2mi`QM bi�`bX S`2pBQmb rQ`Fb ?�p2 +H�`B}2/ i?�i i?2 2t�+i K2`;2`
UBM@bTB`�HV iBK2 �M/ 2tTHQbBQM 2M2`;B2b �`2 MQi p2`v BM~m2MiB�H iQ 1m �#mM/�M+2b Q7 bi�`bX q2
2ti2M/ i?2B` `2b2�`+?- iQ +H�`B7v r?B+? T?vbB+�H +QM/BiBQM Bb i?2 KQbi BM~m2MiB�H iQ Q#b2`p2/
1m �#mM/�M+2b Q7 bi�`b BM l6.bX

8



S�`i AA
J2i�H KBtBM; BM i?2 ?B;?@`2/b?B7i
lMBp2`b2
R "�+F;`QmM/
RXR SQTmH�iBQM AAA USQT AAAV bi�`b
RXRXR ǳJ2i�HbǴ BM i?2 lMBp2`b2
"27Q`2 BMi`Q/m+BM; SQTmH�iBQM AAA bi�`b- }`bi r2 M22/ iQ 2tTH�BM ǳJ2i�HbǴ BM �bi`QMQKvX
ǳJ2i�HbǴ �`2 2H2K2Mib Qi?2` i?�M ?v/`Q;2M U>V �M/ ?2HBmK U>2VX > �M/ >2 �`2 �#mM/�MiHv
T`Q/m+2/ BM i?2 2�`Hv ?BbiQ`v Q7 i?2 lMBp2`b2 Uǳ"B;@"�M; Mm+H2QbvMi?2bBbǴV- #mi 2H2K2Mib
?2�pB2` i?�M HBi?BmK /Q MQi 2tBbi BM i?2 lMBp2`b2 `B;?i �7i2` i?2 "B;@"�M;X �bi`QMQK2`b +�HH
bm+? 2H2K2Mib ǳK2i�HbǴX

J2i�Hb TH�v � +`m+B�H `QH2 BM �bi`QMQKv- T�`iB+mH�`Hv BM bi�` 7Q`K�iBQM �M/ ;�H�tv 2pQHm@
iBQM- #2+�mb2 Q7 Bib +QKTH2t 2H2+i`QM 2M2`;v H2p2HbX AM Q`/2` iQ K�F2 bK�HH@bBx2 bi`m+im`2 Ubm+?
�b bi�`bV- r2 M22/ iQ i�F2 �r�v i?2 i?2`K�H FBM2iB+ 2M2`;v Ur?B+? Q`B;BM�HHv r�b ;`�pBi�iBQM�H
TQi2MiB�HV Q7 i?2 ;�b #v bQK2 +?�MM2H- Qi?2`rBb2 i?2 H�`;2 T`2bbm`2 Q7 ;�b T`2p2Mib Bib2H7 7`QK
+QHH�TbBM;X am+? T`Q+2bb2b �`2 +�HH2/ ǳ+QQHBM;ǴX h?2`2 �`2 b2p2`�H +QQHBM; +?�MM2HbX PM2 Q7
i?2 BKTQ`i�Mi +QQHBM; T`Q+2bb Bb ǳK2i�H@HBM2 +QQHBM;Ǵ- BM r?B+? i?2 2M2`;v Bb i�F2M �r�v #v
T?QiQMb 2KBii2/ 7`QK i`�MbBiBQM #2ir22M 2H2+i`QM 2M2`;v H2p2Hb U/2@2t+Bi�iBQMV Q7 K2i�HbX >
�M/ >2 ?�p2 � [mBi2 bBKTH2 2H2+i`QM 2M2`;v H2p2H bi`m+im`2- �M/ +�MMQi +QMi`B#mi2 iQ +QQHBM;
B7 i?2 ivTB+�H BMi2`M�H 2M2`;v Q7 ;�b Bb #2HQr i?2 2M2`;v /Bz2`2M+2 Q7 K�BM [m�MimK MmK#2`
n = 1 �M/ n = 2X

h?2 +QKTH2t 2H2+i`QM 2M2`;v H2p2Hb K�F2b Bi TQbbB#H2 iQ K2�bm`2 i?2 2H2K2Mi�H �#mM/�M+2b
BM i?2 lMBp2`b2X q?�i �bi`QMQK2`b Q#b2`p2 Bb K�BMHv T?QiQMb- �M/ T?QiQMb rBi? 2M2`;v
+Q``2bTQM/BM; iQ bQK2 2H2+i`QM i`�MbBiBQM +�M #2 mb2/ �b i?2 bKQFBM; ;mM 7Q` i?2 2tBbi2M+2
Q7 i?2 2H2K2MiX q�MiBM; iQ mb2 i?2 T?QiQM 2M2`;v �b � i`�+2` 7Q` 2H2K2Mib- �bi`QMQK2`b
/2p2HQT2/ 2H�#Q`�i2 i2+?MB[m2b Q7 bT2+i`Qb+QTvX *m``2MiHv i?2 ?B;?2bi bT2+i`�H `2bQHmiBQM
Q#b2`p�iBQM Bb ivTB+�HHv δν/ν = R ∼ 50000- r?B+? �HHQr mb iQ /2i2+i �M/ K2�bm`2 i?2
�#mM/�M+2 Q7 K�Mv FBM/b Q7 2H2K2MibX h?2 2H2K2Mi�H �#mM/�M+2 T�ii2`M +�M �HbQ #2 mb2/
iQ BMp2biB;�i2 p�`BQmb �bi`QT?vbB+�H Q#D2+ib- BM+Hm/BM; SQT AAA bi�`b �M/ mHi`�@7�BMi /r�`7
;�H�tB2b r?B+? r2 BMi`Q/m+2 H�i2`X

RXRXk q?�i �`2 i?2 ǳSQTmH�iBQM AAA USQT AAAVǴ bi�`b �M/ r?v �`2 i?2v BKTQ`@
i�Mi\

�HH i?2 bi�`b BM i?2 lMBp2`b2 �`2 +H�bbB}2/ �b SQTmH�iBQM A- AA- Q` AAAX SQT A bi�`b �`2 K2i�H@`B+?-
�M/ mbm�HHv `2bB/2 BM i?2 :�H�+iB+ /BbFX SQT AA bi�`b �`2 K2i�H@TQQ`2` i?�M SQT A bi�`b- #mi
biBHH i?2v +QMi�BM bB;MB}+�Mi �KQmMi Q7 K2i�HbX SQT AAA bi�`b �`2 +QKTH2i2Hv K2i�H@7`22 bi�`bX
aBM+2 i?2 K2i�H HBM2 +QQHBM; Bb MQi 2{+B2Mi- ;�b2b +QQH rBi? ǳ>2 +QQHBM;ǴX AM 6B;X R r2 b?Qr
� +QKT�`BbQM Q7 +QQHBM; `�i2 7`QK �iQKB+ ?v/`Q;2M- KQH2+mH�` ?v/`Q;2M- �M/ K2i�HbX �b r2

e
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of the dust-to-gas ratio. Thus, Tgr depends only on gas temperature
and density and on grain specific properties (cross-section and mean
opacity, see Schneider et al. 2006 for further details).

3 FR AG M E N TAT I O N B Y M E TA L C O O L I N G :
EFFEC TS OF Fe AN D Si LINES

In this section, we discuss the thermal evolution of collapsing gas
clouds when only molecules and metals contribute to the cooling
rate in equation (6). Thus, we assume that no dust is present. For
simplicity, we adopt an ISM with the solar elemental composi-
tion (Anders & Grevesse 1989) and the mass of each element is
decreased proportionally to the total metallicity.

To estimate the effects of Fe II and Si II lines on gas cooling, we
do not solve the full Fe and Si chemistry (as we do for the other
elements) but we simply assume that all the Fe and Si contributes to
cooling. Fig. 1 shows the thermal evolution of collapsing gas clouds
with varying initial metallicities (Z = 0, 10−4, 10−3and 10−2 Z⊙,
from top to bottom). For the Z > 0 models, thin lines represent the
predictions obtained with Omukai et al. (2005) models and thick
lines show the current models with the inclusion of Si II and Fe II

line cooling. As is apparent from the figure, the difference is very
small and confined to the density range nH < 106 cm−3. In fact,
even for the highest metallicity model that we have considered,
Z = 10−2 Z⊙, the cooling rate is dominated by molecular lines,
specifically by H2O and OH. This is shown in Fig. 2, where we
compare the individual contributions to the cooling rate. Although
Fe II and Si II are the most important coolants among metal fine-
structure lines in some density ranges, their contribution to the total
cooling rate is smaller than that provided by molecules.

In Fig. 1, the diagonal dotted lines represent constant Jeans mass
values in the (nH, T) plane. These are computed using the relation

MJ = ρλ3
J

= 1.69 × 103 M⊙
( µ

1.23

)−3/2
(

T

200 K

)3/2 ( nH

104 cm3

)−1/2
,

(13)

Figure 1. Thermal evolution of collapsing clouds with initial metallicities
Z = 0, 10−4, 10−3and 10−2 Z⊙, from top to bottom. For each of the Z >

0 models, two lines are shown: the thin line represents the prediction of the
Omukai et al. (2005) model, and the thick line shows the effects of including
[Fe II] and [Si II] cooling. The diagonal dotted lines indicate locii of constant
Jeans masses, as labelled in the figure, and the points with triangles mark
the states where fragmentation conditions are met (see text).

Figure 2. Contributions of individual metal fine-structure lines (Fe II, Si II,
C II+C I, O I) and molecular lines (H2, CO, OH+H2O) to the cooling rate of
a gas cloud with initial metallicity Z = 10−2 Z⊙ (see Fig. 1).

where the Jeans length is

λJ =
(

πkBT

GµmHρ

)1/2

. (14)

The points with triangles mark the states where fragmentation con-
ditions are met. Following Schneider & Omukai (2010), we identify
the fragmentation epochs by requiring that the adiabatic index be-
comes γ > 0.97 after a phase of cooling (where γ < 1). To eliminate
‘false’ fragmentation points, where γ is less than 1 only for a short
period of time, we impose that γ < 0.8 during the cooling phase
preceding the fragmentation epoch (see Schneider & Omukai 2010
for more details).

It is clear from the figure that the minimum fragmentation
masses that can be achieved by metal and molecular line cool-
ing are ≥10 M⊙, even for gas clouds with initial metallicity as high
as Z = 10−2 Z⊙. Thus, the additional contribution of Fe and Si lines
to the chemical network and cooling rate does not change the main
conclusions of previous investigations, based on the model pre-
sented in Omukai et al. (2005). In particular, the formation of solar-
or subsolar-mass fragments requires the presence of dust grains and
dust-induced cooling at densities nH > 1012 cm−3.

4 MO D E L G R I D O F C O R E - C O L L A P S E SN

Fig. 3 shows the masses of dust produced by core-collapse SNe as
a function of the progenitor star mass and initial metallicities equal
to Z = 0 (left-hand panel) and Z = 10−4 Z⊙ (right-hand panel). The
solid lines show dust masses at the end of the condensation phase (no
reverse shock model) according to the model developed by Todini &
Ferrara (2001) and revisited by Bianchi & Schneider (2007). Here
we refer to the fiducial case, where we assume that the first seed
critical dust clusters are formed with a minimum of two monomers
and that the sticking coefficient is equal to 1 (we refer to Bianchi &
Schneider 2007 for more details). We see that the most massive SNe
(Mstar > 25 M⊙) are less efficient sources of dust due to the strong
fallback of metals during the explosion. This is particularly true for
the primordial case, where metal (and therefore dust) production
is zero beyond a progenitor stellar mass of 30 M⊙. The dotted,
dashed, and long-dashed lines show the masses of dust after the
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6B;m`2 R, *QQHBM; `�i2b Q7 p�`BQmb +QQH�MibX >2 +�M rQ`F �b � +QQH�Mi- #mi 7�` H2bb 2{+B2MiHv,
K2i�Hb bm+? �b P> Q` *P rQ`F #2ii2` i?�M ?v/`Q;2M KQH2+mH2bX h?2 };m`2 Bb i�F2M 7`QK
6B;X k Q7 a+?M2B/2` 2i �HX UkyRkVX

+�M b22 BM i?2 };m`2- i?Bb Bb BM2{+B2Mi +QKT�`2/ iQ K2i�H@HBM2 +QQHBM;- �M/ i?2 i2KT2`�im`2
Q7 i?2 ;�b �i i?2 iBK2 Q7 i?2 +QHH�Tb2 i2M/b iQ #2 ?B;?2` i?�M K2i�H@`B+?2` bi�`b HBF2 SQT A
�M/ SQT AAX >B;?2` i2KT2`�im`2 UBX2X ?B;? T`2bbm`2V T`2p2Mi i?2 ;�b2b 7`QK 7`�;K2MiBM;
UBX2X /QrMbBxBM;V- �M/ 2p2Mim�HHv ;�b2b +QHH�Tb2 rBi? ;`�pBiv- 7Q`KBM; K�bbBp2 bi�`bX aQ
7�`- ?mK�Mb ?�p2 M2p2` Q#b2`p2/ � +QKTH2i2Hv K2i�H@7`22 bi�`- bQ i?2 SQT AAA bi�`b �`2 Dmbi
i?2Q`2iB+�HHv T`2/B+i2/ Q#D2+ibX L2p2`i?2H2bb- `2b2�`+?2`b #2HB2p2 i?2 2tBbi2M+2 Q7 i?2 SQT AAA
bi�`b- �M/ i?2 `2H2p�Mi `2b2�`+? Bb �+iBp2Hv QM;QBM;X

h?2 SQT AAA bi�`b �`2 #v Bib2H7 BMi2`2biBM;X >2`2 r2 ;Bp2 irQ 2t�KTH2b Q7 #2M2}ib 7`QK
i?2 +QKTH2i2 SQT AAA AJ6X PM2 Bb i?2 mM/2`bi�M/BM; Q7 7`�;K2Mi�iBQM T?vbB+b- �M/ i?2 Qi?2`
Bb bi2HH�` T?vbB+bX S`2/B+iBM; ?Qr � ;�b +HQm/ 7`�;K2Mib Bb /B{+mHiX *m``2MiHv ?v/`Q/vM�KB+
bBKmH�iBQMb �`2 +QM/m+i2/ BM b2�`+? Q7 i?2 SQT AAA AJ6- #mi i?2 `2bmHib �`2 v2i iQ +QMp2`;2X
A7 r2 +QmH/ /2i2`KBM2 i?2 SQT AAA AJ6- r2 +�M mM/2`bi�M/ UQ` r2 rBHH ?�p2 mM/2`biQQ/V
i?2 ;�b 7`�;K2Mi�iBQM #2ii2`X am+? ;�b 7`�;K2Mi�iBQM Bb m#B[mBiQmb �HH Qp2` i?2 lMBp2`b2-
bQ bm+? mM/2`bi�M/BM; Bb [mBi2 p�Hm�#H2X h?2 Qi?2` BMi2`2bi Bb BM i2`Kb Q7 bi2HH�` T?vbB+bX
*m``2MiHv bi2HH�` T?vbB+b �`2 #�bB+�HHv r2HH mM/2`biQQ/- HBF2 r2 FMQr � HQi Q7 T`QT2`iB2b HBF2
i2KT2`�im`2b �M/ HB72iBK2b �`2 KQbiHv /2i2`KBM2/ #v Bib K�bbX >Qr2p2`- bi2HH�` #2?�pBQ`
Bb �+im�HHv [mBi2 mM+2`i�BMX PM2 UBMV7�KQmb T`Q#H2K Bb i?2 /2�i? Q7 K�bbBp2 bi�`b- +�HH2/
ǳamT2`MQp�2Ǵ UaL2VX J�Mv aL2 ?�p2 #22M Q#b2`p2/ Ur2 �H`2�/v ?�p2 HB;?i +m`p2b- r?B+?

d



K2�Mb r2 �`2 Q#b2`pBM; i?2 KQK2Mi Q7 2tTHQbBQMV- i?2`27Q`2 i?2 bi�`b b?QmH/ 2tTHQ/2 BM i?2
2M/X >Qr2p2`- BM bBKmH�iBQMb- bi�`b /Q MQi UT`QT2`HvV 2tTHQ/2X q?�i �bi`QMQK2`b �`2 /QBM;
Bb �`iB}+B�HHv BMD2+iBM; 2M2`;v BM i?2 +Q`2 �M/ #HQr Qmi i?2 bi2HH�` 2Mp2HQT2X h?Bb T`Q#H2K
`2K�BMb �b � ?m;2 Q#bi�+H2 iQ T`2/B+i i?2 K2i�H K�bb 2D2+i2/ 7`QK aL2X _2H2p�Mi iQ i?2
mM+2`i�BMiv- i?2 Q`B;BM Q7 BMi2`K2/B�i2@K�bb U20 ∼ 70M⊙V #H�+F ?QH2b Bb biBHH mMFMQrMX ai�`b
rBi? K2i�Hb ?�p2 bi`QM; bi2HH�` rBM/- �b K2i�Hb BM i?2 bi2HH�` �iKQbT?2`2 rQ`F �b i?2 bQm`+2
Q7 i?2 QTiB+�H /2Ti?X h?2 bi`QM; bi2HH�` rBM/ #HQrb KQbi Q7 i?2 K�bb2b #27Q`2 i?2 +QHH�Tb2-
�M/ i?2 "> BM i?2 2M/ ivTB+�HHv ?�p2 K�bb �`QmM/ 10M⊙ �i KQbiX q?2`2�b BM SQT AAA bi�`b-
i?2B` bi2HH�` rBM/ Bb MQi bQ bi`QM;- H2�pBM; TQbbB#BHBiv iQ 7Q`K ?2�pB2` U∼ 30M⊙V ">bX h?2v
+�M 2tTH�BM i?2 Q`B;BM Q7 K�Mv ">b Q#b2`p2/ BM ;`�pBi�iBQM�H r�p2b 7`QK ">@"> K2`;2`X
h?2 BMp2biB;�iBQM BMiQ SQT AAA bi�`b +�M /22T2M Qm` mM/2`bi�M/BM; QM bi2HH�` T?vbB+bX

SQT AAA bi�`b �`2 BKTQ`i�Mi MQi QMHv #v Bib BMM�i2 BMi2`2bib- #mi �HbQ #v Bib 2z2+ib QM
+QbKB+ 2pQHmiBQMX PM2 Q#pBQmb BMi2`2bi Bb i?2 ;�H�tv 2pQHmiBQM BM ?B;?@`2/b?B7i mMBp2`b2X h?2
lMBp2`b2 b?QmH/ #2 `2BQMBx2/ #v z ∼ 6 iQ 2tTH�BM :mMM@S2i2`bQM i`Qm;? BM i?2 �:L bT2+i`�X
aBM+2 SQT AAA bi�`b �`2 K�bbBp2- i?2v +�M T`Q/m+2 � HQi Q7 BQMBxBM; T?QiQMbX h?2v �`2 �HbQ
BKTQ`i�Mi BM i?2 +QMi2ti Q7 "> 7Q`K�iBQMX qBi? i?`22 ;`�pBi�iBQM�H@r�p2 /2i2+iQ`b UirQ
GA:Pb �M/ QM2 oA_:PV rQ`FBM;- K�Mv ">b rBi? ∼ 30M⊙ �`2 Q#b2`p2/X J2i�H@`B+? bi�`b
?�p2 bi`QM; bi2HH�` rBM/- �M/ bB;MB}+�Mi K�bb HQbb #27Q`2 "> 7Q`K�iBQM Bb T`2/B+i2/X .m2 iQ
i?2 /B{+mHiv QM �pQB/BM; i?2 bi2HH�` rBM/ 2z2+i- SQT AAA bi�`b �`2 MQr +QMbB/2`2/ T`QKBbBM;
�b i?2 Q`B;BMb Q7 bm+? ">bX

h?2 lMBp2`b2 Bb #2BM; 2M`B+?2/ rBi? K2i�Hb- �M/ mbm�HHv i?2 7`�+iBQM Q7 K2i�Hb KQMQiQMB@
+�HHv BM+`2�b2b rBi? iBK2X h?Bb K2�Mb i?�i i?2 SQT AAA bi�`b HBF2Hv iQ `2bB/2 BM bK�HH ;�H�tB2b
BM i?2 p2`v QH/ lMBp2`b2X >Qr2p2`- /m2 iQ i?2 HBKBi�iBQMb Q7 Qm` Q#b2`p�iBQM�H `2�+?- r2 +�M
QMHv Q#b2`p2 2�+? bi�` BM Qm` ;�H�tv Ur?B+? K2�Mb z = 0VX h?Bb /Q2b MQi K2�M r2 +�MMQi
;�BM i?2 BM7Q`K�iBQM Q7 i?2 QH/ iBK2b Q#b2`p�iBQM�HHv, i?2 K2i�H +QMi2Mib Q7 � bi�` Bb }t2/
�i i?2 KQK2Mi Q7 7Q`K�iBQMX A7 r2 +�M B/2MiB7v ǳQH/Ǵ bi�`b- i?2M Bi Bb 2[mBp�H2Mi iQ Q#b2`p2
i?2 QH/ iBK2bX h?2 K2i?Q/ iQ ;�BM BM7Q`K�iBQM �#Qmi i?2 T�bi #v Q#b2`pBM; QH/ bi�`b BM Qm`
;�H�tv Bb +�HH2/ ǳbi2HH�` �`+?�2QHQ;vǴX *m``2MiHv ?mK�Mb ?�p2 Q#b2`p2/ � HQi Q7 K2i�H@TQQ`
bi�`b- #mi r2 ?�p2 M2p2` Q#b2`p2/ �Mv K2i�H@7`22 bi�`bX 6`QK i?2 MQM@/2i2+iBQM Q7 K2i�H@7`22
bi�`b bQK2 `2b2�`+?2`b +H�BK i?�i i?2`2 �`2 MQ ǳSQT AAA am`pBpQ`bǴ BM i?2 Jq UJ�;; 2i �HX
kyRNVX

RXRXj �`2 SQT AAA bi�`b K�bbBp2\
h?2 /Bz2`2M+2 #2ir22M SQT AAA bi�`b �M/ SQT AA bi�`b Bb i?2 +QQHBM; `�i2 Q7 i?2 T`Q;2MBiQ`
;�b +HQm/X aBM+2 SQT AAA bi�`b �`2 K2i�H U�M/ �HbQ /mbiV 7`22- i?2 T`Q;2MBiQ` ;�b +�MMQi +QQH
2{+B2MiHv, QMHv i?2 +QQH�Mib �`2 >2 �M/ >. KQH2+mH2bX *QMb2[m2MiHv K2i�H@7`22 ;�b +QHH�Tb2b
�i ?B;? i2KT2`�im`2 HBF2 � 72r ?mM/`2/ F2HpBM- r?BH2 K2i�H@`B+? ;�b +QHH�Tb2b �i ∼ 10 F2HpBMX
AM 6B;X k A b?Qr i?2 i2KT2`�im`2 2pQHmiBQM Q7 ;�b i�F2M 7`QK PKmF�B UkyyyVX q2 +�M b22
i?�i K2i�H@7`22 ;�b +HQm/ `2K�BMb r�`K r?BH2 Bi +QHH�Tb2bX h?Bb ?B;? i2KT2`�im`2 H2�/b iQ
?B;?2` 7`�;K2Mi�iBQM K�bbX

h?2 K�bb2b Q7 ;�b 7`�;K2Mib �`2 KQbiHv C2�Mb K�bb- r?B+? Bb /2i2`KBM2/ #v i?2 +QKT2@
iBiBQM #2ir22M T`2bbm`2 �M/ ;`�pBiv,

MJ = (250M⊙)

(
cs

1 km s−1

)3( n

103 cm−3

)−1/2

URV

3



r?2`2 cs Bb i?2 bQmM/ p2HQ+Biv �M/ n Bb i?2 MmK#2` /2MbBiv Q7 ?v/`Q;2M ;�bX h?2 bQmM/ p2HQ+Biv
cs Bb i?2 +QMi`B#miBQM 7`QK T`2bbm`2- r?B+? Bb T`QTQ`iBQM�H iQ T 1/2X h?2`27Q`2 MJ ∝ T 3/2ρ−1/2X
AM � ?B;? i2KT2`�im`2 2MpB`QMK2Mi bK�HH bi`m+im`2b +�MMQi #2 7Q`K2/ U�bbmKBM; i?2 BMBiB�H
/2MbBiB2b ρ Q` T`2bbm`2b ∼ ρT �`2 i?2 b�K2VX

PM2 BKTQ`i�Mi T�`�K2i2` 7Q` i?2 ;�b +QHH�Tb2 Bb i?2 �/B�#�iB+ BM/2t γX amTTQb2 i?2 ;�b
+HQm/ b�iBb}2b

PV γ = const. ⇔ V ∝ P−1/γ. UkV
q2 �HbQ �bbmK2 i?�i i?2 ;�b 7QHHQrb i?2 2[m�iBQM Q7 bi�i2 Q7 B/2�H ;�b,

PV = NkT. UjV

*QK#BMBM; i?2b2- r2 +�M ?�p2 i?2 `2H�iBQM #2ir22M T`2bbm`2 P �M/ i2KT2`�im`2 T ,

P ∝ T
γ

γ−1 U9V

q2 +�M /2`Bp2 � TQHvi`QTB+ `2H�iBQM 7`QK i?2 `2H�iBQMb �#Qp2,

P ∝ ργ. U8V

h?2M- C2�Mb K�bb MJ Bb,
MJ ∝ T 3/2ρ−1/2 ∝ ρ

3
2 (γ−

4
3 ). UeV

A7 i?2 C2�Mb K�bb �M/ i?2 /2MbBiv TQbBiBp2Hv +Q``2H�i2b- i?2M Bi /Q2b MQi +QHH�Tb2X A7 i?2v
M2;�iBp2Hv +Q``2H�i2b- i?2M Bi +�i�bi`QT?B+�HHv +QHH�Tb2bX h?2 +`BiB+�H 2tTQM2Mi Bb γ = 4/3X
A7 +QQHBM; Bb 2z2+iBp2- i?2 +QHH�TbBM; +HQm/ i2KT2`�im`2 Bb F2Ti iQ �HKQbi +QMbi�Mi- r?B+?
+Q``2bTQM/b iQ γ = 1X AM i?Bb +�b2 i?2 ;�b +HQm/ +QHH�Tb2bX A7 i?2 +QQHBM; Bb BM2{+B2Mi- i?2
+QHH�Tb2 Bb Dmbi �M �/B�#�iB+ +QKT`2bbBQM- BM r?B+? γ Bb 8fj UB7 i?2 +QKTQM2Mib �`2 BM �iQKbV
Q` df8 UB7 i?2 +QKTQM2Mib �`2 BM KQH2+mH2bVX h?2 +QQHBM; �M/ QTiB+�H /2Ti? �`2 `2H2p�MiX �b
HQM; �b i?2 ;�b Bb QTiB+�HHv i?BM- i?2v +�M +QQH #v `�/B�iBQM- �M/ i?2 ;�b +QHH�Tb2b #2+�mb2
i?2 �/B�#�iB+ BM/2t Bb +HQb2 iQ RX >Qr2p2`- QM+2 i?2 ;�b +HQm/ #2+QK2b QTiB+�HHv i?B+F- i?2v
+�MMQi +QQH �M/ �/B�#�iB+ BM/2t BM+`2�b2b +HQb2 iQ U8fjVX PM+2 Bi #2+QK2b QTiB+�HHv i?B+F-
K2i�HHB+Biv /Bz2`2M+2 Bb K2�MBM;H2bb, �Mvr�v i?2v +�MMQi `�/B�i2 Bib 2M2`;v �r�vX h?2`27Q`2
i?2 /2MbBiB2b �M/ i2KT2`�im`2b Q7 T`QiQbi2HH�` +Q`2b �`2 `�i?2` bBKBH�` #2ir22M K2i�H@7`22 �M/
K2i�H@`B+? ;�b +HQm/bX

h?2 +`m+B�H /Bz2`2M+2 #2ir22M SQT AAA �M/ SQT AfAA bi�`b Bb i?2 �++`2iBQM `�i2 7`QK i?2
T`QiQbi2HH�` /BbFX h?2 T`QiQbi2HH�` +Q`2 Bb biBHH bK�HH HBF2 10−2 M⊙X h?2 K�bb Q7 bi�`b �`2
KQbiHv /2i2`KBM2/ #v i?2 �++`2iBQM 7`QK i?2 T`QiQbi2HH�` /BbFX G2i mb 2biBK�i2 i?2 �++`2iBQM
`�i2X amTTQb2 i?2 Qmi2` H�v2` U�++`2iBQM /BbFV 7�HHb 7`22Hv QMiQ i?2 T`QiQbi2HH�` +Q`2- i?2
�++`2iBQM `�i2 Bb,

Ṁ ≃ MJ

tff
≃ ρ(cstff)

3/tff ∝ c3s ∝ T 3/2 UdV

i?2`27Q`2 i?2 Ṁ Bb ?B;?2` BM K2i�H@7`22 ;�b i?�M BM K2i�H@`B+? ;�bX h?Bb ?B;?2` �++`2iBQM
`�i2 H2�/b iQ ?B;?2` bi2HH�` K�bbX

AM bmKK�`v-

Ç aBM+2 K2i�H@7`22 ;�b +HQm/ Bb H2bb HBF2Hv iQ 7`�;K2Mi- 2�+? ;�b 7`�;K2Mi Bb KQ`2 K�bbBp2
U∼ 1000 M⊙VX

N
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2.2.4. Chemical Cooling/Heating
Following Hollenbach & McKee (1979), we assume the

heat deposited per formed molecular hydrogen is 0.2
eV for formation on grain surfaces] 4.2(1 ] ncr/n)~1 H2(reaction 23 in Table 1 ; see Appendix), eV3.53(1 ] ncr/n)~1

for formation by the H~ process (reaction 8),H2 1.83(1
eV for formation by the process] ncr/n)~1 H2 H2`(reaction 10), and eV for formation by4.48(1 ] ncr/n)~1 H2the three-body reactions (reactions 19 and 20), where

ncr \ 106T ~1@2
M1.6y (H) exp [[(400/T )2] ] 1.4y (H2)

exp [[12000/(T ] 1200)]N

cm~3 . (23)

Collisional dissociation and ionization absorb the same
energy as the binding energy, that is, 4.48 eV per disso-H2ciation, 13.6 eV per H ionization, 24.6 eV per He ionization,
and 79.0 eV per He` ionization.

2.3. Chemical Reactions
We solve nonequilibrium chemistry involving the four

elements H, He, C, and O that contains the following 45
species : H, e~, H`, H~, He, He`, He``,H2, H2`, H3`,
HeH`, C, CH, C`, CH`,C2, CH2, CH3, CH4, C2`, CH2`,

O, OH, CO, HCO,CH3`, CH4`, CH5`, O2, H2O, O2H,
O`, OH`, CO`, HCO`,CO2, H2CO, H2O2, O2`, H2O`,

and The chemicalO2H`, H3O`, H2CO`, HCO2`, H3CO`.
reactions included are listed in Table 1. The reactions of H
and He chemistry are mainly taken from Abel et al. (1997)
and Galli & Palla (1998). Other important pro-H2-forming
cesses included are the three-body reactions (Palla et al.
1983) and the reaction on the surfaces of the dust grains
(Tielens & Hollenbach 1985). In addition, we supplement H,
He, C, and O chemical reactions involving the above species
from Millar, Farquhar, & Willacy (1997).

3. RESULTS

In this section, we present the results obtained by the
method described in ° 2 and discuss our analysis.

Figure 1 displays the evolutionary trajectories of protos-
tellar clouds whose metallicities are z \ 0, 10~6, 10~4, 10~2,
and 1. Here we set the initial condition to be T \ 100
K, n \ 1 cm~3, y (e) \ 1 ] 10~4, All they (H2) \ 1 ] 10~6.
carbon is assumed to be in the form of C II, while oxygen is
O I at the beginning.

The evolutionary trajectories for two other initial condi-
tions are shown in Figure 2, as well as the same curves in
Figure 1. We can see from Figure 2 that trajectories of
clouds with a Ðxed composition converge rapidly toward
the dense region for any initial conditions (e.g., Hayashi &
Nakano 1965 ; Low & Lynden-Bell 1976). We have also
tested the sensitivity to initial chemical compositions for
two casesÈ(i) where the ionization degree y (e) \ 1 ] 10~3
and (ii) where all the carbon is assumed to be C IÈand have
found the results similar to those shown in Figure 2. Here-
after, we discuss only the case presented in Figure 1.

In general, as seen in Figure 1, the temperatures of lower
metallicity clouds are higher because of their lower radi-
ative cooling ability (i.e., lower radiative cooling rate for the
same temperature and density) as long as the clouds are
transparent to continuum and continue to collapse dynami-
cally, owing to the efficient radiative cooling, in other
words, during what is known as the ““ Ðrst collapse ÏÏ stage.

On account of the total lack of metals and grains, the
only cooling agent in the temperature range below D104 K
for primordial (z \ 0) clouds is rovibrational transitions of
molecular hydrogen (e.g., Matsuda et al. 1969). In the pri-
mordial gas, is formed mainly by the H~ process,H2

H ] e~ ] H~ ] c , (24)

H ] H~ ] H2 ] e~ (25)

FIG. 1.ÈEvolutionary trajectories of protostellar clouds with di†erent metallicities. The solid curves show the temperature of the clouds with metallicity
( from top to bottom) z \ 0, 10~6, 10~4, 10~2, and 1. The dotted curves show the grain temperature for the same clouds. The initial condition is T \ 100 K,
n \ 1 cm~3, y (e) \ 1 ] 10~4, Initially, all the carbon is assumed to be in the form of C II, while oxygen is O I. The dashed line markedy (H2) \ 1 ] 10~6.

represents the line L in the text (eq. [33]).““ qJ \ 1 ÏÏ

6B;m`2 k, h?2 i2KT2`�im`2 2pQHmiBQM Q7 +QHH�TbBM; +HQm/b rBi? /Bz2`2Mi K2i�HHB+BiB2bX h?2
bQHB/ +m`p2b �`2 i?2 2pQHmiBQM Q7 ;�b i2KT2`�im`2 �b Bi +QHH�Tb2bX h?2 MmK#2` M2�` 2�+? HBM2
Bb i?2 K2i�HHB+BivX h?2 };m`2 Bb i�F2M 7`QK 6B;X R Q7 PKmF�B UkyyyVX

Ry



Ç >Qr2p2`- i?2 K�bb Q7 T`QiQbi2HH�` +Q`2 Bb �HKQbi i?2 b�K2 �b BM K2i�H@`B+? T`QiQbi2HH�`
+Q`2X

Ç h?2 F2v /Bz2`2M+2 #2ir22M K2i�H@7`22 �M/ K2i�H@`B+? ;�b +HQm/b Bb i?2 �++`2iBQM `�i2b
7`QK i?2 T`QiQbi2HH�` /BbFX SQT AAA bi�`b �`2 K�bbBp2 #2+�mb2 i?2 �++`2iBQM `�i2 Bb ?B;?X

RXk JSbi�`b Q#b2`p�iBQM
h?2 `2+2Mi /2p2HQTK2Mi Q7 ?B;?@/BbT2`bBQM Q#b2`p�iBQM H2i mb K2�bm`2 i?2 2H2K2Mi�H �#mM@
/�M+2b Q7 p2`v K2i�H@TQQ` bi�`bX hvTB+�H i2H2b+QT2b �`2, p2`v H�`;2 i2H2b+QT2 UoGhV- am#�`m
?B;?@/BbT2`bBQM bT2+i`Q;`�T? U>.a- R ≃ 60000V- E2+F Q#b2`p�iQ`v >.a UR ≃ 40000V .mSQMi
�M/ JAE1 �i G� *�KT�M�b Q#b2`p�iQ`vX h?2v �`2 i?2 7QHHQr@mT Q#b`2p�iBQMb 7`QK bm`p2vb
HBF2 .1a Q` a.aaX

RXj *1JS bi�`b
*�`#QM@2M?�M+2/ K2i�H@TQQ` U*1JSV bi�`b �`2 `2+2MiHv BMp2biB;�i2/ #Qi? i?2Q`2iB+�HHv �M/
Q#b2`p�iBQM�HHvX h?2 UivTB+�HV /2}MBiBQM Bb, UBV Bi Bb K2i�H@TQQ` U(62f>)< −1V- �M/ UBBV Bi
Bb +�`#QM@2M?�M+2/ U(*f62)> 0.7)X h?2 b2+QM/ /2}MBiBQM +�M #2 U(*f62)> 1.0)- #mi i?2
2t�+i +`Bi2`BQM Bb MQi BKTQ`i�MiX A7 � *1JS bi�` Bb �HbQ 2M`B+?2/ rBi? b@T`Q+2bb 2H2K2Mib
Ubm+? �b bi`QMiBmK Ua`V Q` #�`BmK U"�VV Q` `@T`Q+2bb 2H2K2Mib Ubm+? �b 2m`QTBmK U1mVV- i?2
bi�` Bb +�HH2/ *1JS@b Q` *1JS@` bi�`X A7 i?2 bi�` /Q2b MQi b?Qr i?2 72�im`2 Q7 b@ Q` `@
T`Q+2bb- i?2 bi�` Bb +�HH2/ *1JS@MQ bi�`X *1JS bi�`b �`2 BKTQ`i�Mi- #2+�mb2 i?2v ;Bp2 mb
BKTQ`i�Mi ?BMib 7Q` Mm+H2QbvMi?2bBb 2p2Mib BM i?2 lMBp2`b2X >B;? K2i�HHB+Biv bi�`b HBF2 Qm` amM
?�p2 2tT2`B2M+2/ � HQi Q7 K2i�H 2M`B+?K2Mi 2p2MibX *QMi`B#miBQMb 7`QK p�`BQmb Q`B;BMb �`2
+QMpQHmi2/- i?2`27Q`2 Bi Bb [mBi2 /B{+mHi iQ /Bb2Mi�M;H2X lbm�HHv � H�`;2 MmK#2` Q7 2M`B+?K2Mi
bK2�`b Qmi i?2 T2+mHB�`Biv Q7 2�+? 2M`B+?K2Mi 2p2Mib- �M/ i?2 2H2K2Mi�H �#mM/�M+2b HQQF
KQ`2 Q` H2bb i?2 b�K2X ai�`b rBi? T2+mHB�` 2H2K2Mi�H �#mM/�M+2 H2�p2 i?2 BM7Q`K�iBQM Q7
2�+? T2+mHB�` K2i�H T`Q/m+iBQM 2p2MiX

P#b2`p�iBQM�HHv i?2`2 �`2 K�Mv *1JS bi�`b Q#b2`p2/X AM 6B;X j r2 b?Qr i?2 bi2HH�`
�#mM/�M+2 /Bbi`B#miBQM Q7 +�`#QM �M/ B`QMX Ai Bb ;`QmT2/ BMiQ i?`22- #mi i?2 MmK#2` Q7
;`QmTb Q` i?2 ;`QmTBM; +`Bi2`B� �`2 biBHH QM /2#�i2X h?2 7`�+iBQM Q7 +�`#QM@2M?�M+2/ bi�`b
BM+`2�b2b �b Bi ;2ib K2i�H@TQQ`X AM 6B;X 9 r2 b?Qr � };m`2 7`QK SH�++Q 2i �HX UkyR9VX AM
i?Bb };m`2 *1JS@b �M/ *1JS@` bi�`b �`2 2t+Hm/2/- �M/ QMHv *1JS@MQ bi�`b �`2 BM+Hm/2/X
"�bB+�HHv �i HQr2` (62f>) i?2 7`�+iBQM Q7 *1JS@MQ bi�`b BM+`2�b2X h?2`2 `2K�BMb � ?m;2
mM+2`i�BMiv BM i?2 +�H+mH�iBQM Q7 bi2HH�` �iKQbT?2`2 Ub22- 2X;X LQ``Bb �M/ uQM; UkyRNVVX

h?2 Q`B;BM Q7 +�`#QM 2M?�M+2K2Mi Bb � i?2Q`2iB+�H +?�HH2M;2- �M/ K�Mv i?2Q`2iB+�H rQ`Fb
�`2 QM;QBM;X 6Q` *1JS@b bi�`b- i?2 KQbi T`QKBbBM; +?�MM2H Bb #BM�`v K�bb i`�Mb72` UGm+�i2HHQ
2i �HX kyy8VX amTTQb2 i?2`2 Bb � #BM�`v bi�`bX h?2 ?2�pB2` bi�` }`bi 2t?�mbi ?v/`Q;2M BM i?2
+Q`2- �M/ H�i2` Bi 2Mi2`b �bvKTiQiB+@;B�Mi #`�M+? U�:"V T?�b2X AM i?Bb T?�b2 i?2 bi2HH�`
2Mp2HQT2 BM~�i2b �M/ 2M;mH7b i?2 #BM�`vX AMbB/2 i?2 2Mp2HQT2- Mm+H2QbvMi?2bBb Q++m`bX AM i?2
�:" T?�b2 +�`#QM �M/ b@T`Q+2bb 2H2K2Mib �`2 bvMi?2bBx2/ U:�HHBMQ 2i �HX RNN3V- i?2`27Q`2
2M`B+?BM; i?2 T�`iM2` rBi? +�`#QM �M/ b@T`Q+2bb 2H2K2MibX h?Bb b+2M�`BQ M�im`�HHv 2tTH�BMb
i?2 2M?�M+2K2Mib BM +�`#QM �M/ b@T`Q+2bb 2H2K2MibX >Qr2p2`- 7Q` *1JS@` bi�`b �M/ *1JS@
MQ bi�`b- r2 /Q MQi ?�p2 +QMpBM+BM; b+2M�`BQX 6Q` *1JS@MQ bi�`b- p�`BQmb b+2M�`BQb 2tBbi,
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detection, which is not presently available for all of the stars in
our sample. The binary status of a given star, if known, is listed
in column (13). We also indicate cases of stars with disparate A
(C) abundances and [Ba/Fe] abundance ratios (for instance,
high A(C) with low [Ba/Fe]), including stars with anomalous A
(C) or [Ba/Fe] given their known binary status. We marked
these objects with a √ in column (14) as “Interesting
outliers”.12 Column (15) of the table provides the reference
to the original study from which our stellar parameter and
abundance information was drawn.

For convenience of the subsequent analysis, we have listed
our program stars in Table 1 in the groupings described in
Section 3 below (Group I, Group II, and Group III, along with a
group without sub-classifications based on [Ba/Fe]).

3. RESULTS

Figure 1 shows the corrected A(C) distribution, as a function
of [Fe/H], for our compiled sample of sub-classified CEMP
(147 CEMP-s/rs and 127 CEMP-no) stars. The remaining 31
unclassified CEMP stars are not included in Figure 1 and
subsequent figures, due to their lack of available [Ba/Fe]
measurements. The blue and red open circles represent the
CEMP-s/rs and CEMP-no stars, respectively. Note from the
marginal histogram shown on the right side of the figure that a

significant number of the stars among the CEMP-no sub-
sample (those with the lowest A(C), which generally
correspond to the more evolved, higher luminosity giants that
undergo CN processing) have A(C) values that have been
revised upward relative to their “as reported” values, whereas
the CEMP-s/rs stars have only a small number of corrections
applied (see Placco et al. 2014c). The bimodality of the A(C)
distribution is much clearer post correction, underscoring the
importance of carrying out this step.
Although the bimodality of A(C) is clear in Figure 1, the

peaks of the distribution are about 0.3 dex lower than the
determinations by Spite et al. (2013), who claimed A(C)∼ 8.25
and A(C)∼ 6.5 for the CEMP-s and CEMP-no stars,
respectively.13 We obtained estimates of the peaks in our
distribution by fitting a two-component Gaussian distribu-
tion(Pedregosa et al. 2011) to the corrected A(C) values,
obtaining peak values of A(C)= 7.96 (with a dispersion of
0.43 dex) for the high-C region, and A(C)= 6.28 (with a
dispersion of 0.49 dex) for the low-C region, respectively.
These peaks are indicated by the black dotted lines in the
figure; the black dashed line shown in the marginal histogram

Figure 1. Scatter diagram of the corrected A(C) vs. [Fe/H] for our compilation of CEMP stars. The blue and red open circles represent the 147 CEMP-s/rs stars and
127 CEMP-no stars, respectively (the 31 unclassified CEMP stars are not shown). The black dotted lines indicate the estimated locations of the carbon peaks, based on
a two-component Gaussian fit to the corrected A(C) distribution. The majority of the CEMP-s/rs stars reside in a region surrounding the high-C peak at A(C)∼80,
while the majority of CEMP-no stars scatter around the low-C peak at A(C)∼6.3. The black solid line provides a reference at [C/Fe] = +0.7. The gray shaded
histogram in the top margin shows the metallicity distribution of the full sample. The gray shaded histogram in the right margin is the corrected A(C) distribution; the
green unfilled histogram is the “as reported” A(C) distribution. Note that the 31 unclassified CEMP stars are not included in these fits. The black dashed line in the
marginal histogram of A(C) represents the midpoint of the two A(C) peaks, used for separation of CEMP-s/rs stars from CEMP-no stars, as described in the text. A
typical error bar for the sample stars we consider is shown at the bottom left.

12 We group these stars along with other outliers having similar behavior in
Table 3, as described below.

13 It should be recalled that Spite et al. (2013) considered only the “unmixed”
CEMP stars in their discussion, whereas, in our attempt to build a larger total
sample, we have included both unevolved and evolved (giant) stars. When only
unevolved stars (∼120 stars with logg > 2.5) in our sample are taken into
account for the peak estimates, the low-C peak is located at A(C) ∼ 6.6, similar
to the location reported by Spite et al.
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6B;m`2 j, h?2 /Bbi`B#miBQM Q7 +�`#QM �M/ B`QM �#mM/�M+2b �KQM; Q#b2`p2/ bi�`bX h?2 #Hm2
+B`+H2b �`2 *1JS@bf`b bi�`b- �M/ i?2 `2/ +B`+H2b �`2 *1JS@MQ bi�`bX h?`22 ;`QmTb �`2
B/2MiB}2/ #v Q#b2`p2`bX h?2 +H�bbB}+�iBQM Bb Tm`2Hv #v i?2 /Bbi`B#miBQM QM i?Bb TH�M2X :`QmT
A Bb i?2 KQbi +�`#QM@2M?�M+2/ bi�`b- r?B+? �`2 KQbiHv *1JS@bf`b bi�`bX :`QmT AA Bb H2bb
+�`#QM@2M?�M+2/- #mi biBHH *1JS bi�`bX :`QmT AAA Bb KQ/2`�i2Hv 2M`B+?2/ rBi? +�`#QM- �M/
i?2v rB/2Hv /Bbi`B#mi2 QM (62f>) �tBbX h?2 };m`2 Bb i�F2M 7`QK 6B;X R Q7 uQQM 2i �HX UkyReVX
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Figure 16. Cumulative frequencies of CEMP stars as a function of metallicity, based on the uncorrected (solid lines) and corrected (dashed lines) carbon abundances.
The shaded areas highlight the differences in the frequencies for the corrected and uncorrected abundances. Note that for the purpose of the corrections, [N/Fe] = 0
has been assumed. For comparison, we also show results from Frebel et al. (2006), Carollo et al. (2012), and Lee et al. (2013).
(A color version of this figure is available in the online journal.)

Table 2
Uncertainties in Derived Cumulative CEMP Star Frequencies

(i) (ii) (iii) (iv) (v) (vi) (vii) (viii) (ix)
[Fe/H] ! [N/Fe] [N/Fe] ∆log g ∆log g ∆log g [Ba/Fe] Model Model ∆[C/Fe]

−0.5 +2.0 +0.3 −0.3 Random < +0.8 Only +0.3 3D

∆% ([C/Fe] " +0.50)

−2.0 1 0 −3 −2 1 0 −1 1 −10
−2.5 0 0 −4 −2 0 1 −4 −2 −14
−3.0 1 0 −6 −4 0 0 −7 −3 −20
−3.5 0 0 −3 0 0 0 −3 −3 −26
−4.0 0 0 0 0 0 0 0 0 −13
−4.5 0 0 0 0 0 0 0 0 0
−5.0 0 0 0 0 0 0 0 0 0

∆% ([C/Fe] " +0.70)

−2.0 0 0 −1 5 −1 0 −1 0 −7
−2.5 0 0 −1 6 0 1 −3 −2 −9
−3.0 0 0 −2 8 −1 1 −7 −4 −18
−3.5 0 0 −2 0 0 0 −4 −2 −16
−4.0 0 0 0 0 0 0 0 0 −6
−4.5 0 0 0 0 0 0 0 0 0
−5.0 0 0 0 0 0 0 0 0 0

∆% ([C/Fe] " +1.00)

−2.0 −1 0 4 1 0 1 0 1 −5
−2.5 0 0 5 1 0 0 −2 0 −6
−3.0 −1 0 6 1 0 0 −5 −2 −14
−3.5 0 0 3 0 0 0 −4 −2 −18
−4.0 0 0 0 0 0 0 0 0 −13
−4.5 0 0 0 0 0 0 0 0 −20
−5.0 0 0 0 0 0 0 0 0 0
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6B;m`2 9, h?2 7`�+iBQM Q7 *1JS@MQ bi�`b BM 2�+? K2i�HHB+Biv #BMX �i HQr2` (62f>) i?2 bi�`b
�`2 HBF2Hv iQ #2 +�`#QM@2M?�M+2/X >Qr2p2`- i?2`2 Bb � H�`;2 mM+2`i�BMiv BM i?Bb 7`�+iBQM +QKBM;
7`QK bi2HH�` �iKQbT?2`2 +�H+mH�iBQM- b22 LQ``Bb �M/ uQM; UkyRNVX h?Bb };m`2 Bb i�F2M 7`QK
6B;X Re Q7 SH�++Q 2i �HX UkyR9VX

+�`#QM 2M?�M+2K2Mi 7`QK 7�BMi aL2 UAb?B;�FB 2i �HX kyR9V- K�bb i`�Mb72` 7`QK � +QKT�MBQM
bi�` U�`2Mib2M 2i �HX kyRNV- �M/ BM?QKQ;2M2Qmb K2i�H KBtBM; U>�`irB; �M/ uQb?B/� kyRNVX
h?2`2 �`2 QMHv � 72r *1JS@` bi�`b- �M/ MQ TH�mbB#H2 2tTH�M�iBQM 2tBbibX

k S`2pBQmb rQ`Fb
kXR � /B`2+i bBKmH�iBQM Q7 aL2 b?Q+F b?2HH 2tT�MbBQM BMiQ i?2 2M@

pB`QMK2Mi UaKBi? 2i �HX kyR8V
h?2v ?�p2 TQBMi2/ Qmi i?�i i?2 2ti2`M�H 2M`B+?K2Mi +�M #2 �M BKTQ`i�Mi +?�MM2H 7Q` SQT AAA
iQ SQT AA i`�MbBiBQMX h?2v �`2 K�BMHv BMi2`2bi2/ BM SQT AAA iQ SQT AA i`�MbBiBQMX h?2v
7QHHQr i?2 bi2HH�` rBM/b �M/ 2tTHQbBQMb 7`QK SQT AAA bi�`b �M/ b22 ?Qr M2B;?#Q`BM; ?�HQb
�`2 2M`B+?2/X AM QM2 Q7 i?2 +�b2b i?2v 7QmM/ i?�i i?2 M2B;?#Q`BM; ?�HQb �`2 2M`B+?2/ iQ
10−4 ≤ Z ≤ 10−2 pB� 2ti2`M�H 2M`B+?K2MiX h?2v �HbQ 2biBK�i2/ i?2 7`�+iBQM Q7 2ti2`M�HHv
2M`B+?2/ ?�HQb- �M/ i?2v `2TQ`i i?�i i?2 7`�+iBQM Bb MQi H�`;2X

h?2B` K�BM i�`;2i Bb iQ bim/v ?Qr i?2 bi2HH�` rBM/ �M/ aL b?2HHb �M/ `2KM�Mib 2M`B+? i?2
M2B;?#Q`BM; ?�HQX h?2`27Q`2 i?2 BKTQ`i�Mi T?vbB+b �`2 i?2 2tTHQbBQM �M/ 2tT�MbBQM Q7 aL
b?Q+F2/ b?2HH- ?v/`Q/vM�KB+b iQ bQHp2 K2i�H KBtBM; BMiQ ?v/`Q;2M ;�b- bT�iB�H TQbBiBQM- �M/
bi�` 7Q`K�iBQMX 6Q` i?2 bi2HH�` 2tTHQbBQM- i?2v KQ/2H i?2 2M/ Q7 i?2 7`22@2tT�MbBQM T?�b2 #v
BMD2+iBM; i?2 2M2`;v Q7 1051 2`; �M/ i?2 K2i�H Q7 RRXRN M⊙- rBi? i?2 iQi�H 2D2+i� Q7 j3Xe M⊙X
6Q` ?v/`Q/vM�KB+b- i?2v mb2 � bBKmH�iBQM rBi? �/�TiBp2 K2b? `2}M2K2Mi U�J_V +Q/2 2MxQ

Rj



U"`v�M kyR9VX 6Q` i?2 bT�iB�H TQbBiBQM- i?2v i�F2 i?2 BMBiB�H +QM/BiBQM iQ #2 i?2 :�mbbB�M
`�M/QK }2H/- r?B+? Bb i?2 KQbi `2�HBbiB+ b+?2K2 iQ KQ/2H i?2 BMBiB�H /2MbBiv /Bbi`B#miBQMX h?2
KQbi r2HH@`2bQHp2/ +2HHb ?�p2 � #�`vQM K�bb `2bQHmiBQM Q7 yXk8N M⊙X 6Q` i?2 bi�` 7Q`K�iBQM-
i?2v �HHQr SQT AAA bi�` 7Q`K�iBQM B7 �HH i?2 +QM/BiBQMb #2HQr �`2 b�iBb}2/,

Ç h?2 #�`vQM /2MbBiv 2t+22/b 107cm−3X

Ç h?2 ;�b ~Qr Bb +QMp2`;2Mi U∇vgas < 0VX

Ç h?2 ;�b +QMi�BMb 2MQm;? 7`�+iBQM Q7 ?v/`Q;2M KQH2+mH2b, 5× 10−4X

Ç h?2 K2i�HHB+Biv Bb H2bb i?�M 10−6Z⊙X

h?2v /Q MQi ?�p2 iQ KQ/2H i?2 SQT AA bi�` 7Q`K�iBQM #2+�mb2 i?2v �`2 MQi BMi2`2bi2/ BM
bi2HH�` 722/#�+F 7`QK SQT AA bi�`b, i?2v Dmbi 2tTHB+BiHv 7QHHQr i?2 +QHH�Tb2 Q7 K2i�H@2M`B+?2/
;�b +HQm/X

AM 6B;X 8- r2 b?Qr � };m`2 7`QK i?2B` bBKmH�iBQMX h?2 iQT T�M2Hb b?Qr i?2 rB/2 `2;BQM-
�M/ i?2 #QiiQK T�M2Hb b?Qr i?2 M�``Qr `2;BQMX 6`QK i?2 #QiiQK T�M2Hb r2 +�M b22 i?�i i?2
M2B;?#Q`BM; ?�HQb +�M #2 2M`B+?2/ iQ Z = −2- B7 i?2 ?�HQ Bb +HQb2 iQ i?2 SQT AAA 7Q`KBM; ?�HQX
LQi2 i?�i bm+? ?B;?Hv 2M`B+?2/ ?�HQb �`2 `�i?2` `�`2, BM iQT H27i T�M2Hb i?2`2 �`2 � HQi Q7 ?�HQb
i?�i �`2 MQi 2M`B+?2/X h?2v �HbQ 2biBK�i2 i?2 ivTB+�H b2T�`�iBQM Q7 KBMB?�HQb- �M/ +QM+Hm/2/
i?�i 2ti2`M�H 2M`B+?K2Mi +�M #2 � MQM@M2;HB;B#H2 bQm`+2 Q7 SQT AAA iQ SQT AA i`�MbBiBQMX

kXk � /B`2+i bBKmH�iBQM Q7 SQT AAA 7Q`K�iBQM- A U>B`�MQ 2i �HX kyR9V
h?2b2 �`2 b2i Q7 � bi�i2@Q7@i?2@�`i /B`2+i bBKmH�iBQM Q7 SQT AAA bi�` 7Q`K�iBQMX aBM+2 bi�`
7Q`K�iBQM BM+Hm/2b T?vbB+b Q7 rB/2 /vM�KB+ `�M;2- Bi Bb pB`im�HHv BKTQbbB#H2 iQ 7QHHQr �HH
i?2 2pQHmiBQMX AM i?2B` bBKmH�iBQM- i?2v +QK#BM2 irQ bBKmH�iBQMb i?�i bQHp2 irQ /Bz2`2Mi
/2MbBiv `2;BK2b, }`bi i?2v bQHp2 QMHv i?2 ?v/`Q/vM�KB+b 7`QK ;�b +HQm/ iQ i?2 7Q`K�iBQM
Q7 T`QiQbi2HH�` +Q`2- �M/ i?2M i?2v BM+Hm/2 `�/B�iBQM iQ BMp2biB;�i2 i?2 K�bb �+[mBbBiBQM Q7
T`QiQbi2HH�` +Q`2X h?2B` K�BM i�`;2i Bb iQ BMp2biB;�i2 i?2 `2H�iBQM #2ir22M ;�b �++`2iBQM `�i2
�M/ i?2 `2bmHiBM; bi2HH�` K�bbX

h?2v `mM � +QbKQHQ;B+�H bBKmH�iBQM rBi? bKQQi?2/ T�`iB+H2 ?v/`Q/vM�KB+b UaS>V +Q/2X
qBi?BM � H�`;2 U∼ 1cMpc/h #Qt- }`bi i?2v B/2MiB7v � +�M/B/�i2 KBMB?�HQ 7Q` i?2 SQT AAA
bi�` 7Q`K�iBQMX h?2 +�M/B/�i2b �`2 +?Qb2M bQ i?�i UBV i?2v �`2 pB`B�HBx2/ /�`F K�ii2` ?�HQb
rBi? /2MbBiv KQ`2 i?�M kyy iBK2b i?2 �p2`�;2 Q7 i?2 lMBp2`b2 �i i?2 KQK2Mi- UBBV i?2v �`2
BbQH�i2/- bQ i?�i i?2v �`2 MQi �z2+i2/ #v i?2 +?2KB+�H MQ` `�/B�iBp2 722/#�+FbX h?2M i?2v
xQQK@BM i?2 +�M/B/�i2b- �M/ 7QHHQr i?2 2pQHmiBQM mMiBH i?2 +2Mi`�H /2MbBiv Q7 i?2 +HQm/ `2�+?2b
nH = 1013cm−3X h?Bb Bb i?2 `mM�r�v +QHH�Tb2 T?�b2- BM r?B+? i?2 ;�b2b �`2 QTiB+�HHv i?BM
�M/ i?2v +�M /mKT i?2 2M2`;v iQ 2ti2`M�H `�/B�iBp2 }2H/X

L2ti i?2v `mM � k. U�tBbvKK2i`B+V `�/B�iBQM ?v/`Q/vM�KB+ bBKmH�iBQMbX h?2 BMBiB�H
+QM/BiBQMb �`2 i?2 #�b2/ QM i?2 QmiTmib Q7 i?2 +QbKQHQ;B+�H bBKmH�iBQM /2b+`B#2/ �#Qp2X �b
� `2bmHi- i?2v /2`Bp2 � }iiBM; 7Q`KmH� iQ T`2/B+i i?2 `2bmHiBM; bi2HH�` K�bb 7`QK i?2 �++`2iBQM
`�i2,

MPopIII = 100M⊙

(
Ṁcloud

2.8× 10−3M⊙yr−1

)0.8

. U3V

R9
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Figure 11. The volume within the simulation enriched to at least a given
metallicity as a function of redshift. The different colours show metallicities
ranging from Z = 10−6 Z⊙ (blue) to 10 Z⊙ (green) increasing by factors of
10. The red line shows 1 per cent of the total volume of the high resolution
region.

Figure 12. The mass of gas enriched to at least a given metallicity as a
function of redshift. The different colours show metallicities ranging from
Z = 10−6 Z⊙ (blue) to 10 Z⊙ (green) increasing by factors of 10. The
red line shows 1 per cent of the total baryon mass within the high-resolution
region. Note, the refinement region is in a large-scale overdensity and has
roughly 2.8 times more mass than an average region of that size.

Figure 13. Top panels show projections of overdensity (left) and metallicity (right) in a region minimally containing all of the metals produced in the
simulation. Bottom panels show projections of the regions surrounding each of the two supernova events. Region a contains the first Pop III star to form and
region b contains the second as well as the action halo. The locations of haloes with metallicities of at least 10−6 Z⊙ in dense gas (ρ ≥ 10−25 g cm−3.) The
size and colour of the circles indicate the virial radii and peak dense gas metallicities, respectively. The dashed lines indicate haloes with masses less than
105 M⊙ and metallicities below 10−4 Z⊙ which may be unable to cool.
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Figure 14. Final stellar masses as a function of gas in-fall rates over cloud scales ((a) and (b)) and over dark matter halo scales ((c) and (d)). Three colors of symbols
represent the evolutionary paths of the protostellar evolution as in Figure 5. The dashed lines represent the fitting functions given by Equations (13) and (14). In the
bottom frames we plot the ratios of the actual stellar masses to the analytic fitting functions.
(A color version of this figure is available in the online journal.)

where MJeans ∝ c3
s /ρ

1/2 is the Jeans mass and tff =√
(3π )/(32Gρ) ∝ ρ−1/2 is the free-fall time. Note that the col-

lapsing cloud mass is not strictly equal to the Jeans mass (MBE;
e.g., Figure 13). Gravitational collapse does not always proceed
over a free-fall timescale because rotation can prevent or de-
lay the collapse. The actual collapse time tcloud likely depends
on the rotation parameter, the ratio of the rotational energy to
gravitational energy,

βcloud = Ω2
cloudR

3
cloud

3GMcloud
, (16)

where Ω(r) = |(r×v(r))/r2| = v⊥(r)/r with v⊥(r) at distance r
being the velocity perpendicular to the rotational axis. We define
Ωcloud at the cloud radius. Naively, we expect that a cloud with
a large Mcloud and a low βcloud collapses quickly and therefore
that the gas accretion rate onto the protostar in the cloud is large
(also see Table 3).

Figure 15(a) shows how the final stellar masses depend on
the various cloud masses and rotation parameters. As expected,
we see that the final stellar mass is higher for larger cloud mass
and/or for lower rotation parameter. We find the dependence is
approximately

MpopIII = 100 M⊙

(
Mcloud

350 M⊙
· 0.3
βcloud

)0.8

, (17)

which also shows the dependences of the in-fall rates on
Equation (13),

Ṁcloud = 2.8 × 10−3 M⊙ yr−1
(

Mcloud

350 M⊙
· 0.3
βcloud

)
. (18)

Table 3
Averaged Properties for Three Evolution Paths

Path MpopIII zform Mvirial Mcloud βcoll
(M⊙) (105 M⊙) (M⊙)

P1 51.2 ± 4.2 18.03 ± 0.55 3.13 ± 0.20 170.5 ± 20.3 0.353 ± 0.017
P2 282.1 ± 30.3 18.86 ± 0.77 4.06 ± 0.35 626.3 ± 80.6 0.298 ± 0.053
P3 483.0 ± 128.3 17.57 ± 0.66 5.06 ± 0.55 837.9 ± 118.9 0.206 ± 0.064

Notes. All quantities are the averaged amount for each evolutionary path.
Column 2: final stellar mass, Column 3: redshift when the central density
reaches 106 cm−3, Column 4: mass scale of the virialized dark matter halo,
Column 5: mass scale of the star-forming cloud, and Column 6: the ratio of the
rotation to gravitational energy of the cloud.

The relation (17) is plotted for several different stellar masses
in Figure 15(a). Whereas Equation (17) approximately follows
the variations of the stellar mass, there are substantial deviations
from the fit (Figure 15(b)).

4.2.2. Correlation at the Dark Halo Scale

We also find that the in-fall rates at the halo virial radii are
correlated with two quantities, the redshift at which a halo forms
zform and the mass of the dark halo Mvirial. Thus the resulting
final stellar mass likely depends on these parameters of the host
halo. Figure 15(c) shows the final stellar masses for different
sets of zform and Mvirial. We see that massive stars preferentially
form at higher redshifts and in more massive dark halos. A good
fit providing the estimate for the stellar mass is

MpopIII = 100 M⊙

(
1 + z

20

)3 (
Mvirial

3 × 105 M⊙

)2

, (19)
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6B;m`2 e, h?2 `2H�iBQMb #2ir22M i?2 K�bb Q7 SQT AAA bi�`b �M/ i?2 �++`2iBQM `�i2bX h?2 iQT
H27i T�M2H Bb i?2 `2H�iBQM #2ir22M MPopIII �M/ i?2 BM7�HH `�i2 �i +HQm/ b+�H2 ṀcloudX h?2 /Qii2/
HBM2 Bb i?2 }iiBM; HBM2 1[X 3X h?2 iQT `B;?i T�M2H Bb i?2 `2H�iBQM #2ir22M MPopIII �M/ i?2 BM7�HH
`�i2 �i /�`F@K�ii2` ?�HQ b+�H2 ṀvirialX h?2 #QiiQK irQ T�M2Hb �`2 i?2 `2bB/m�Hb Q7 /�i�TQBMib
7`QK i?2 bm#i`�+iBQM Q7 }iiBM; `2H�iBQMbX h?2 };m`2b �`2 i�F2M 7`QK 6B;X R9 Q7 >B`�MQ 2i �HX
UkyR9VX

AM 6B;X e r2 b?Qr i?2 `2H�iBQM #2ir22M MPopIII �M/ ṀcloudX h?2 H27i T�M2Hb b?Qr i?�i B7 i?2v
mb2 i?2 }iiBM; `2H�iBQM 1[X 3 i?2v +�M T`2/B+i i?2 `2bmHiBM; bi2HH�` K�bb ivTB+�HHv rBi?BM �
7�+iQ` Q7 irQX

kXj � /B`2+i bBKmH�iBQM Q7 SQT AAA 7Q`K�iBQM- AA U>B`�MQ 2i �HX
kyR8V

AM i?2B` T`2pBQmb rQ`F U>B`�MQ 2i �HX kyR9V- i?2v /2`Bp2 �M 2[m�iBQM i?�i 2biBK�i2b i?2 `2@
bmHiBM; bi2HH�` K�bb 7`QK i?2 �++`2iBQM `�i2 QMiQ i?2 bi�`@7Q`KBM; +HQm/bX AM i?Bb rQ`F i?2v
2ti2M/ i?2B` �M�HvbBb iQ �++QmMi 7Q` i?2 2z2+i 7`QK /Bz2`2Mi 2MpB`QMK2MibX h?2v BM+`2�b2/
i?2B` b�KTH2 bBx2 UR89y ?�HQbV iQ K�F2 bi�iBbiB+�HHv bQmM/ b�KTH2- �M/ i?2v bBKmH�i2 i?2 2z2+i
Q7 `�/B�iBQM 7`QK SQT AAA bi�`b M2�`#vX h?2v +H�BK i?�i i?2 bi�`@7Q`K�iBQM KQ/2 Bb /Bz2`2Mi
#v r?2i?2` i?2 `2;BQM Bb B``�/B�i2/ Q` MQiX SQT AAA bi�`b 7Q`K2/ mM/2` B``�/B�iBp2 2MpB`QM@
K2Mi USQT AAAXkDV bi�`b �`2 KQ`2 K�bbBp2 i?�M i?Qb2 7Q`K2/ mM/2` MQ `�/B�iBQM 2MpB`QMK2Mi
USQT AAAXRVX

h?2v BKTH2K2Mi �M 2H�#Q`�i2 +?2KB+�H M2irQ`F bQ i?�i i?2v +�M 7QHHQr i?2 2pQHmiBQM Q7
+QHH�TbBM; ;�b +HQm/ r?BH2 i�FBM; +QQHBM; BMiQ �++QmMi T`QT2`HvX h?2 BKTQ`i�Mi KQH2+mH2b �`2
>2 �M/ >. KQH2+mH2b, bBM+2 SQT AAA bi�`b /Q MQi ?�p2 K2i�H Q` /mbi- �HH i?2v +�M mb2 �b i?2
+QQH�Mi iQ +QHH�Tb2 �`2 i?2b2 KQH2+mH2bX h?2v +�H+mH�i2 i?2 BM@7�HH `�i2 �i C2�Mb `�/Bmb �M/
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Figure 10. Histogram of the gas infall rates measured at the Jeans scale
when nH,cen = 107 cm−3. The lines with the different colours represent the
different redshift ranges from high (red) to low redshift (blue). The top axis
gives the stellar mass estimated from ṀJeans by equation (7).

that the accretion history in this phase significantly affects the pro-
tostar’s evolution and the strength of the UV radiative feedback
against the accretion flow. Since the stellar radiative feedback ulti-
mately shuts off the mass accretion, the mean accretion rate is a key
parameter that determines the final stellar mass.

Fig. 10 shows the histograms of gas infall rates. The black
line represents the entire collection of samples covering all for-
mation redshifts. We find two peaks that correspond to the dif-
ferent thermal evolution during the collapse stages: the right peak
at ∼3 × 10−3 M⊙ yr−1 is primarily associated with the H2-cooling
case and the left peak at ∼10−4 M⊙ yr−1 is primarily associated with
the HD-cooling case. As expected from the redshift-dependence of
the thermal evolution, the high-rate (high-mass) peak associated
with H2-cooling cases is found at all epochs, whereas the low-rate
peak associated with HD-cooling appears only at low redshifts.
Thus, the infall rate distribution changes from a single peaked func-
tion at high redshifts to the bimodal function for low redshifts, as
shown by the coloured lines.

In Paper I, with 110 cosmological samples of the primordial
star-forming regions, we show that the large variation of the gas
infall rates leads to a spread of final stellar masses ranging from
10 to 1600 M⊙. The results of the present study, with 10 times
more samples, show the existence of a characteristic value of the
infall rate which depends on the formation redshift. Thus, we can
expect that the stellar mass distribution should also have analogous
redshift-dependent characteristic values.

4.4 Estimating Pop III.1 stellar masses

Here, we revisit the correlations between the stellar mass MIII.1

and gas infall rates, which have been examined in Paper I. We
first begin with considering the infall rates measured at the Jeans
scale ṀJeans. Paper I shows that the gas infall rates measured when
nH,cen = 1012 cm−3 can be used as an accurate estimator, via an

105
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Figure 11. Variation of the gas infall rate at the virial scale as a function of
formation redshift and virial mass. The different colours depict the different
mass infall rates, according to the colour scale at the top. The distributions
of the filled circles and dotted lines represent the variation of the sample
data and its fitting function equation (8).

empirical fit, of the final stellar masses. In the present study, in order
to obtain a larger sample at a reasonable computation cost, we follow
the cloud collapse only to nH,cen = 107 cm−3. We therefore need
formulae to predict the Pop III.1 stellar masses based on information
available at nH,cen = 107 cm−3. To this end, we reanalyse the results
of our simulations in Paper I and determine the correlation between
the final stellar masses and the gas infall rates at the Jeans scale
when nH,cen = 107 cm−3. In general, the infall rates are lower than
those at nH,cen = 1012 cm−3, but they are still well correlated with
the stellar masses (Fig. 12). The new fitting formula is given by

MIII = 250 M⊙
(

ṀJeans

2.8 × 10−3 M⊙ yr−1

)0.7

. (7)

The top axis in Fig. 10 depicts the stellar mass calculated by this
equation. In this diagram, the positions of the right and left peaks
correspond to M∗ ≃ 264 and ≃ 24 M⊙, which represent the typical
masses of Pop III.1 stars forming via H2-cooling and HD-cooling
modes, respectively.

Next, we discuss the dependence of the stellar mass on the halo
properties. Paper I shows that the gas infall rate at the halo scale Ṁvir

is also correlated to the stellar mass, but the correlation is somewhat
weaker. Our much larger sample size, however, enables us to derive
more reliable correlations than in Paper I. We reconstruct the fitting
formula at the halo scale, which depends on two parameters: the
formation redshift and the halo mass (see Fig. 11),

Ṁvir = 1.1 × 10−3 M⊙ yr−1
(

1 + z

20

)3.5(
Mvir

4 × 105 M⊙

)1.75

. (8)

We interpret the redshift-dependence of the gas infall rates (or the
stellar masses) shown as the coloured lines in Fig. 10 as follows.
For the H2-cooling cases, the infall rates at the halo scale are
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6B;m`2 d, h?2 BM@7�HH `�i2 Ui?2`27Q`2 bi2HH�` K�bbV /Bbi`B#miBQM Q7 SQT AAAXR bi�`b BM i?2B`
bBKmH�iBQMbX h?2 ;�b +HQm/b +QHH�Tb2 rBi? >.@+QQHBM; �`2 ivTB+�HHv ṀJeans ≃ 10−4M⊙ UH27i
T2�FV- �M/ i?2 ;�b +HQm/b +QHH�Tb2 rBi? >2@+QQHBM; �`2 ivTB+�HHv ṀJeans ≃ 3× 10−3M⊙ U`B;?i
T2�FVX PM i?2 �tBb QM i?2 iQT i?2v b?Qr i?2 bi2HH�` K�bb 2biBK�i2/ 7`QK i?2 BM@7�HH `�i2X
h?Bb };m`2 Bb i�F2M 7`QK 6B;X Ry Q7 >B`�MQ 2i �HX UkyR8VX

i?2v }M/ i?�i Bib /Bbi`B#miBQM Bb #BKQ/�HX AM 6B;X d r2 b?Qr i?2 2biBK�i2/ K�bb /Bbi`B#miBQM
Q7 SQT AAAXR bi�`bX

kX9 lbBM; b2KB@�M�HviB+�H �TT`Q�+? iQ KQ/2H i?2 bi�` 7Q`K�iBQM BM
Jq >�`irB; 2i �HX UkyR8V

h?Bb rQ`F Bb i?2 }`bi BKTH2K2Mi�iBQM Q7 i?2 a�J U7Q` KQ`2 BM7Q`K�iBQM b22 H�i2` +?�Ti2`V
r2 mb2/ 7Q` i?2 T`QD2+iX h?2B` ;Q�H Bb iQ ;Bp2 � +QMbi`�BMi QM i?2 HQr2` HBKBi Q7 SQT AAA AJ6
#v MQM@/2i2+iBQM Q7 K2i�H@7`22 bi�`bX Ai ?�b K�Mv KQ/2H T�`�K2i2`b- #mi i?2v 7Q+mb2b QM �
72r BKTQ`i�Mi T�`�K2i2`b r?2M i?2v +�HB#`�i2 i?2 KQ/2H, i?2 T�`�K2i2`b �`2 UBV SQT AAA bi�`
7Q`K�iBQM 2{+B2M+v- �M/ UBBV KBMBKmK K�bb Q7 SQT AAA bi�`bX qBi? i?2 +�HB#`�i2/ KQ/2H-
i?2v K�/2 T`2/B+iBQMb QM UBV i?2 HQr2` K�bb HBKBi Q7 SQT AAA bi�`b- UBBV SQT AAA bi2HH�` K�bb
BM 2�+? KBMB?�HQ- �M/ UBBBV i?2 +QM/BiBQMb i?�i +�mb2 SQT AAA iQ SQT AA i`�MbBiBQMX

h?2 a�J KQ/2Hb T?vbB+�H T`Q+2bb2b BM i?2 lMBp2`b2 #v bBKTH2 �M�HviB+�H KQ/2HbX 6B`bi-
i?2 a�J `2[mB`2b � /�`F@K�ii2` K2`;2` i`22 iQ rQ`F QMX AM i?Bb T�T2` i?2v T`2T�`2/ K2`;2`
i`22 #v 2ti2M/2/ S`2bb@a+?2+?i2` U1SaV K2i?Q/X PM 2�+? ?�HQ BM i?2 K2`;2` i`22- i?2 a�J
�bbmK2b � ;�H�tvX h?2 ?�HQb �`2 K2i�H@7`22 r?2M i?2v �`2 BMBiB�HBx2/X ai�` 7Q`K�iBQM Q++m`b
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r?2M � ?�HQ K22ib �HH i?2 +QM/BiBQMb 7Q` i?2 bi�` 7Q`K�iBQMX 6Q` SQT AAA bi�` 7Q`K�iBQM- i?2
+QM/BiBQMb �`2, UBV i?2 ?�HQ Bb K�bbBp2 2MQm;? iQ 7Q`K >2 KQH2+mH2b- UBBV /vM�KB+�H ?2�iBM;
#v ;�H�tv K2`;2` Bb MQi iQQ bi`QM;- UBBBV i?2 ;�H�tv Bb K2i�H@7`22- �M/ UBpV GvK�M@q2`M2`
UGqV `�/B�iBQM Bb MQi iQQ bi`QM; bQ i?�i >2 KQH2+mH2b +�M bm`pBp2 �M/ rQ`F �b � +QQH�MiX 6Q`
SQT AAfA bi�`b i?2v �/�Ti � `�i?2` bBKTH2 KQ/2H- KQiBp�i2/ #v � +QbKQHQ;B+�H bBKmH�iBQMX

6B`bi i?2v +�HB#`�i2 i?2 SQT AAA bi�` 7Q`K�iBQM 2{+B2M+v η∗ #v +QKT�`BM; i?2 h?QKbQM
b+�ii2`BM; QTiB+�H /2Ti? iQ Bib KQ/2H T`2/B+iBQMRX h?QKbQM b+�ii2`BM; Bb � b+�ii2`BM; Q7 T?Q@
iQMb #v 7`22 2H2+i`QMbX AM +QbKQHQ;B+�H +QMi2ti i?2 T?QiQMb �`2 +QbKB+ KB+`Qr�p2 #�+F;`QmM/
U*J"V T?QiQMb- �M/ i?2 2H2+i`QMb �`2 BMi2`;�H�+iB+ QM2bX q2 +�M K2�bm`2 i?2 QTiB+�H /2Ti?
τ 7`QK i?2 +`Qbb +Q``2H�iBQMb Q7 TQH�`Bx�iBQMb Q7 *J"X �7i2` +QbKB+ `2BQMBx�iBQM Uz ∼ 8V- i?2
lMBp2`b2 Bb �Mvr�v BQMBx2/, i?2`27Q`2 MQ 2z2+i +�M #2 Q#b2`p2/ #v i?2 /Bz2`2M+2 Q7 SQT AAA
bi�` 7Q`K�iBQM KQ/2HbX "27Q`2 i?2 +QbKB+ `2BQMBx�iBQM- r?2M i?2 ?v/`Q;2M �iQKb `2T2�i2/Hv
`2BQMBx2/ �M/ `2+QK#BM2/- i?2 +QMi`B#miBQM iQ τ Bb b2MbBiBp2 iQ i?2 SQT AAA bi�` 7Q`K�iBQM
KQ/2HX h?2 η∗ Bb +�HB#`�i2/ iQ η∗ = 0.01X h?2v �HbQ +?2+F i?2 +�HB#`�iBQM #v UBV i?2 K2i�H
2M`B+?K2Mi ?BbiQ`v #v +QKT�`BM; iQ i?2 K2i�HHB+BiB2b Q7 /�KT2/ GvK�M@α U.G�V bvbi2Kb-
�M/ UBBV i?2 bi`2M;i? Q7 mM`2bQHp2/ s@`�v #�+F;`QmM/X AM #Qi? +QKT�`BbQMb i?2 a�J KQ/2H
T`2/B+iBQM Bb +QMbBbi2Mi iQ 2tBbiBM; Q#b2`p�iBQMbX

>�pBM; /2i2`KBM2/ i?2 SQT AAA bi�` 7Q`K�iBQM 2{+B2M+v ηIII- M2ti i?2v BMp2biB;�i2 i?2
SQT AAA bm`pBpQ`b iQ/�vX h?2 BKTQ`i�Mi p�Hm2 7Q` i?2 SQT AAA bm`pBpQ`b Bb i?2 iQi�H SQT AAA
bi2HH�` K�bb BM i?2 JqX h?Bb Bb 2�bBHv �++2bbB#H2 B7 i?2 η∗ Bb �H`2�/v /2i2`KBM2/X h?2v /Q
MQi 2tTHB+BiHv ;Bp2 i?2 [m�MiBiv- #mi i?2v +�H+mH�i2 i?2 T`2/B+i2/ MmK#2` Q7 SQT AAA bm`pBpQ`b
7Q` 2�+? Mmin- i?2 HQr2` K�bb HBKBi Q7 SQT AAA bi�`bX 6`QK i?2 MmK#2` Q7 bm`pBpQ`b iQ/�v
Nsurv �M/ i?2 iQi�H MmK#2` Q7 bi�`b BM i?2 Jq i?2v +�M 2t2+mi2 � bi�iBbiB+�H i2bi, �bbmKBM;
i?2 Q#b2`p�iBQM Bb � `�M/QK b�KTHBM; Q7 2tBbiBM; bi�`b- r?�i Bb i?2 TQbbB#BHBiv i?�i i?2`2
�`2 Nsurv Q7 SQT AAA bm`pBpQ`b #mi r2 ?�p2 M2p2` Q#b2`p2/ �Mv Q7 i?2K\ A7 i?Bb p�Hm2 Bb
bK�HH UHBF2 H2bb i?�M 8WV- r2 +�M 2HBKBM�i2 i?2 TQbbB#BHBiv i?�i i?2`2 �`2 KQ`2 i?�M Nsurv Q7
SQT AAA bm`pBpQ`b BM i?2 JqX qBi? i?Bb K2i?Q/- i?2v Q#i�BM i?2 +QMbi`�BMib QM i?2 MminX
AM 6B;X 3 r2 b?Qr i?2 };m`2 i?�i b?Qrb i?2 +QMbi`�BMib QM i?2 MminX h?2 `2/- ;`22M- �M/
#Hm2 +m`p2b �`2 i?2 `2[mB`2/ b�KTH2 bBx2b iQ 2HBKBM�i2 i?2 Mmin KQ/2H �i bB;MB}+�M+2 H2p2H
e3XkdW- N8X88W- �M/ NNXd8WX h?2 +m`p2 QM i?2 H27i b?Qrb i?2 2biBK�i2 7Q` i?2 ?�HQ bi�`b-
�M/ i?2 +m`p2 QM i?2 `B;?i b?Qrb i?2 2biBK�i2 7Q` i?2 #mH;2 bi�`bX h?2 �``Qrb QM H27i@iQT
�`2 i?2 MmK#2` 2biBK�i2b Q7 bi�`b i?�i �`2 �H`2�/v Q#b2`p2/X h?2 ?�HQ bi�`b �`2 �H`2�/v BM �
;QQ/ `�M;2, KQ/2Hb i?�i �HHQr HQr@K�bb SQT AAA bi�`b +�M �H`2�/v #2 2t+Hm/2/X 6Q` 2t�KTH2-
SQT AAA AJ6 rBi? Mmin = 0.65M⊙ Bb �H`2�/v 2t+Hm/2/ rBi? N8W +QM}/2M+2 H2p2HX

kX8 *QMbi`�BMBM; i?2 HQr2` HBKBi Q7 SQT AAA AJ6 #v i?2 MQM@/2i2+iBQM
Q7 SQT AAA bi�`b UJ�;; 2i �HX kyR3V

h?2v mb2 i?2 T`2pBQmb p2`bBQM Q7 � bHQi? iQ BMp2biB;�i2 r?B+? ;�H�tv Bb HBF2Hv iQ ?Qbi
SQT AAA bm`pBpQ`bX "27Q`2 i?Bb rQ`F K�Mv Q7 a�Jb �`2 #�b2/ QM 1Sa K2`;2` i`22bX >Qr2p2`-
r?2M r2 /Bb+mbb �#Qmi 7Q`K�iBQM Q7 SQT AAA bi�`b- bT�iB�H BM7Q`K�iBQM Bb BKTQ`i�MiX 6Q`
2t�KTH2 r?2M r2 i�F2 BMiQ �++QmMi 2ti2`M�H 2z2+ib HBF2 +?2KB+�H 2M`B+?K2Mi �M/ Gq T?QiQM

RLQi2 i?�i i?2B` /2}MBiBQM Q7 η∗ Bb � #Bi /Bz2`2Mi 7`QK mbm�H /2}MBiBQM, M∗ = ηIIIfLW
Ωb
Ωm

Mhalo, ηIII =
η∗fLW- r?2`2 fLW ≃ 0.06

R3



3904 T. Hartwig et al.

M m
in 

[M
]

sample size No

ob
ser

va
bil

ity
?

 0
 0.1
 0.2
 0.3
 0.4
 0.5
 0.6
 0.7
 0.8
 0.9

102 103 104 105 106 107 108 109 1010

bulgehalo

No bulge
No halo

68.27%
95.55%
99.75%

Figure 12. Constraints on the lower IMF limit as a function of the sample size, whereas the different lines represent the confidence levels of 68.27, 95.55,
and 99.73 per cent. The vertical dashed lines in magenta and light blue indicate the current sample sizes, respectively, the number of stars that have already
been observed and that are certainly not Pop III stars. The vertical arrow on the right illustrates the reduced observation probability for stars below ∼0.6 M⊙.
However, since we model star formation separately for every value of Mmin, values above the observability threshold are not affected by the reduced observability
for smaller stellar masses. For the bulge, we have to observe a much higher number of stars to find a constraint on Mmin, compared to the halo. Furthermore,
it is noticeable that we are already in the interesting regime for the halo and we need sample sizes of 4 × 106, 1 × 107, and 2 × 107 to exclude any Pop III
survivors with a confidence level of 68.27, 95.55, and 99.73 per cent, respectively. The error bars include the uncertainty in the SFE, in the total number of stars
Nt and the statistical scatter between several merger tree realizations.

treatment of the error bars, we could already exclude the existence
of any Pop III stars with less than ∼0.65 M⊙ with a certainty of
95 per cent. However, for a more restrictive reading (corresponding
to ∼103 halo stars surveyed at sufficiently high quality), no con-
straints could yet be placed on the Pop III IMF. In order to exclude
any Pop III survivors with a certainty of 99 per cent, a critical sam-
ple size of ∼2 × 107 halo stars has to be achieved, which should
be well within reach of upcoming stellar archaeological campaigns.
However, designing a well-considered observing plan is out of the
scope of this work. A basic assumption of this statistical analysis is
that all stars have the same probability of being observed. Once this
assumption breaks down, we might have to correct for the reduced
observation probability. However, any conclusions drawn from the
mass range above ∼0.65 M⊙ is not affected by this caveat.

5 C AV EATS AND PARAMETER SENSITIVITY

Although we include the most relevant feedback mechanisms and
calibrate our model against empirical constraints, there are several
approximations and limitations that introduce uncertainties to our
results. In this section, we investigate these caveats and address the
question of how sensitive our model is to the specific choice of
parameters. We begin by discussing some of the processes that are
not included in our current approach in Section 5.1. It is fair to say
that the numerical calculations of Pop III star formation that aim
at resolving individual objects are still in their infancy and leave
room for large uncertainties with respect to stellar multiplicity and
rotation as well as to the IMF. We assess the influence of these un-
certainties in Sections 5.2 and 5.3, respectively. Another key factor
that enters our model is the cosmic reionization history, as modelled

by the escape fraction of ionizing radiation. The uncertainties in this
parameter are explored in Section 5.4. We focus our discussion on
the number of expected Pop III survivors as our primary prediction,
and provide the corresponding plots in Fig. 13.

5.1 Neglected effects

There are a number of physical processes and effects that are not
yet included in our model. The first simplification is that our ap-
proach is a purely statistical one. We have no information about the
exact spatial location of dark matter haloes and the distance to their
neighbours. For this reason, we can address the question of how
feedback influences other haloes only in a probabilistic and rather
idealized fashion. By the same token, we can determine whether a
high-redshift halo will become part of the Milky Way halo or the
bulge in a statistical sense only.

Furthermore, we also neglect the effects of streaming veloci-
ties (Tseliakhovich & Hirata 2010) on the dynamics of primordial
haloes and on their ability to form stars. This effect may lead to
a delayed onset of Pop III star formation, possibly occurring in
haloes of somewhat larger masses than we assume here (e.g. Greif
et al. 2011a; Maio, Koopmans & Ciardi 2011; Stacy, Bromm &
Loeb 2011). However, we note that in the model of Tseliakhovich,
Barkana & Hirata (2011), the critical mass for collapse in a typical
region is increased by only one order of magnitude and hence re-
mains smaller than our Mcrit at all redshifts z < 40 (Glover 2013).
It is therefore plausible that properly accounting for the effects of
streaming velocities would not make a major difference to the re-
sults of our model. We also do not include magnetic fields or the
potential effects of dark matter annihilation when calculating the
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6B;m`2 3, � };m`2 b?Qrb i?2 +QMbi`�BMib QM i?2 HQr2` AJ6 HBKBiX h?2 +m`p2b Q7 i?`22 /Bz2`2Mi
+QHQ`b +Q``2bTQM/ iQ /Bz2`2Mi bB;MB}+�M+2 H2p2H i?2v mb2X h?2 i?`22 +m`p2b QM i?2 H27i �`2 i?2
+QMbi`�BMib Q#i�BM2/ #v i�FBM; ?�HQ bi�`b �b i?2 b�KTH2- �M/ i?2 Qi?2` i?`22 QM i?2 `B;?i �`2
i?2 QM2b #v i�FBM; #mH;2 bi�`b �b i?2 b�KTH2X h?2 irQ �``Qrb QM i?2 iQT H27i �`2 i?2 +m``2Mi
b�KTH2 bBx2b Q7 ?�HQ bi�`b �M/ #mH;2 bi�`bX h?2 };m`2 Bb b?QrBM; i?�i i?2 +m``2Mi b�KTH2 bBx2
Q7 ?�HQ bi�`b Bb �H`2�/v 2MQm;? iQ b2i HBKBi QM i?2 HQr2` HBKBi Q7 SQT AAA AJ6X h?Bb };m`2 Bb
i�F2M 7`QK 6B;XRk Q7 >�`irB; �M/ uQb?B/� UkyRNVX
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~mt2b 7`QK M2B;?#Q`BM; ?�HQb- r2 M22/ /Bbi�M+2b iQ i?2 ?�HQb M2�`#vX h?2v mb2 K2`;2` i`22b
2ti`�+i2/ 7`QK � L@#Q/v bBKmH�iBQM U:`Bz2M 2i �HX kyReVX qBi? i?2 K2`;2` i`22b rBi? bT�iB�H
BM7Q`K�iBQM- i?2v +QMbi`m+i KQ/2Hb iQ T`QT2`Hv i�F2 UBV +?2KB+�H 722/#�+F- �M/ UBBV `�/B�iBp2
722/#�+F 7`QK bi�`b BMiQ �++QmMiX h?2v �`;m2 i?�i B7 r2 r�Mi iQ }M/ SQT AAA bm`pBpQ`b- i?2
#2bi bi`�i2;v Bb iQ HQQF 7Q` b�i2HHBi2 ;�H�tB2b- 2bT2+B�HHv bK�HH QM2bX

h?2 a�J Bb �M 2ti2MbBQM Q7 >�`irB; 2i �HX UkyR8VX h?2B` BKT`Qp2K2Mib �`2 BMi2`�+iBQMb
#2ir22M ?�HQb BM i2`Kb Q7 +?2KB+�H 2M`B+?K2Mi �M/ `�/B�iBQMX q?2M � bi�` 7Q`K�iBQM Q++m`b
BM � ?�HQ- i?2v �bbmK2 i?2`2 Bb �M ǳK2i�H@`B+? #m##H2Ǵ i?�i 2tT�M/b 7`QK i?2 ?�HQX h?2 `�/Bmb
2tT�M/b KQMQiQMB+�HHvX h?2 2tT�MbBQM bT22/ Bb �bbmK2/ iQ #2 +QMbi�Mi- �bbmKBM; 722/#�+Fb
7`QK KmHiBTH2 bi�`b +QMi`B#mi2 iQ i?2 /`BpBM; TQr2` Q7 i?2 `�/Bmb 2tT�MbBQMX �7i2` SQT AAA
bi�` 7Q`K�iBQM- i?2 b?2HH 2tT�M/b 7Q` ǳ`2+Qp2`v iBK2Ǵ trecov = 100MyrX �7i2` trecov- SQT AA
bi�` 7Q`K�iBQM Q++m`b �M/ i?2 2tT�MbBQM Q7 ǳK2i�H@`B+? #m##H2Ǵ Bb /2H2;�i2/ iQ SQT AA bi�`
7Q`K�iBQMX h?2 bi�` 7Q`K�iBQM �HbQ +QMi`B#mi2 iQ `�/B�iBp2 722/#�+FX h?2 BKTQ`i�Mi T?QiQMb
�`2 BQMBxBM; T?QiQMb Uhν > 13.6eVV �M/ Gq T?QiQMb U13.6 > hν > 11.2eVVX �`QmM/ � bi�`@
7Q`KBM; ?�HQ- i?2v +�M /2}M2 �M BQMBx2/ `2;BQMX h?2 BQMBx�iBQM ?�b �M 2z2+i iQ ?BM/2` bi�`
7Q`K�iBQM �Hi?Qm;? Bi /Q2b MQi +QKTH2i2Hv [m2M+?X h?2 Gq `�/B�iBQM Bb BKTH2K2Mi2/ �b �M
mMB7Q`K #�+F;`QmM/ `�/B�iBQM, i?Bb 2z2+i /2H�vb SQT AAA bi�` 7Q`K�iBQM #v T?QiQ/BbbQ+B�iBM;
>2 KQH2+mH2bX

AM 6B;X N r2 b?Qr i?2 7`�+iBQM Q7 SQT AAA bm`pBpQ`b BM ;�H�tB2b �b � 7mM+iBQM Q7 bi2HH�`
K�bbX h?2 };m`2 +H2�`Hv b?Qrb i?�i i?2 SQT AAA bm`pBpQ`b HBF2Hv iQ `2bB/2 BM ;�H�tB2b rBi?
bK�HH bi2HH�` K�bbX h?Bb Bb M�im`�H #2+�mb2 BM H�`;2 ;�H�tB2b i?2 MmK#2` Q7 SQT AA bi�`b
Bb H�`;2- i?2`27Q`2 /2+`2�bBM; i?2 7`�+iBQM Q7 SQT AAA bm`pBpQ`bX h?2v �HbQ ;Bp2 2biBK�i2b
QM i?2 MmK#2` Q7 SQT AAA bm`pBpQ`b i?�i �`2 BM `2/ ;B�Mi #`�M+? U_:"V UbQ i?�i i?2v �`2
bm{+B2MiHv #`B;?i iQ #2 Q#b2`p2/VX h?2v }M/ i?�i b�i2HHBi2 ;�H�tB2b rBi? M∗ ≃ 105M⊙ ?Qbi
QM2 SQT AAA bm`pBpQ` i?�i Bb BM _:" T?�b2 QM �p2`�;2X h?Bb 2biBK�i2 H2/ i?2K +QM+Hm/2 i?�i
B7 i?2 KBMBKmK SQT AAA K�bb Bb H2bb i?�M yX3 J⊙- r2 +�M }M/ SQT AAA bm`pBpQ`b #v +HQb2Hv
BMp2biB;�iBM; i?2 bi�`b BM /r�`7 ;�H�tB2bX

kXe P#b2`p�iBQM�HHv +QMbi`�BMBM; i?2 bm`pBp�H Q7 SQT AAA bi�`b UJ�;;
2i �HX kyRNV

h?2v �`;m2/ i?�i 7`QK i?2 7�+i i?�i r2 ?�p2 M2p2` Q#b2`p2/ �Mv SQT AAA bi�`b r2 +�M
+QMbi`�BM i?�i i?2`2 �`2 MQ SQT AAA bm`pBpQ`b BM i?2 JqX h?2 F2v 72�im`2 Bb i?�i i?2v mb2 i?2
Q#b2`p�iBQM�H #B�b, 2ti`2K2Hv K2i�H@TQQ` U1JS- (62f>) < −3V �M/ mHi`� K2i�H@TQQ` UlJS-
(62f>) < −4V bi�`b �`2 HBF2Hv iQ #2 BMp2biB;�i2/ BM /2i�BH �M/ `2TQ`i2/X h?2v mb2 � bBKTH2
bi�iBbiB+�H �`;mK2Mi i?�i ǳA7 i?2 T`Q#�#BHBiv Q7 K2i�H@7`22 bi�`b �KQM; 1JS UlJSV bi�`b Bb
PEMP(PUMP)- i?2 T`Q#�#BHBiv Q7 MQM@/2i2+iBQM Bb (1 − PEMP)NEMP((1 − PUMP)NUMP)ǴX h?2v
+H�BK i?�i +m``2Mi Q#b2`p�iBQM�H b�KTH2 bBx2 Q7 lJS bi�`b Bb �H`2�/v 2MQm;? iQ 2t+Hm/2 i?2
KQ/2Hb rBi? � HQi Q7 SQT AAA bm`pBpQ`bX

h?2v +�H+mH�i2 i?2 MmK#2` Q7 SQT AAA bm`pBpQ`b BM i?2 Jq #v � iQT@?2�pv AJ6, HQ;@~�i
7`QK 0.6M⊙ iQ 150M⊙X hvTB+�HHv i?2 MmK#2`b Q7 SQT AAA bm`pBpQ`b �`2 � 72r iBK2b Ryyy-
/2T2M/BM; QM r?B+? K2`;2` i`22 i?2v mb2X �HbQ i?2v +�H+mH�i2 i?2 MmK#2` Q7 1JS �M/
lJS bi�`b BM i?2 Jq- �M/ /2`Bp2 i?2 7`�+iBQMb Q7 K2i�H@7`22 bi�`b Qmi Q7 1JSflJS bi�`bX
_2+2MiHv � bm`p2v UuQm�FBK 2i �HX kyRdV }M/ i?�i 1JS �M/ lJS bi�`b +QMbBbib Q7 Rf3yy
�M/ Rf3yyyy Q7 i?2 bi�`b BM i?2 JqX h?2v 2biBK�i2 i?2 MmK#2` Q7 bi�`b BM i?2 ?�HQ iQ #2

ky
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Figure 4. Upper panel: ages of Pop III star bursts. Lower panel: distribution
of ages of Pop III survivors. Most survivors have ages larger than 12 Gyr.
However, there are rare Pop III formation events much later. These are caused
by massive haloes that stay pristine to low redshifts. We plot histograms for
total numbers (black, solid), only Pop III formation in atomic cooling haloes
(blue, dotted) and only in minihaloes (green, dashed) separately. Atomic
cooling haloes dominate at all but the earliest times.

Figure 5. The number of progenitors that form Pop III stars as a function of
the peak dark matter mass of the Milky Way-like haloes and their subhaloes.
The solid line is a power-law fit to our data. We show similar power-law fits
(dashed) to four different cases of LW feedback from Griffen et al. (2016a)
for comparison: no LW feedback (black), weak feedback (cyan), medium
feedback (red) and strong feedback (magenta). The Pop III-forming pro-
genitor numbers from Ishiyama et al. (2016, dashed-dotted) are noticeably
higher than ours.

Figure 6. Fraction of surviving Pop III stars as a function of stellar mass for
all Milky Way-like haloes and their subhaloes. The cluster of haloes around
M∗ ≈ 4 × 1010 M⊙ are the 30 Milky Way-like haloes. The stellar masses
have been determined with the Garrison-Kimmel et al. (2014) abundance
matching scheme. The survivor fraction generally increases towards lower
stellar masses.

3.2 Pop III survivors

We identify subhaloes of the 30 main haloes as their satellite galax-
ies. At z = 0, we use the Garrison-Kimmel et al. (2014) abundance
matching scheme to assign stellar masses to these simulated Milky
Way satellites. A halo that reaches a peak mass of Mpeak during its
evolution is assigned a stellar mass M∗, where

log
(

M∗

M⊙

)
= log(ϵM1) + f

(
log

(
Mpeak

M1

))
− f (0), (17)

with M1 = 3.27 × 1011 M⊙, ϵ = 0.0167 and

f (x) = − log
(
10−1.92x + 1

)
+ 3.5 (log(1 + exp(x))0.32

1 + exp (10−x)
. (18)

This scheme is similar to the abundance matching from Behroozi,
Wechsler & Conroy (2013c, equation 3), but has a steeper power-
law slope, causing the stellar mass to evolve as

M∗ ≈ 3 × 106 M⊙
(

Mpeak

1010 M⊙

)1.92

(19)

at M∗ ! 108 M⊙. Fig. 6 shows the fraction of all stars that are Pop
III survivors (fsurv) as a function of stellar mass. The 30 Milky Way
host haloes are seen as a cluster around M∗ ≈ 4 × 1010 M⊙. In
these haloes, we find between 1800 and 5200 Pop III survivors,
which is well below the upper limit for the abundance of Pop III
survivors derived in Hartwig et al. (2015). A detailed analysis of the
likelihood of finding Pop III survivors in the Milky Way requires
a careful consideration of how the survivors are distributed in the
Milky Way (Ishiyama et al. 2016; Komiya et al. 2016). As our model
only provides halo positions and not positions of the stars within a
given halo, this analysis is beyond the scope of this project.

In Fig. 6, we see that satellite galaxies with low stellar masses
have a higher fraction of Pop III survivors. Fitting a power law to
the Pop III survivor fraction results in

fsurv = 0.37
(

M∗

M⊙

)−0.62

. (20)
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Pristine survivors 3

into account the positions of the haloes and the e↵ects of ion-
izing radiation. The adopted numbers of Pop III survivors
are also by more than order of magnitude smaller than the
one in Ishiyama et al. (2016, around 100000 survivors). This
discrepancy is mostly caused by assuming around an order
of magnitude more survivors per Pop III forming minihalo.
Komiya et al. (2016) predicted around 3000 Pop III sur-
vivors in the MW, similarly to our estimate. Therefore, our
estimate of the number of surviving pristine stars is among
the more conservative predictions that still allow for surviv-
ing Pop III stars. Salvadori et al. (2007) and de Bennas-
suti et al. (2017) also investigate the possiblity of surviving
Pop III stars in the MW and make predictions for how com-
mon they are. As they only derive the fraction of a certain
group of stars that should be metal-free and do not give ab-
solute numbers, direct comparisons to the survivor counts
are di�cult. We will investigate the consistency of their pre-
dictions with the current state of observations below.

2.3 Total number of EMP stars in the halo

To compute with which probability a number of metal-free
stars could have escaped detection until now, we have to de-
termine the size of the “haystack”, i.e., the total number of
EMP/UMP stars among which we have to look for pristine
survivors. In order to do this we assume that all EMP, UMP
and hypothetical pristine stars are located in the stellar halo
of the MW. Simulations and semi-analytical modelling con-
firm that most of surviving metal-free stars should be found
in the stellar halo (Hartwig et al. 2015; Starkenburg et al.
2017). Sestito et al. (2019) recently found that the major-
ity of known UMP stars indeed are observed in the stellar
halo. Therefore, our estimates of the total amount should
be appropriate. Furthermore this assumption only enters in
our estimate of the size of the “haystack”, i.e., our model
is independent of it as long as it does not lead to us sig-
nificantly underestimating the total number of EMP/UMP
stars in the MW.

We assume a stellar halo mass of M⇤,halo = 109 M�
(Bell et al. 2008). We convert this to a number of stars by
assuming an average stellar mass of a typical old metal-
poor main sequence turn-o↵ star, i.e. M⇤ = 0.6M�. This is
again a conservative estimate, which probably significantly
overestimates the number of EMP and UMP stars. Thus it
gives a relatively large “haystack”, assuming that all stars
are at the smallest mass where they can still be detected
and the metallicities constrained reasonably well. For the
same reason the lower limit of the pristine IMF was selected
to be 0.6M� in Magg et al. (2018). Recently, Youakim et al.
(2017) estimated that 1/800 of halo stars are EMP stars and
1/80000 of halo stars are UMP stars. Thus, we estimate the
total number of EMP and UMP stars to be

NEMP,tot =
M⇤,halo

800M⇤
= 2.08⇥ 106 (4)

and

NUMP,tot =
M⇤,halo

80000M⇤
= 20800. (5)

While these numbers are subject to large uncertainties they
are the best estimates available to us. To be conservative, we
also use a very pessimistic conversion factor between stellar

Figure 2. Probability of not detecting metal-free stars until to-
day, as function of halo mass. We show the probabilities derived
from UMP (blue diamonds) and EMP (orange triangles) star de-
tections separately and combined (green circles). The UMP stars
give much tighter constraints than the EMP stars.

mass and the number count of stars. One source of uncer-
tainty is that Youakim et al. (2017) derived those numbers
for stars in the magnitude range 14 < V < 18 and that EMP
and UMP stars could be more common in the more metal-
poor outer stellar halo. Therefore, we will discuss below how
our results would change, if we underestimated the number
of EMP and UMP stars by a factor of two.

2.4 Number of detected stars

For the number of observed UMP stars we use the
NUMP,obs = 42 stars from Sestito et al. (2019). We determine
the number of detected EMP stars to be NEMP,obs = 532 by
a query of the SAGA2 database (Suda et al. 2008). Of these
stars, 507 are in the metallicity range �4 < [Fe/H] < �3.
With this method, we are underestimating the number of
detected EMP stars as we do not include e.g. the recent de-
tections from TOPoS (François et al. 2018) or LAMOST (Li
et al. 2018, Li et al. in prep.).

3 RESULTS AND DISCUSSION

By using the estimated numbers of survivors, EMP and
UMP stars and their detections, we can compute the prob-
ability of the non-detection of these metal-free stars until
today with Eq. (1). The probabilities for individual haloes
are presented in Fig. 2. The non-detection probabilities de-
rived from EMP stars are typically around 50 per cent, while
the values derived from the UMP star sample are orders of
magnitude smaller. If we remove the UMP stars from the de-
tected EMP sample, i.e., usingNEMP,obs = 507, the two non-
detection probabilities become independent. We can com-
bine them by multiplication. These combined probabilities
o↵er a slight improvement over the estimate derived from
detections of UMP stars. As the 30 simulated merger trees
represent our a priori distribution of survivor counts, we

2 http://sagadatabase.jp, accessed on 22.01.2019
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6B;m`2 Ry, � };m`2 b?Qrb i?2 P0 2biBK�i2b 7`QK �HH i?2 K2`;2` i`22bX h?2 /Bz2`2M+2b BM P0

+QK2b 7`QK /Bz2`2M+2b BM i?2 MmK#2`b Q7 SQT AAA bm`pBpQ`bX qBi? 1JS bi�`b i?2v +H�BK i?�i
SQT AAA bm`pBpQ`b b?QmH/ ?�p2 #22M Q#b2`p2/ #v MQr B7 i?2v 2tBbi2/X h?Bb };m`2 Bb i�F2M 7`QK
6B;X k Q7 J�;; 2i �HX UkyRNVX

≃ 1.7× 109M⊙- �bbmKBM; i?2 bi2HH�` K�bb BM i?2 ?�HQ iQ #2 109M⊙ �M/ i?2 �p2`�;2 K�bb Q7
2�+? bi�` Bb 0.6M⊙X h?2 2biBK�i2/ MmK#2`b Q7 1JS �M/ lJS bi�`b �`2,

NEMP,tot = 2.08× 106 UNV
NUMP,tot = 2.08× 104. URyV

qBi? i?2 MmK#2` 2biBK�i2b Q7 1JS �M/ lJS bi�`b- i?2v +�M +�H+mH�i2 i?2 7`�+iBQMb Q7
SQT AAA bm`pBpQ`b Qmi Q7 1JS �M/ lJS bi�`b Psurv,EMP = Nsurv/NEMP,tot �M/ Psurv,UMP =
Nsurv/NUMP,totX h?2b2 �`2 ivTB+�HHv Psurv,EMP = 0.001 �M/ Psurv,UMP = 0.1X h?2 MmK#2`b
Q7 1JS �M/ lJS bi�`b Q#b2`p2/ �`2 NEMP,obs = 532 �M/ NUMP,obs = 42X h?2`27Q`2 i?2
T`Q#�#BHBiv Q7 MQi /2i2+iBM; �Mv SQT AAA bm`pBpQ`b +�M #2 +�H+mH�i2/ �b,

P0,EMP = (1− Psurv,EMP)
NEMP,obs URRV

P0,UMP = (1− Psurv,UMP)
NUMP,obs URkV

A7 i?2 P0 Bb p2`v bK�HH- r2 +�M 2t+Hm/2 i?2 MmHH ?vTQi?2bBb, ǳi?2 MmK#2` Q7 SQT AAA bm`pBpQ`b
+�M #2 +�H+mH�i2/ #v �M HQ;@~�i AJ6 7`QK 0.6M⊙ iQ 150M⊙ǴX aBM+2 i?2 /2i2+i2/ 7`�+iBQM Q7
lJS bi�`b Bb ?B;?2` i?�M i?�i Q7 1JS bi�`b- P0,UMP < P0,EMPX h?2`27Q`2 i?2 2biBK�i2b rBi?
lJS bi�`b b2i � #2ii2` +QMbi`�BMibX aBM+2 (1 − 0.1)42 ∼ 0.01- i?2v +�M 2t+Hm/2 i?2 SQT AAA
AJ6 i?�i i?2v �bbmK2X AM 6B;X Ry A b?Qr i?2 F2v };m`2 7`QK i?2B` T�T2`X h?2 /Bz2`2M+2b BM
P0 +QK2b 7`QK /Bz2`2M+2b BM i?2 MmK#2`b Q7 SQT AAA bm`pBpQ`bX

j JQiBp�iBQM, q?�i /Q r2 r�Mi iQ mM/2`bi�M/\
PM2 Q#pBQmb #mi 7�`@�r�v ;Q�H Bb iQ +H�`B7v i?2 SQT AAA AJ6X

AM K�Mv a�Jb- 2�+? ;�H�tv Bb QM2@xQM2- BX2X r2 �bbmK2 i?�i BMbB/2 i?2 ;�H�tB2b �`2
+QKTH2i2Hv ?QKQ;2M2Qmb BM i2`Kb Q7 K2i�HHB+Biv- �M/ i?2 bi�`b 7Q`KBM; BM i?2 ;�H�tv ?�b
i?2 b�K2 K2i�HHB+Biv �b i?2 Qi?2` ;�b +QKTQM2MibX >Qr2p2`- i?2 K2i�H /Bbi`B#miBQM +�M #2
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[mBi2 BM?QKQ;2M2Qmb, b22 6B;X RRX h?2 +QHQ`b b?Qr i?�i 2p2M rBi?BM QM2 ?�HQ K2i�HHB+Biv +�M
#2 /Bz2`2Mi #v }p2 Q`/2`b Q7 K�;MBim/2X AM i?2 T`2pBQmb p2`bBQM Q7 � bHQi? U7Q` /2i�BH2/
2tTH�M�iBQM TH2�b2 b22 b2+iBQM 9XkV- i?2`2 r�b � 7`22 T�`�K2i2` ǳ/BHmiBQM 7�+iQ`ǴX "mi i?2
/Bbi`B#miBQM Q7 i?2 /BHmiBQM 7�+iQ` r�b �`#Bi`�`BHv /2i2`KBM2/X Jv rQ`F Bb iQ BKT`Qp2 i?2
/BHmiBQM 7�+iQ`, M�K2Hv- /2i2`KBM2 i?2 /BHmiBQM 7�+iQ` �b � 7mM+iBQM Q7 bQK2 ;�H�tv T`QT2`iB2b-
#v i?2 �M�HvbBb Q7 +QbKQHQ;B+�H bBKmH�iBQMX >2`2�7i2` r2 +�HH i?Bb T�`�K2i2` ǳ/wǴX

6B;m`2 RR, hrQ ;�H�tB2b BM _2M�Bbb�M+2 bBKmH�iBQM �i z = 12X h?2 H27i T�M2H Bb � ;�H�tv
BM r?B+? /2Mb2 ;�b Bb K2i�H@`B+?2` i?�M �p2`�;2 ;�bX h?2 `B;?i T�M2H Bb � ;�H�tv BM r?B+?
/2Mb2 ;�b Bb K2i�H@TQQ`2` i?�M �p2`�;2 ;�bX K2i�HHB+Biv BM?QKQ;2M2Biv +�M #2 [mBi2 H�`;2
2p2M rBi?BM QM2 ?�HQX

h?2 a�J Bb �Hr�vb +�HB#`�i2/ iQ `2T`Q/m+2 bQK2 Q#b2`p�iBQMbX q?2M r2 BMp2biB;�i2 i?2
SQT AAA AJ6 rBi? � bHQi? i?2 KQbi BKTQ`i�Mi +�HB#`�iBQM Bb i?2 K2i�HHB+Biv /Bbi`B#miBQM
7mM+iBQM UJ.6V �i HQr (62f>)X AM i?Bb +�b2 i?2 ǳ/wǴ Bb +`m+B�H, r`QM;Hv /Bbi`B#mi2/ /w +�M
#B�b i?2 (62f>) /Bbi`B#miBQM- �M/ i?2`27Q`2 ;Bp2 mb � r`QM; `2bmHiX h?Bb Bb i?2 }`bi rQ`F iQ
[m�MiB7v i?2 K2i�HHB+Biv BM?QKQ;2M2Biv BM 2�+? ;�H�tv �M/ /Bb+mbb i?2 BKTHB+�iBQMbX

9 J2i?Q/R, a�J
>2`2 r2 2tTH�BM ?Qr r2 KQ/2H i?2 ;�H�tv 7Q`K�iBQM BM 2�+? ?�HQX q2 mb2 �M b2KB@�M�HviB+�H
KQ/2H BKTH2K2Mi2/ #v hBHK�M >�`irB; �M/ `2+2MiHv M�K2/ ǳ�M+B2Mi ai�` 7Q`K�iBQM �M/
GQ+�H P#b2`p�#H2b #v h`�+BM; >�HQ2b U�@aGPh>VǴX ǳa2KB@�M�HviB+�HǴ K2�Mb i?�i bQK2 T`Q@
+2bb2b �`2 i`2�i2/ rBi? bBKTHB}2/ �M�HviB+�H 7Q`KmH�- r?BH2 bQK2 T`Q+2bb2b �`2 i`2�i2/ rBi?
bQT?BbiB+�i2/ K�MM2`X 1bb2MiB�HHv- i?2 a�J Bb � KQ/2HBM; Q7 ;�H�tB2b BMbB/2 /�`F K�ii2`
?�HQbX 6Q` i?2 T`2T�`�iBQM Q7 /�`F K�ii2` ?�HQ2b- irQ QTiBQMb �`2 TQTmH�`, Sa i?2Q`v- �M/
/�`F@K�ii2` QMHv L@#Q/v +�H+mH�iBQMX _2+2Mi �#mM/�Mi +QKTmi�iBQM�H TQr2` bmTTQ`ib mb
iQ +?QQb2 i?2 L@#Q/v +�H+mH�iBQM- #2+�mb2 i?2 ?�HQ2b ?�p2 ;2QK2i`B+�H BM7Q`K�iBQM �M/ 7m`@
i?2` KQ/2HBM; `2H�i2/ iQ 2ti2`M�H 2M`B+?K2Mi Bb 2�bB2` �M/ +�M #2 T?vbB+�HHv KQiBp�i�#H2X
�@aGPh> mb2b i?2 `2bmHi Q7 ǳ*�i2`TBHH�` bBKmH�iBQMǴ U:`Bz2M 2i �HX kyReVX

kj



PM 2�+? /�`F K�ii2` ?�HQ U�M/ BM i?2 BMBiB�H +QM/BiBQM �HH ?�HQ2b �`2 K2i�H@7`22V- �@aGPh>
Dm/;2b r?2i?2` i?2 ?�HQ +�M 7Q`K SQT AAA bi�`b BMbB/2X h?Bb Bb /2i2`KBM2/ rBi? irQ +`Bi2`B�,
r?2i?2` i?2 ?�HQ Bb K�bbBp2 2MQm;?- �M/ r?2i?2` i?2 GvK�M@q2`M2`UGqV `�/B�iBQM Bb r2�F
2MQm;?- #Qi? 7Q` �HHQrBM; KQH2+mH�` +QQHBM; iQ 7Q`K SQT AAA bi�`bX h?2 K�bb i?`2b?QH/ Q7
KQH2+mH�` +QQHBM; Bb i?2 QM2 BM :HQp2` UkyRjVX A mb2 i?2 ?QKQ;2M2Qmb Gq #�+F;`QmM/X

9XR SQT AAA bi�` 7Q`K�iBQM
SQT AAA bi�`b �`2 K2i�H@7`22 bi�`bX h?2`27Q`2 bQK2 +QQH�Mi Bb M22/2/ iQ 7Q`K SQT AAA bi�`bX
AM +m``2Mi bi�M/�`/ SQT AAA 7Q`K�iBQM b+2M�`BQ i?2 +QQH�Mi Bb >2 KQH2+mH2X AM �@aGPh>
SQT AAA bi�`b �`2 7Q`K2/ B7 i?2 K�BM +QQH�Mi Bb KQH2+mH�` ?v/`Q;2MX >v/`Q;2M KQH2+mH2b +�M
#2 7Q`K2/ BMbB/2 � ?�HQ i?�i Bb K�bbBp2 2MQm;? Ub22 :HQp2` UkyRjVV,

M = 3× 106M⊙

(
1 + z

10

)3/2

. URjV

h?Bb +Q``2bTQM/b iQ � pB`B�H i2KT2`�im`2 Q7 Tvir = 2200 EX Ai Bb 2tT2+i2/ i?�i B7 r2 i�F2 i?2
bi`2�KBM; p2HQ+Biv #2ir22M #�`vQMb �M/ /�`F K�ii2`b BMiQ �++QmMi- i?2 bi�` 7Q`K�iBQM rBHH
#2 /2H�v2/ Ua+?�m2` 2i �HX kyRNVX q2 /Q MQi BM+Hm/2 bm+? #�`vQMB+ bi`2�KBM;X

�HbQ- T?QiQ/BbbQ+B�iBQM +QK2 BMiQ TH�v UPǶa?2� �M/ LQ`K�M kyy3VX >2 KQH2+mH2b +�M
#2 /BbbQ+B�i2/ #v GvK�M@q2`M2` `�/B�iBQM UT?QiQMb rBi? RRXk2o < hν < RjXe2oVX h?Bb Gq
`�/B�iBQM +�M T`2p2Mi SQT AAA bi�` 7Q`K�iBQM T�`iB+mH�`Hv BM bK�HH ?�HQbX AM � bHQi? r2
`2[mB`2 � b2+QM/ K�bb +`Bi2`BQM �b � 7mM+iBQM Q7 Gq `�/B�iBQM MLW(fLW) 7Q` SQT AAA bi�`
7Q`K�iBQMX h?2 Q`B;BMb Q7 Gq `�/B�iBQM �`2 K�bbBp2 bi�`b �M/ TQbbB#Hv �:LbX � bHQi?
KQ/2Hb i?2 Gq `�/B�iBQM ~mt #�b2/ QM :`2B7 �M/ "`QKK UkyyeVX �HbQ- T?QiQBQMBx�iBQM #v
M2rHv 7Q`K2/ bi�`b �`2 7QHHQr2/ 2tTHB+BiHvX A7 � ?�HQ bBib BM �M BQMBx2/ `2;BQM- ?B;?2` K�bb
+`Bi2`BQM Bb �bbB;M2/, B7 i?2 pB`B�H i2KT2`�im`2 2t+22/b 104 E- i?2M i?2 ?�HQ Bb �HHQr2/ iQ 7Q`K
SQT AAA bi�`bX

aBM+2 SQT AAA bi�`b �`2 K2i�H@7`22 bi�`b- � bi�`@7Q`KBM; ;�b +HQm/ b?QmH/ #2 K2i�H@7`22 iQ
7Q`K SQT AAA bi�`bX h?2 +`m+B�H /Bz2`2M+2 #2ir22M SQT AAA bi�`b �M/ SQT AA bi�`b Bb i?2 +QQHBM;
Q7 ;�bX h?2 +`BiB+�H K2i�HHB+Biv Q7 i?2 bi�` 7Q`K�iBQM KQ/2 i`�MbBiBQM Bb MQi B/2MiB}2/- #mi
ivTB+�HHv −6 < Z < −4 Bb �bbmK2/- +QMbB/2`BM; i?2 +QQHBM; T`QT2`iB2b �i bm+? K2i�HHB+BiB2bX
PM2 Q#pBQmb bQm`+2 Q7 mM+2`i�BMiv Bb i?2 /mbi +QQHBM;X 6Q`K�iBQM Q7 /mbi Bb MQi mM/2`biQQ/-
i?2`27Q`2 i?2 `2H�iBQM #2ir22M i?2 �KQmMi Q7 /mbi �M/ K2i�HHB+Biv Bb mM+2`i�BM- r?B+? K�F2b
Bi /B{+mHi iQ +�H+mH�i2 i?2 +QMi`B#miBQM Q7 /mbi iQ +QQHBM; `�i2X � T`2pBQmb rQ`F U*?B�FB
2i �HX kyRdV 7QmM/ i?�i Q#b2`p�iBQM�HHv r2 ?�p2 M2p2` Q#b2`p2/ �Mv bi�` rBi?,

10[C/H]−2.30 + 10[Fe/H] ≤ 10−5.07. UR9V

h?2 i`mM+�iBQM +QK2b 7`QK i?2 /Bz2`2M+2 BM /mbi +QQHBM;X h?2 +�`#QM �#mM/�M+2 Bb � ;QQ/
i`�+2` 7Q` +�`#QM ;`�BM- �M/ i?2 B`QM �#mM/�M+2 Bb � ;QQ/ i`�+2` 7Q` bBHB+�i2 /mbiX q2 �HHQr
SQT AAA bi�` 7Q`K�iBQM B7 i?2 1[X R9 Bb b�iBb}2/X PM+2 i?2 (62f>) �M/ (*f>) Q7 � bi�`@7Q`KBM;
`2;BQM U= (62f>) �M/ (*f>) Q7 � ?�HQ- +Q``2+i2/ rBi? /wV 7�BH iQ K22i i?2 1[X R9 +`Bi2`BQM-
i?2 bi�` 7Q`K�iBQM KQ/2 Bb +?�M;2/ iQ SQT AA QM2X

AM SQT AAA bi�` 7Q`KBM; ?�HQ-
M∗ = ηIII

Ωb

Ωm
Mh UR8V

k9



Q7 SQT AAA bi�`b �`2 7Q`K2/ �i QM2 iBK2bi2T- r?2`2 ηIII Bb SQT AAA bi�` 7Q`K�iBQM 2{+B2M+vX
h?Bb Bb � 7`22 T�`�K2i2` �M/ Bi M22/b iQ #2 +�HB#`�i2/X h?2 bi�`b i?�i �`2 7Q`K2/ 7QHHQrBM;
� T`BKQ`/B�H AJ6- r?B+? Bb �HbQ /2i2`KBM2/ #v i?`22 T�`�K2i2`b Ub22 #2HQrVX

h?2 BMBiB�H K�bb Q7 � bi�` #�bB+�HHv /2i2`KBM2b Bib HB72iBK2 �M/ }M�H 7�i2X AM � bHQi?- HQr@
K�bb UM∗ < 10M⊙V bi�`b +QMi`B#mi2 iQ +?2KB+�H 2M`B+?K2Mi #v #BM�`v K�bb i`�Mb72`X ai�`b
rBi? 10M⊙ ≤ M∗ < 40M⊙ bi�`b 2tTHQ/2 �b **aL2 �M/ i?2`27Q`2 2M`B+? i?2 ?Qbi ?�HQX ai�`b
rBi? 40M⊙ ≤ M∗ < 100M⊙ /Q MQi +QMi`B#mi2 iQ +?2KB+�H 2M`B+?K2Mi bBM+2 i?2v #2+QK2 #H�+F
?QH2b �M/ MQi?BM; Bb 2D2+i2/X ai�`b rBi? 100M⊙ ≤ M∗ < 140M⊙ bi�`b 2tTHQ/2 �b **aL2X
ai�`b rBi? 140M⊙ ≤ M∗ < 260M⊙ bi�`b 2tTHQ/2 �b T�B`@BMbi�#BHBiv aL2 USAaL2V �M/ ?B;?Hv
2M`B+? i?2 ?Qbi ?�HQX ai�`b rBi? 260M⊙ ≤ M∗ /Q MQi +QMi`B#mi2 iQ +?2KB+�H 2M`B+?K2Mi
bBM+2 i?2v #2+QK2 #H�+F ?QH2bX h?2 vB2H/ Bb 7QHHQrBM; LQKQiQ 2i �HX UkyRjVX q2 �HbQ �bbmK2
bQK2 7`�+iBQM Q7 10M⊙ ≤ M∗ < 40M⊙ bi�`b 2tTHQ/2 �b 7�BMi aL2 r?B+? Bb +�`#QM@MQ`K�H �M/
B`QM@TQQ`X h?2Q`2iB+�HHv i?Bb 7�BMi aL2 Bb BKTQ`i�Mi #2+�mb2 i?2v �`2 QM2 Q7 i?2 +�M/B/�i2
Q7 i?2 Q`B;BM Q7 *1JS@MQ bi�`bX q2 ?�p2 QM2 T�`�K2i2` ǳ7�BMi 7`�+iBQMǴ i?�i M22/b iQ #2
+�HB#`�i2/X h?2 vB2H/ Q7 i?2 7�BMi aL2 Bb 7`QK Ab?B;�FB 2i �HX UkyR9VX

aQK2 7`�+iBQM Q7 i?2 T`Q/m+2/ K2i�Hb 2b+�T2b 7`QK i?2 ?Qbi ?�HQX q2 �bbB;M � 7`22
T�`�K2i2` fejectX �MQi?2` 7`22 T�`�K2i2` ffallback /2i2`KBM2b i?2 7`�+iBQM Q7 K2i�Hb `2K�BM BM
i?2 ?Qbi ?�HQX h?2 bmK Q7 2D2+iBQM �M/ 7�HH#�+F 7`�+iBQMb feject+ffallback Bb MQi M2+2bb�`BHv QM2-
#mi r2 KQbiHv BMp2biB;�i2 i?2 KQ/2Hb i?�i b�iBb7v feject+ ffallback = 1X h?2 2D2+i2/ K2i�Hb +�M
2M`B+? M2B;?#Q`BM; ?�HQbX q2 �bbmK2 i?�i i?2 rBM/ 2b+�TBM; 7`QK i?2 ?�HQ ?�p2 � +QMbi�Mi
p2HQ+Biv 110 km s−1X q?2M i?Bb K2i�H@`B+? rBM/ ?Bib bQK2 Qi?2` ?�HQb- i?2 ?�HQb �`2 2M`B+?2/
2ti2`M�HHvX

SQT AAA bi�`b +�M #2 7Q`K2/ BM bK�HH ?�HQb HBF2 Mh ∼ 106∼7M⊙X SQT AAA aL2 +�M #2
bm{+B2MiHv 2M2`;2iB+ iQ #HQr ?v/`Q;2M ;�b Qmi �M/ [m2M+? bi�` 7Q`K�iBQM 7Q` � 72r i2Mb Q7
Jv`X q2 i�F2 i?Bb 2z2+i BMiQ �++QmMi, �7i2` i?2 BMi2`M�H 2M`B+?K2Mi #v SQT AAA bi�`b- � bHQi?
r�Bib 7Q` bQK2 iBK2 iQ bi�`i SQT AA bi�` 7Q`K�iBQMX >Qr HQM; r2 r�Bi Bb � 7`22 T�`�K2i2`
ǳ`2+Qp2`v iBK2Ǵ trecovX h?2 trecov Bb ivTB+�HHv 10 ∼ 100Myr UC2QM 2i �HX kyR9c *?B�FB 2i �HX
kyR3VX q?2M � T`2pBQmbHv T`BbiBM2 ?�HQ 2M`B+?2/ #v 2ti2`M�H 2M`B+?K2Mi 7Q` i?2 }`bi iBK2-
� bHQi? r�Bi 7Q` QM2 7`22@7�HH iBK2 iQ bi�`i 7Q`KBM; SQT AA bi�`bX h?2 ivTB+�H 7`22@7�HH iBK2
�i i?2 `2/b?B7ib Q7 BMi2`2bi Bb �#Qmi Ryy Jv`X

9Xk SQT AA bi�` 7Q`K�iBQM
6Q` SQT AA bi�` 7Q`K�iBQM � bHQi? mb2b ǳ#�i?im# KQ/2HǴ r?B+? rBHH #2 2tTH�BM2/ BM KQ`2
/2i�BH BM J�;; 2i �HX UBM T`2TXVX

PM 2�+? K2i�H@2M`B+?2/ /�`F K�ii2` ?�HQ- �@aGPh> �bbmK2 9 #�`vQMB+ +QKTQM2Mib,
Ç >Qi ;�b Mhot, :�b i?�i ?�b Dmbi 7�HHb BMiQ i?2 ?�HQX h?2v �`2 biBHH iQQ ?Qi iQ 7Q`K bi�`bX

q2 �bbmK2 i?2 ?Qi ;�b Bb +QQH2/ rBi?BM QM2 7`22@7�HH iBK2X

Ç *QH/ ;�b Mcold, :�b i?�i ?�b +QQH2/ �M/ +�M 7Q`K bi�`bX q2 �bbmK2 i?2 +QH/ ;�b
#2+QK2b bi�`b rBi?BM QM2 /vM�KB+�H iBK2X �HbQ- i?2 2z2+i Q7 bi2HH�` 722/#�+F #HQrb
bQK2 7`�+iBQM Q7 +QH/ ;�b iQ QmibB/2 i?2 ;�H�tvX

Ç Pmi~Qr ;�b Mout, :�b i?�i ?�b 2b+�T2/ 7`QK i?2 ?�HQ /m2 iQ bi2HH�` 722/#�+FX

Ç ai�`b M∗,II, SQT AA ai�`b- i?2 /B`2+i Q#b2`p�#H2bX

k8



h?2 }`bi i?`22 ;�b +QKTQM2Mib b?�`2 i?2 b�K2 K2i�HHB+Biv UBX2X h?Bb Bb � QM2@xQM2 +�H+mH�iBQM
BM i?Bb b2Mb2VX AM Q`/2` iQ +�Tim`2 i?2 BM?QKQ;2M2Biv BM i?2 ;�H�tv- r2 �// QM2 KQ`2 T�`�K@
2i2` ǳ/wǴ iQ KQ/B7v i?2 K2i�HHB+Biv Q7 i?2 bi�`b 7Q`K2/ BM i?2 ;�H�tvX h?Bb Bb � K2i�HHB+Biv
/Bz2`2M+2 #2ir22M bi�`@7Q`KBM; ;�b �M/ �p2`�;2 ;�bX

h?2 2t+?�M;2 Q7 K�bb rBi?BM i?2b2 7Qm` +QKTQM2Mib Bb �M�HviB+�HHv KQ/2H2/X q2 F22T
i?2 bmK Q7 7Qm` +QKTQM2Mib iQ (Ωb/Ωm)Mvir,

M∗,II +Mhot +Mcold +Mout +M∗,II =
Ωb

Ωm
Mvir. UReV

h?2 ;2M2`�H bi`m+im`2 i?�i F22T i?2 iQi�H #�`vQMB+ K�bb iQ Bib +QbKB+ K2�M +�H+mH�i2/ 7`QK
i?2 ?Qbi ?�HQ K�bb Bb 7`QK �;�`r�H 2i �HX UkyRkVX h?2 iBK2b+�H2b �M/ 2{+B2M+B2b �`2 KQ/B}2/X

h?2 7QHHQrBM; b2i Q7 +�H+mH�iBQM Bb 2t2+mi2/ 2p2`v iBK2 i?2 ?�HQ mM/2`;Q � SQT AA bi�`
7Q`K�iBQM,

RX >�HQ BMBiB�HBx�iBQMX 1�+? #�`vQM +QKTQM2Mi Bb b2i iQ i?2 bmK Q7 �HH i?2 T`Q;2MBiQ`
?�HQbX h?2`27Q`2 i?2 K�bb �++`2iBQM `�i2 /m`BM; � iBK2@bi2T ∆t Bb

Ṁacc =
Ωb

Ωm ∆t
Mh − (M∗,II +Mhot +Mcold +Mout)

1

∆t
. URdV

kX *QKTmi2 p�`BQmb iBK2b+�H2b �M/ i?2 Qmi~Qr 2{+B2M+v /`Bp2M #v bi�` 7Q`K�iBQMX h?2
iBK2b+�H2b Q7 BMi2`2bib �`2,

Ç h?2 7`22 7�HH iBK2 tff X >Qi /Bzmb2 ;�b Bb +QQH2/ rBi?BM i?2 7`22@7�HH iBK2X Ai Bb
/2}M2/ #v

tff =

√
1

(1 + z)3 192Gρm
= 5.2Gyr (1 + z)−

3
2 , UR3V

r?2`2 ρm Bb i?2 +QbKB+ K�ii2` /2MbBiv �i x4yX >Qi ;�b Bb +QQH2/ pB� �iQKB+
+QQHBM;X h?2 +QQHBM; iBK2 Bb KQbiHv b?Q`i2` i?�M i?Bb 7`22 7�HH iBK2X h?2`27Q`2 i?Bb
tff Bb i?2 KQbi BKTQ`i�Mi iBK2b+�H2 7Q` i?2 ?Qi ;�b +QQHBM;X

Ç h?2 /vM�KB+�H iBK2 tdynX *QH/ ;�b Bb 7m`i?2` +QQH2/ �M/ 7Q`K bi�`bX � bHQi?
�bbmK2 i?�i +QH/ ;�b �M/ bi�`b �`2 +QM+2Mi`�i2/ rBi?BM i?2 +2Mi`�H 8 W Q7 i?2
pB`B�H `�/Bmb Rvir Q7 i?2 ?�HQ UJQ 2i �HX RNN3VX qBi? i?Bb �bbmKTiBQM i?2 /vM�KB+�H
iBK2b+�H2 +�M #2 +QKTmi2/ �b i?2 `�iBQ Q7 i?2 bBx2 �M/ +B`+mH�` p2HQ+Biv,

tdyn =
0.05Rvir

vdyn
=

√
(0.05Rvir)

3

G (Mcold +M∗,II)
, URNV

r?2`2 G Bb i?2 ;`�pBi�iBQM�H +QMbi�Mi �M/ i?2 +2Mi`�H /vM�KB+�H p2HQ+Biv BM i?2
+2Mi2` Q7 i?2 ?�HQ Bb

vdyn =

√
G (Mcold +M∗,II)

(0.05Rvir)
. UkyV

h?2 Qmi~Qr 2{+B2M+v Bb /2i2`KBM2/ #v i?2 2M2`;v BMTmi 7`QK aL2 �M/ i?2 K�bb Q7 ;�bX

ke



Ç h?2 Qmi~Qr 2{+B2M+v γoutX � 7`�+iBQM Q7 +QH/ ;�b Bb #HQrM Qmi #v i?2 2M2`;v
BMD2+iBQM 7`QK bi2HH�` 722/#�+FX h?2 γout /2T2M/b QM irQ [m�MiBiB2b, i?2 2M2`;v
BMD2+iBQM �M/ i?2 #BM/BM; 2M2`;v Q7 ?v/`Q;2M ;�b BM i?2 ;�H�tvX h?2 2z2+iBp2
bT2+B}+ #BM/BM; 2M2`;v Bb

1

2
v2eff =

1

2

(
v2dyn + v2circ

)
. UkRV

h?2 +B`+mH�` p2HQ+Biv vcirc Bb /2}M2/ �M�HQ;QmbHv iQ i?2 +2Mi`�H /vM�KB+�H p2HQ+Biv
Q7 i?2 ?�HQ

vcirc =

√
GMvir

Rvir
. UkkV

h?2 bT2+B}+ 2M2`;v BMTmi Q7 aL2 Bb

eSN = 8.7× 1015 erg g−1, UkjV

r?B+? +Q``2bTQM/b iQ QM2 1051 erg aL T2` 57M⊙ Q7 bi�`b 7Q`K2/X h?2 BQMBxBM;
`�/B�iBQM Bb

eion = 5.2× 1016 erg g−1, Uk9V
r?B+? Bb 2[mBp�H2Mi iQ �bbmKBM; UBV jyyyy BQMBxBM; T?QiQMb T2` bi2HH�` #�`vQM U:`2B7
�M/ "`QKK kyyeV- UBBV kXy 2o i?2`K�H 2M2`;v BMD2+iBQM 7Q` 2�+? T?QiQM �M/ UBBBV
�M 2b+�T2 7`�+iBQM Q7 Ry WX q2 �bbmK2 i?�i 722/#�+F #v BQMBxBM; T?QiQMb Bb QMHv
2{+B2Mi BM ?�HQ2b i?�i �`2 #�`2Hv �#Qp2 i?2 �iQKB+ +QQHBM; HBKBi �M/ bKQQi?Hv
DQBM i?2 irQ `2;BK2b iQ;2i?2`,

γout =

{
2 eSN
16(veff−20 km s−1)2

if veff > 21 km s−1

2 eSN+eion
(10 km s−1)2

else.
Uk8V

h?Bb Bb 2[mBp�H2Mi iQ �bbmKBM; i?�i i?2 Qmi~Qr bT22/ Bb Ry FK b−1 B7 BQMBx�iBQM Bb
i?2 /QKBM�Mi /`Bp2`X h?2 2t�+i i`�MbBiBQM TQBMi +?Qb2M bQ i?�i i?2 bi2HH�`@K�bb iQ
?�HQ@K�bb `2H�iBQM K�i+?2b ;QQ/ iQ i?2 �#mM/�M+2 K�i+?BM; `2H�iBQM Ub22 #2HQrVX

jX aQHp2 i?2 7QHHQrBM; /Bz2`2MiB�H 2[m�iBQMb rBi? � 7Q`r�`/ 1mH2` K2i?Q/,

Ṁ∗,II =
Mcold

tdyn
UkeV

Ṁout = γout Ṁ∗,II UkdV

Ṁcold = −Ṁ∗,II − Ṁout +
Mhot

tff
Uk3V

Ṁhot = −Mhot

tff
+ Ṁacc. UkNV

9X J2i�H K�bb mT/�i2,

kd



Ç K2i�H K�bb BM ;�b@T?�b2 /2+`2�b2b #v UBV HQ+F@mT BM bi�`b �M/ UBBV Qmi~Qr,

Mmetals,t+∆t = Mmetals,t
Mcold +Mhot

Mcold +Mhot +∆M∗,II,tot +∆Mout,tot
, UjyV

r?2`2 ∆M∗,II,tot �M/ ∆Mout,tot �`2 i?2 bi2HH�` K�bb �M/ Qmi~Qr K�bb Q7 i?Bb iBK2
bi2TX

Ç �// K2i�Hb ;2M2`�i2/ /m`BM; i?Bb iBK2 bi2T

Mmetals = Mmetals + 0.05∆M∗,II,tot, UjRV

r?2`2 r2 iQQF i?2 AJ6@�p2`�;2/ K2i�H vB2H/b Q7 yXy8 M⊙ T2` R M⊙ Q7 bi�` 7Q`K�@
iBQM UoBM+2MxQ 2i �HX kyReVX

Ç q2 mb2 bMQrTHQm;? �H;Q`Bi?K iQ +QKTmi2 i?2 bBx2 Q7 i?2 K2i�H@2M`B+?2/ `2;BQM
�M/ T`QT�;�i2 i?2 BQMBx�iBQM 7`QMiX 6Q` /2i�BH b22 J�;; 2i �HX UkyR3VX

AM b?Q`i- i?2 a�J Bb � KQ/2HBM; Q7 bi�`b �M/ ;�H�tB2b Ui?2 a�J T`2/B+ib bi2HH�` K�bb-
K2i�HHB+Biv /Bbi`B#miBQM- SQT AAA K�bb- XXXV QMiQ /�`F K�ii2` ?�HQbX h?2 `2bQHmiBQM Bb TQQ`
Ui?2`2 �`2 QMHv � 72r +QKTQM2Mib BM 2�+? ?�HQV- #mi +QKTmi�iBQM�HHv 2{+B2Mi- �M/ Bi H2ib mb
BMp2biB;�i2 i?2 2z2+i Q7 2�+? T?vbB+�H T`Q+2bbX

8 J2i?Q/k, *QbKQHQ;B+�H bBKmH�iBQM
� bBKmH�iBQM r?Qb2 BMBiB�H +QM/BiBQM Bb � :�mbbB�M `�M/QK }2H/ �M/ r?B+? BM+Hm/2b i?2
2pQHmiBQM Q7 b+�H2 7�+iQ` Bb +�HH2/ ǳ+QbKQHQ;B+�H bBKmH�iBQMǴX *QbKQHQ;B+�H ?v/`Q/vM�KB+
bBKmH�iBQMb �`2 i?2 KQbi T`2+Bb2 bBKmH�iBQM Q7 i?2 lMBp2`b2 #v MQr- #mi i?2v �`2 +QKTm@
i�iBQM�HHv 2tT2MbBp2X � rB/2 /vM�KB+ `�M;2 Bb i?2 Q#bi�+H2X A7 r2 r�Mi iQ bBKmH�i2 i?2
7Q`K�iBQM �M/ 2pQHmiBQM Q7 ;�H�tB2b- r2 /Q MQi 7QHHQr i?2 7Q`K�iBQM Q7 BM/BpB/m�H bi�`b, r2
Tmi � ǳbi�` T�`iB+H2Ǵ B7 � ;�b +2HH K22i +2`i�BM +`Bi2`B�X � bi�` T�`iB+H2 Bb `2T`2b2MiBM; � ǳbi�`
+Hmbi2`ǴX q2 7QHHQr i?2 AJ6@�p2`�;2/ K2i�H �M/ ?2�i 2D2+iBQM 7`QK i?2 T�`iB+H2X h?Bb Bb �M
�TT`QtBK�i2 i`2�iK2Mi- #mi +QbKQHQ;B+�H bBKmH�iBQMb 2tTH�BM p�`BQmb T?vbB+�H T`QT2`iB2b HBF2
i?2 +?2KB+�H 2pQHmiBQM Q7 ;�H�tB2bX

*QbKQHQ;B+�H ?v/`Q/vM�KB+ bBKmH�iBQM rBi? �TT`QT`B�i2 b+�H2 +�M `2bQHp2 i?2 BMM2` U/2M@
bBiv Q` +?2KB+�H �#mM/�M+2V bi`m+im`2 Q7 2�+? ;�H�tvX >Qr2p2` Bi Bb +QKTmi�iBQM�HHv 2tT2M@
bBp2- B7 r2 7QHHQr #Qi? i?2 7Q`K�iBQM Q7 bK�HH@b+�H2 ;�H�tv i?�i 7Q`Kb SQT AAA bi�`b �M/ i?2
7Q`K�iBQM Q7 H�`;2 ;�H�tB2b HBF2 i?2 JqX h?2`27Q`2 r2 }`bi �M�Hvx2 +QbKQHQ;B+�H bBKmH�iBQM
iQ 2ti`�+i � K2i�H KBtBM; KQ/2H Q7 i?2 BMM2` bi`m+im`2 Q7 2�+? ;�H�tv- �M/ i?2M BKTH2K2Mi
i?2 KQ/2H iQ H2bb 2tT2MbBp2 � bHQi?X

6B`bi r2 �M�Hvx2 +QbKQHQ;B+�H bBKmH�iBQMb iQ ;�BM BMbB;?i BMiQ i?2 /wX S�`iB+mH�`Hv- r2
r�Mi iQ +H�`B7v r?B+? T`QT2`iB2b �`2 BKTQ`i�Mi iQ /2i2`KBM2 /wX h?2 `2bmHib Q7 +QbKQHQ;B+�H
bBKmH�iBQM Bb �HbQ mb2/ iQ ;�BM Qi?2` +�HB#`�iBQMb 7Q` i?2 a�JX qBi? i?2 ǳ/wǴ KQ/2Hb /2`Bp2/
7`QK i?2 +QbKQHQ;B+�H bBKmH�iBQM- M2ti r2 mb2 � a�J ǳ�@aGPh>Ǵ iQ �bb2bb i?2 2z2+i Q7
i?2 K2i�HHB+Biv BM?QKQ;2M2Biv QM K2i�HHB+Biv /Bbi`B#miBQM 7mM+iBQM �M/ Qi?2` Q#b2`p�#H2bX
Pm` Tm`TQb2 7Q` mbBM; i?2 +QbKQHQ;B+�H bBKmH�iBQM Bb iQ ;�BM � #2ii2` +�HB#`�iBQM iQ i?2
T�`�K2i2`b- +QM+`2i2Hv UBV BMi2`M�H 2M`B+?K2Mi 7`�+iBQM �i z = 12, 15- �M/ R3- �M/ UBBV h?2
BM?QKQ;2M2Biv T�`�K2i2` /wX

k3



8XR *QbKQHQ;B+�H bBKmH�iBQM
A �M�Hvx2 QmiTmib Q7 ǳ_2M�Bbb�M+2 bBKmH�BiQMǴ- � /�i�b2i QT2M iQ Tm#HB+X >2`2 r2 #`B2~v 2t@
TH�BM i?2 bBKmH�iBQMX 6Q` KQ`2 BM7Q`K�iBQM- b22 sm 2i �HX UkyReVX h?2 _2M�Bbb�M+2 bBKmH�iBQM
Bb � H�`;2@b+�H2 U`QQi #QtbBx2, k3X9 +JT+f?V +QbKQHQ;B+�H bBKmH�iBQM U= i?2 BMBiB�H +QM/BiBQM
Bb `�M/QK :�mbbB�M }2H/ /2i2`KBM2/ �i i?2 2M/ Q7 BM~�iBQMVX h?2v mb2 xQQK@BM i2+?MB[m2,
QMHv i?2 `2;BQM Q7 BMi2`2bi Bb `2}M2/ rBi? }M2` T�`iB+H2b �M/ +2HHbX AM i?2 xQQK@BM `2;BQM-
/�`F@K�ii2` }2H/ Bb `2T`2b2Mi2/ #v T�`iB+H2b rBi? K�bb Q7 2.9 × 104M⊙X h?2 ;�b T`QT2`iB2b
UHBF2 /2MbBiv- K2i�HHB+Biv Q` i2KT2`�im`2V �`2 BKTH2K2Mi2/ �b � }2H/ p�Hm2 QM K2b?X h?2 +Q/2
mb2b �/�TiBp2 K2b? `2}M2K2Mi U�J_V b+?2K2, QMHv ?B;? /2MbBiv `2;BQM Bb `2}M2/- bQ i?�i
i?2 +Q/2 2{+B2MiHv bT2M/ Bib +QKTmi�iBQM�H `2bQm`+2b QM i?2 BMi2`2biBM; `2;BQMX h?2 bT�iB�H
`2bQHmiBQM Bb RN +QKQpBM; T+ �i i?2 ?B;?2bi `2bQHmiBQM +2HHX h?2 bBKmH�iBQM BM+Hm/2b UBV i?2
;`�pBiv Q7 /�`F@K�ii2` T�`iB+H2b- UBBV ?v/`Q/vM�KB+b �M/ i?2`KQ/vM�KB+b Q7 ;�b }2H/- UBBBV
+?2KBbi`v �M/ `�/B�iBp2 722/#�+F Q7 ;�b }2H/- UBpV bi�` 7Q`K�iBQM �M/ 722/#�+F KQ/2H- �M/
UpV i`�MbTQ`i Q7 BQMBxBM; f /BbbQ+B�iBM; T?QiQMbX

h?2 K�BM Tm`TQb2 Q7 i?2 bBKmH�iBQM Bb iQ bim/v i?2 }`bi ;�H�tB2b �i z " 10 #27Q`2 Q`
�`QmM/ i?2 +QbKB+ `2BQMBx�iBQMX h?2v T`2T�`2 i?`22 b2T�`�i2 `2;BQMb rBi? /Bz2`2Mi �p2`�;2
/2MbBiB2b, ǳ_�`2T2�FǴ- ǳLQ`K�HǴ- �M/ ǳoQB/ǴX h?Bb Bb iQ bim/v i?2 ;�H�tv T`QT2`iB2b BM /Bz2`@
2Mi 2MpB`QMK2MibX 6Q` Kv rQ`F r2 r�Mi iQ bim/v i?2 ;�H�tB2b BM +QbKQHQ;B+�H `2T`2b2Mi�iBp2
`2;BQM- r2 K�BMHv �M�Hvx2 i?2 bM�Tb?Qi Q7 ǳLQ`K�HǴ �i z = 12X AM Q`/2` iQ i2bi i?2 `Q#mbiM2bb
Q7 /w /Bbi`B#miBQM Ub22 #2HQrV- r2 �HbQ �M�Hvx2/ i?2 bM�Tb?Qib Q7 ǳLQ`K�HǴ �i z = 15 �M/
ǳ_�`2T2�FǴ �i z = 15- �M/ +?2+F2/ i?�i i?2 [m�HBi�iBp2 `2bmHib `2K�BM2/ i?2 b�K2X q?2M
r2 2ti`�+i i?2 BMi2`M�H 2M`B+?K2Mi 7`�+iBQM Ub22 #2HQrV- r2 mb2/ bM�Tb?Qib Q7 ǳLQ`K�HǴ �i
z = 12, 15, 18X q2 i?�MF i?2 _2M�Bbb�M+2 i2�K iQ K�F2 i?2 /�i� Tm#HB+Hv �p�BH�#H2X

8Xk a�KTH2 b2H2+iBQM
Jv Tm`TQb2 Bb iQ [m�MiB7v i?2 K2i�HHB+Biv /Bz2`2M+2 #2ir22M bi�`@7Q`KBM; ;�b �M/ �p2`�;2
;�bX >2`2�7i2` r2 /2}M2 ǳ/2Mb2 ;�bǴ �b ;�b /2Mb2` i?�M R cm−3X hQ +?2+F i?2 `Q#mbiM2bb Q7
i?2 +`Bi2`BQM- r2 +QKT�`2/ i?2 K2i�HHB+BiB2b Q7 /2Mb2 ;�b2b rBi? /Bz2`2Mi /2MbBiv +`Bi2`B� R- Ry
�M/ Ryy cm−3- �M/ MQ bB;MB}+�Mi /Bz2`2M+2 r�b Q#b2`p2/, b22 6B;X RkX q2 `2;�`/ i?2 /2Mb2
;�b �b i?2 bi�`@7Q`KBM; ;�bX 6Q` i?2 �M�HvbBb- r2 QMHv �M�Hvx2/ ?�HQb r?B+? +QMi�BM /2Mb2
;�bX �HbQ- iQ K�F2 bm`2 i?�i i?2 ?�HQ Bb r2HH@`2bQHp2/- r2 `2[mB`2 irQ �//BiBQM�H +QM/BiBQMb,
UBV i?2 ?�HQ +QMi�BM KQ`2 i?�M Ryyy ;�b +2HHb rBi?BM Bib pB`B�H `�/Bmb- �M/ UBBV i?2 ?�HQ +QMi�BM
KQ`2 i?�M Ry /2Mb2 ;�b +2HHbX h?2 MmK#2`b Q7 ?�HQb BM i?2 �M�HvbBb b2i Bb kd9j- eR8y- �M/
RR98 7Q` LQ`K�H z = 12- _�`2T2�F = 15- �M/ LQ`K�H z = 15 /�i�b2iX

ai�`@7Q`KBM; ;�b b?QmH/ MQi QMHv #2 /2Mb2- #mi �HbQ #2 +QH/X h?2`27Q`2- B7 r2 QMHv �TTHv
/2MbBiv +`Bi2`BQM iQ B/2MiB7v bi�`@7Q`KBM; ;�b- i?2`2 +�M #2 bQK2 +QMi�KBM�Mib 7`QK ?Qi-
/2Mb2 ;�bX 6Q` 2t�KTH2 aL b?Q+Fb +�M +QKT`2bb ;�b �M/ K�F2 ?B;?@/2MbBiv `2;BQM- #mi bm+?
;�b ?�b ?B;? i2KT2`�im`2X q2 pBbm�HHv +?2+F i?2 /2MbBiv �M/ i2KT2`�im`2 /Bbi`B#miBQM Q7 Ry
`�M/QKHv b�KTH2/ ;�H�tB2bX h?2 /2Mb2 ;�b /Bbi`B#miBQM /B/ MQi b?Qr �Mv b?2HH@HBF2 bi`m+im`2-
�M/ �HbQ i?2 i2KT2`�im`2 Q7 bm+? /2Mb2 ;�b r�b HQr2` i?�M 104 EX h?2`27Q`2 r2 2tT2+i i?�i
aL b?Q+Fb /Q MQi +QMi`B#mi2 iQ bi�` 7Q`K�iBQMX

kN



6B;m`2 Rk, h?2 +Q``2H�iBQMb #2ir22M K2i�HHB+BiB2b Q7 ǳ/2Mb2 ;�bǴ rBi? /Bz2`2Mi /2MbBiv +`Bi2`B�
Q7 ?�HQb rBi?Qmi bi�`bX h?2 K2i�HHB+BiB2b Q7 ;�b /2Mb2` i?�M 1cm−3 �M/ 10, 100cm−3 �`2 �HKQbi
i?2 b�K2- r?BH2 i?2v �`2 bQK2r?�i /Bz2`2Mi Q7 �p2`�;2 K2i�HHB+BivX

jy



8Xj h?2 K2i�HHB+Biv b?B7i T�`�K2i2` /w
Pm` �BK Bb iQ T`2/B+i i?2 K2i�HHB+Biv Q7 bi�`b +Q``2+iHvX *m``2MiHv i?2 K2i�HHB+Biv Q7 bi�` Bb
�bbmK2/ iQ #2 i?2 b�K2 �b i?2 �p2`�;2 K2i�HHB+Biv Q7 i?2 ;�H�tvX h?2`27Q`2 r2 KQ/2H i?2
/Bz2`2M+2 #2ir22M bi�`@7Q`KBM; ;�b �M/ �p2`�;2 ;�b #v BMi`Q/m+BM; � T�`�K2i2` /w,

dZ = Zdense − Zall. UjkV

h?2 /w [m�MiB}2b i?2 K2i�HHB+Biv /Bz2`2M+2 #2ir22M /2Mb2 ;�b �M/ �p2`�;2 Q7 �HH ;�b BM i?2
?�HQX A7 i?2`2 Bb � ?�HQ r?Qb2 /2Mb2 ;�b Bb K2i�H@`B+?2` i?�M �p2`�;2 Q7 ;�b BMbB/2- i?2 /w
Q7 i?2 ?�HQ Bb TQbBiBp2X AM 6B;X Rj r2 b?Qr irQ ;�H�tB2b 7`QK i?2 b�KTH2X AM i?2 H27i T�M2H-
/2MbBiv +QMiQm` �M/ i?2 +QHQ` Q#pBQmbHv b?Qrb i?�i i?2 +2Mi`�H /2Mb2 ;�b �`2 K2i�H@`B+?-
ivTB+�HHv Zdense ≃ −2X >Qr2p2`- i?2 K2i�HHB+Biv Q7 H2bb /2Mb2 ;�b Bb [mBi2 HQr2`X AM i?Bb +�b2
i?2 /w Q7 i?Bb ?�HQ Bb TQbBiBp2X h?2 QTTQbBi2 +�b2 Bb b?QrM QM i?2 `B;?i T�M2H, i?2 /w Q7 i?Bb
?�HQ Bb M2;�iBp2 U�Hi?Qm;? Bi Bb /B{+mHi iQ +QM}`K #v ?mK�M 2v2VX

6B;m`2 Rj, U_2T`BMiV hrQ ;�H�tB2b BM _2M�Bbb�M+2 bBKmH�iBQM �i z = 12X h?2 +QHQ`b `2T`2b2Mi
i?2 ;�b K2i�HHB+BivX h?2 +QMiQm`b `2T`2b2Mi i?2 /2MbBiv +QMiQm`b Q7 i?2 ;�H�tB2bX h?2 H27i
T�M2H Bb � ;�H�tv BM r?B+? /2Mb2 ;�b Bb K2i�H@`B+?2` i?�M �p2`�;2 ;�bX h?2 `B;?i T�M2H Bb �
;�H�tv BM r?B+? /2Mb2 ;�b Bb K2i�H@TQQ`2` i?�M �p2`�;2 ;�bX K2i�HHB+Biv BM?QKQ;2M2Biv +�M
#2 [mBi2 H�`;2 2p2M rBi?BM QM2 ?�HQX

8XjXR AMi2`T`2i�iBQMb 7Q` TQbBiBp2fM2;�iBp2 /w
q2 +�M i?BMF Q7 p�`BQmb T`Q+2bb2b r?B+? K�F2 K2i�HHB+Biv BM?QKQ;2M2Biv BMbB/2 2�+? ?�HQX
h?2 TQbBiBp2 /w +�M #2 `2�HBx2/ #v K2i�H +QQHBM;X >B;? K2i�HHB+Biv ;�b +QQHb [mB+F2` i?�M
HQr K2i�HHB+Biv ;�bX h?2`27Q`2 i?2`2 +�M #2 � #B�b, +QQHBM;- i?2`27Q`2 bi�` 7Q`K�iBQM +�M i�F2
TH�+2 T`272`2MiB�HHv BM K2i�H@`B+? `2;BQMX h?2 M2;�iBp2 /w +�M #2 `2�HBx2/ #v irQ `2�bQMb,
b?B2H/BM;- �M/ 722/#�+F Q`B;BMX A7 /2Mb2 ;�b 7Q`K�iBQM ?�TT2Mb 2�`HB2` i?�M 2M`B+?K2Mi 7`QK
QmibB/2- i?2 /2Mb2 ;�b +HmKT #2+QK2b K2i�H@TQQ`2` +QKT�`2/ iQ �p2`�;2 ;�bX AM T`2pBQmb

jR



6B;m`2 R9, S2�`bQMǶb +Q``2H�iBQM +Q2{+B2Mib rBi? dZX h?2 H�`;2bi +Q``2H�iBQM Bb Zdense �M/
Zall- r?B+? Bb M�im`�H #2+�mb2 i?2v �`2 BM+Hm/2/ BM i?2 /2}MBiBQM Q7 dZX h?2 BMi2`2biBM;
+Q``2H�iBQM Bb i?2 M2ti T�`�K2i2`b, TQTk K�bb �M/ TQTj K�bbX h?Bb �M�HvbBb H2�/ K2 iQ
7m`i?2` BMp2biB;�i2 i?2 `2H�iBQM #2ir22M bi2HH�` K�bb �M/ dZX Pi?2` T�`�K2i2`b �`2 MQi
BKTQ`i�Mi iQ T`2/B+i dZX

bim/B2b Bi Bb bmTTQ`i2/ i?�i K2i�H@`B+? rBM/ +�MMQi T2M2i`�i2 BMiQ �M �H`2�/v /2Mb2 ;�b +HmKT
UC2QM 2i �HX kyR9c *?2M 2i �HX kyRdc *?B�FB 2i �HX kyR3VX �HbQ- #Qi? i?2 K2i�Hb �M/ 2M2`;v
Q`B;BM�i2b 7`QK bi�`bX h?2`27Q`2 K2i�H@`B+? ;�b �`2 HBF2Hv iQ #2 ?Qi BM i?2 }`bi TH�+2 U1K2`B+F
2i �HX kyR3VX h?2 T`Q+2bb2b /Bb+mbb2/ �#Qp2 �`2 �HH p�HB/- �M/ Bi Bb /B{+mHi iQ /`�r +QM+HmbBQM
QMHv rBi? �M�HviB+ 2biBK�i2bX

8XjXk *Q``2H�iBQMb iQ /w
h?2 T�`�K2i2` /w Bb /2}M2/ QM 2�+? ?�HQX h?2 ;Q�H ?2`2 Bb iQ }M/ � K2i?Q/ iQ T`2/B+i
dZ #v T�`�K2i2`b BM a�JX 6B`bi r2 b2�`+? 7Q` i?2 +Q``2H�iBQM #2ir22M i?2 dZ �M/ p�`BQmb
T?vbB+�H T`QT2`iB2b Q7 i?2 ;�H�tvX h?2 +Q``2H�iBQMb �`2 b?QrM BM 6B;X R9X q2 2tTHQ`2/ p�`BQmb
T�`�K2i2`b, SQT AA bi2HH�` K�bb UTQTk K�bb, i`�+2` 7Q` BMD2+i2/ 2M2`;v BM i?2 ;�H�tvV- SQT AAA
bi2HH�` K�bb i?�i r2Mi BMiQ aL2 UTQTj K�bbV- bi2HH�` K2�M �;2 Ubi2HH�` K2�M �;2, i`�+2`
7Q` 2H�Tb2/ iBK2 7`QK bi�` 7Q`K�iBQMV- K�bb Q7 /2Mb2 ;�b UK�bb Q7 /2Mb2 ;�bV- MmK#2` Q7
SQT AAA aL2 BM i?2 ?�HQ UTQTjaL+QmMi- i`�+2` 7Q` BMD2+i2/ 2M2`;v #v SQT AAA bi�`bV- ;�b K�bb
U;�b K�bbV- ?�HQ K�bb U?�HQ K�bbV- �M/ K2�M i2KT2`�im`2 Ui2KT2`�im`2VX h?2 irQ ?B;?2bi
+Q``2H�iBQMb �`2 M�im`�H, Zall, Zdense �`2 mb2/ iQ /2}M2 dZ- i?2`27Q`2 i?2v +�M ?�p2 [mBi2 �
?B;? +Q``2H�iBQM iQ dZX h?2 M2ti +Q``2H�iBQMb �`2 i?2 KQbi BMi2`2biBM;, bi2HH�` K�bb2b �`2
+Q``2H�i2/ iQ dZX q2 �`2 HQQFBM; BMiQ i?Bb BM /2i�BHX

jk



8XjXj AMi2`M�Hf2ti2`M�H 2M`B+?K2Mi

6B;m`2 R8, a+�ii2` THQi Q7 /w- �b 7mM+iBQMb Q7 i?2 bi2HH�` K�bb �M/ i?2 K2i�HHB+BivX h?2 H27i
T�M2H +H2�`Hv b?Qrb � #BKQ/�HBiv- bm;;2biBM; i?�i BMi2`M�H 2M`B+?K2Mi �M/ 2ti2`M�H 2M`B+?@
K2Mi #2?�p2 p2`v /Bz2`2MiHv BM i2`Kb Q7 /wX q2 H�#2H2/ ?�HQb rBi?Qmi bi�`b �b ǳ2ti2`M�H
2M`B+?K2MiǴ- �M/ ?�HQ2b rBi? bi�`b �b ǳBMi2`M�H 2M`B+?K2MiǴX aBM+2 i?2 ?Q`BxQMi�H �tBb Bb
HQ;�`Bi?KB+- r2 �`iB}+B�HHv b2i RJ⊙ 7Q` ?�HQ2b rBi?Qmi �Mv bi�`b 7Q` BHHmbi`�iBQM Tm`TQb2X
h?2 `B;?i T�M2H Bb i?2 /w /Bbi`B#miBQM �b � 7mM+iBQM Q7 K2i�HHB+BivX h?2 /w /Bbi`B#miBQM Q7
BMi2`M�HHv 2M`B+?2/ ?�HQb �`2 KQbiHv BM/2T2M/2Mi Q7 K2i�HHB+Biv- #mi i?2 /w /Bbi`B#miBQM Q7
2ti2`M�HHv 2M`B+?2/ ?�HQb /2T2M/b QM i?2 K2i�HHB+BivX

AM 6B;X R8 r2 b?Qr i?2 /Bbi`B#miBQM Q7 /w- �b � 7mM+iBQM Q7 bi2HH�` K�bb- �M/ K2i�HHB+BivX
h?2 H27i T�M2H +H2�`Hv b?Qrb i?2 #BKQ/�HBiv #2ir22M ?�HQb rBi? bi�`b �M/ rBi?Qmi bi�`bX q2
bTHBi i?2 /�i�b2i BMiQ irQ ;`QmTbX PM2 Bb ǳBMi2`M�HHv 2M`B+?2/ ?�HQbǴ- K2�MBM; i?�i i?2 ?�HQb
+QMi�BM bi�`b- i?2`27Q`2 i?2v 2tT2`B2M+2/ BMi2`M�H 2M`B+?K2MiX h?2v K�v �HbQ #2 2M`B+?2/ pB�
2ti2`M�H 2M`B+?K2Mi- #mi i?2 �KQmMi Q7 K2i�Hb Bb /QKBM�i2/ #v BMi2`M�H 2M`B+?K2MiX h?2
Qi?2` Bb ǳ2ti2`M�HHv 2M`B+?2/ ?�HQbǴ- K2�MBM; i?�i i?2 ?�HQb /Q MQi +QMi�BM bi�`bX am+? ?�HQb
+�M QMHv #2 2M`B+?2/ 2ti2`M�HHvX h?2 BMi2`M�HHv 2M`B+?2/ ?�HQb �`2 b?QrM BM #Hm2- �M/ i?2
2ti2`M�HHv 2M`B+?2/ ?�HQb �`2 b?QrM BM `2/X PM i?2 `B;?i T�M2H- r2 b?Qr i?2 /w /Bbi`B#miBQM �b
� 7mM+iBQM Q7 �p2`�;2 K2i�HHB+Biv Q7 i?2 ?�HQX q2 }M/ i?2 /w #2?�p2b /Bz2`2MiHv BM BMi2`M�HHv
2M`B+?2/ ?�HQb �M/ 2ti2`M�HHv 2M`B+?2/ ?�HQbX "Qi? 7Q` BMi2`M�H �M/ 2ti2`M�H 2M`B+?K2Mi-
i?2`2 r2`2 MQ Qi?2` 7�+iQ`b i?�i 2tTH�BM dZX h?2`27Q`2 r2 �bbmK2 i?�i i?2 dZ Bb /2i2`KBM2/
BM � biQ+?�biB+ r�v- �M/ r2 BKTH2K2Mi Bi i?�i r�vX

8XjX9 h?2 BM?QKQ;2M2Biv /w 7Q` BMi2`M�H 2M`B+?K2Mi
h?2 BM?QKQ;2M2Biv /w Q7 BMi2`M�HHv 2M`B+?2/ ?�HQb /Bbi`B#mi2b �`QmM/ y- �M/ r2 /Q MQi b22
�Mv K2i�HHB+Biv /2T2M/2M+2X Ai K2�Mb i?�i i?2 K2i�HHB+BiB2b Q7 bi�`@7Q`KBM; ;�b �M/ �p2`�;2
;�b �`2 �HKQbi i?2 b�K2X q2 2ti`�+i i?2 dZ /Bbi`B#miBQM #v }iiBM; i?2 rBi? � :�mbbB�M
/Bbi`B#miBQM 7mM+iBQMX h?2 }iiBM; `2bmHi Bb µ = −0.03 �M/ σ = 0.15X h?2 K2�M dZ Bb bHB;?iHv
M2;�iBp2 #mi �HKQbi x2`Q- bm;;2biBM; i?�i QM �p2`�;2 bi�`@7Q`KBM; ;�b �M/ �p2`�;2 ;�b �`2
?QKQ;2M2Qmb BM i2`Kb Q7 K2i�HHB+BivX >Qr2p2`- i?2 /Bbi`B#miBQM Bb � #Bi bF2r2/, Bi ?�b �
HQM;2` i�BH QM i?2 M2;�iBp2 dZX h?2 K2�M �M/ bi�M/�`/ /2pB�iBQM Q7 i?2 /�i� TQBMib Bb @yXy3

jj



J2i�HHB+Biv µ λ σ
−2 < Z ≤ −1 @yXyd yXR9 kXd3
−3 < Z ≤ −2 @yXyR yXk9 RX9R
−4 < Z ≤ −3 yXy3 yXky yXdd
−5 < Z ≤ −4 yXRe yXRN yXj3
−8 < Z ≤ −5 RXej RXyR yXj8

6B;m`2 Re, h?2 H27i T�M2H Bb i?2 /Bbi`B#miBQM 7mM+iBQMb Q7 dZ 7Q` 2ti2`M�H 2M`B+?K2Mi- �M/ i?2
`B;?i T�M2H Bb i?2 #2bi@}iiBM; T�`�K2i2`bX h?2b2 T�`�K2i2`b �`2 7Q` ǳ−dZǴ- MQi dZ Bib2H7X
q2 +�M b22 7`QK i?2 H27i T�M2H i?�i �i ?B;?2` K2i�HHB+Biv dZ #2+QK2b +HQb2` iQ x2`Q- ?Qr2p2`
i?2v �`2 bB;MB}+�MiHv M2;�iBp2X

�M/ yXkd /2tX yXR8 Q` yXkd /2t Bb �+im�HHv bK�HH Q` +QKT�`�#H2 iQ Qi?2` mM+2`i�BMiB2b- HBF2
Q#b2`p�iBQM�H 2``Q`b +QKBM; 7`QK i?2 bi2HH�` T�`�K2i2` UTeff , log g, ...V mM+2`i�BMiB2bX

8XjX8 h?2 BM?QKQ;2M2Biv /w 7Q` 2ti2`M�H 2M`B+?K2Mi
h?2 BKTQ`i�M+2 Q7 2ti2`M�H 2M`B+?K2Mi 7Q` i?2 7Q`K�iBQM Q7 1JS bi�`b ?�b �H`2�/v #22M
TQBMi2/ Qmi #v aKBi? 2i �HX UkyR8VX h?2 BM?QKQ;2M2Biv dZ Q7 2ti2`M�HHv 2M`B+?2/ ?�HQb
�`2 KQbiHv M2;�iBp2X q2 +�M b22 i?Bb BM 6B;X R8X q2 +�M b22 �M Q#pBQmb BM+`2�bBM; i`2M/
#2ir22M K2i�HHB+Biv �M/ dZ- i?2`27Q`2 r2 #BM i?2 K2i�HHB+Biv rBi? ∆Z = 1 BM i?2 `�M;2
−5 < Z ≤ −1- �M/ BM Z ≤ −5 r2 ;`QmT i?2K iQ;2i?2`X AM 2�+? #BM r2 +�H+mH�i2 K2�M �M/
bi�M/�`/ /2pB�iBQMX h?2M r2 }i i?2 /Bbi`B#miBQM 7mM+iBQM Q7 dZ BM 2�+? K2i�HHB+Biv #BM rBi?
�M 2tTQM2MiB�HHv KQ/B}2/ :�mbbB�M /Bbi`B#miBQMX h?2 /Bbi`B#miBQM ?�b i?`22 7`22 T�`�K2i2`b-
(K,µ, σ)- �M/ i?2 T`Q#�#BHBiv /Bbi`B#miBQM 7mM+iBQM p(x;µ, σ,λ) Bb

p(x;µ, σ,λ) =
λ

2
exp

[
λ

2
(2µ+ λσ2 − 2x)

]
erfc

(
µ+ λσ2 − x√

2σ

)
, UjjV

r?2`2

erfc(x) = 1− erf(x) Uj9V

=
2√
π

∫ ∞

x

e−t2dt. Uj8V

h?2 }iiBM; `2bmHib- �`2 T`2b2Mi2/ BM 6B;X ReX h?2 i�#H2 b?Qrb i?2 2pQHmiBQM Q7 i?2 /Bbi`B#miBQM
7mM+iBQM Q7 dZ rBi? K2i�HHB+BivX
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6B;m`2 Rd, h?2 +QKT�`BbQM Q7 dZ /Bbi`B#miBQM iQ T`2pBQmb `2b2�`+?X 6Q` 2ti2`M�H 2M`B+?K2Mi
r2 QMHv b?Qr i?2 /Bbi`B#miBQM 7Q` −4 < Z ≤ −3X h?2 `2/ :�mbbB�M /Bbi`B#miBQM Bb r?�i Qm`
a�J T`2pBQmbHv �bbmK2/ BM >�`irB; 2i �HX UkyR3VX h?2 Q`�M;2 :�mbbB�M /Bbi`B#miBQM Bb i?2
�bbmKTiBQM BM *Ƭiû 2i �HX UkyR3VX h?2 #H�+F p2`iB+�H HBM2 Bb i?2 +Q``2bTQM/BM; dZ /Bbi`B#miBQM
BM ?QKQ;2M2Qmb KQ/2Hb- bm+? �b /2 "2MM�bbmiB 2i �HX UkyRdVX

8XjXe AKTH2K2Mi�iBQM
>2`2 r2 2tTH�BM i?2 BKTH2K2Mi�iBQM Q7 i?2 dZ /Bbi`B#miBQM /2`Bp2/ �#Qp2X AM Qm` a�J- �i
2�+? iBK2bi2T- bi�` 7Q`K�iBQM +�M Q++m`X �i i?2 KQK2Mi Q7 bi�` 7Q`K�iBQM- B7 i?2 ?�HQ Q7
BMi2`2bi �H`2�/v ?�p2 bi�`b Ur?2i?2` SQT AA Q` SQT AAAV r2 �bbmK2 Bi Bb BMi2`M�HHv 2M`B+?2/X
A7 i?2 ?�HQ /Q MQi ?�p2 bi�`b �i �HH- i?2M r2 �bbmK2 Bi Bb 2ti2`M�HHv 2M`B+?2/X h?2M r2 TmHH
QM2 p�Hm2 7`QK UBMi2`M�Hf2ti2`M�HV dZ /Bbi`B#miBQM `�M/QKHv iQ /2i2`KBM2 i?2 dZ Q7 i?2 bi�`
7Q`K�iBQM 2p2MiX

8XjXd *QKT�`BbQM iQ T`2pBQmb `2b2�`+?
AM 6B;X Rd r2 +QKT�`2 Qm` dZ /Bbi`B#miBQM iQ Qi?2` `2b2�`+?2bX h?Bb T�`�K2i2` ?�b MQi #22M
BKTH2K2Mi2/ 2tTHB+BiHv BM Qi?2` `2b2�`+?- #mi r2 +�M 2ti`�+i i?2 +Q``2bTQM/BM; T�`�K2i2`X AM
?QKQ;2M2Qmb KQ/2Hb- bBM+2 i?2v +�H+mH�i2 i?2 bi2HH�` K2i�HHB+BiB2b #v ;�H�+iB+ �p2`�;2 K2i�H@
HB+BiB2b- dZ Bb �Hr�vb x2`Q U#H�+F p2`iB+�H HBM2VX AM �MQi?2` a�J #v *Ƭiû 2i �HX UkyR3V- �
bBKBH�` i`2�iK2Mi Bb BKTH2K2Mi2/X PM i?2 J.6 +�H+mH�i2/ #v bBKTH2 K�bb �`;mK2Mi- i?2v
+QMpQHp2 � :�mbbB�M rBi? (µ, σ) = (0, 0.2) iQ K�F2 i?2B` J.6 }ib #2ii2` iQ Q#b2`p�iBQMX h?Bb
/Bbi`B#miBQM Bb [mBi2 bBKBH�` iQ Qm` dZ 7Q` BMi2`M�H 2M`B+?K2MiX AM T`2pBQmb BKTH2K2Mi�iBQMb
Q7 Qm` a�J- i?2 T`Q/m+2/ K2i�Hb KBt QMHv rBi? /2Mb2 U�M/ bi�`@7Q`KBM;V ;�b- �M/ i?2 +Q`@
`2bTQM/BM; dZ Bb KQbiHv TQbBiBp2X >Qr2p2`- i?2 �M�HvbBb Q7 +QbKQHQ;B+�H bBKmH�iBQM bm;;2bib
i?�i i?Bb Bb MQi i?2 +�b2, K2i�Hb �`2 KBt2/ r2HH BMbB/2 ?�HQ BM BMi2`M�H 2M`B+?K2Mi- �M/ BM
2ti2`M�H 2M`B+?K2Mi K2i�Hb �`2 `�i?2` �i HQr@/2MbBiv `2;BQMX

AM T`2pBQmb rQ`Fb bQK2 bm#@;`B/ KQ/2Hb 7Q` SQT AAA 7Q`K�iBQM r�b mb2/ BM a�`K2MiQ
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2i �HX UkyRdc kyRNVc a�7�`x�/2? 2i �HX UkyR3�VX h?2v KQ/2H T`BbiBM2 7`�+iBQM BMiQ 2�+? ;�b +2HH-
�M/ i?2v �HHQr SQT AAA bi�` 7Q`K�iBQM 2p2M BM K2i�H@`B+? ;�b +2HHbX h?2B` KQ/2H Bb mb27mH iQ
7QHHQr i?2 `2bB/m�H SQT AAA bi�` 7Q`K�iBQM BM 2M`B+?2/ `2;BQMX h?2 Tm`TQb2 Q7 Qm` KQ/2H Bb iQ
BKT`Qp2 i?2 +�HB#`�iBQM Q7 Qm` a�J #v i�FBM; BM?QKQ;2M2Qmb KBtBM; BMiQ �++QmMiX 6Q` i?Bb
Tm`TQb2 i?2 /Bz2`2M+2 Q7 K2i�HHB+Biv #2ir22M bi�`@7Q`KBM; �M/ �p2`�;2 ;�b- MQi i?2 T`BbiBM2
7`�+iBQM- Bb i?2 KQbi BKTQ`i�Mi p�Hm2 i?�i b?QmH/ #2 KQ/2H2/X

�MQi?2` BKTQ`i�Mi `2b2�`+? Bb >B`�B �M/ a�BiQ? UkyRdVX h?2v BM+Hm/2 � /BzmbBQM KQ/2H BM
i?2B` aS> bBKmH�iBQMX h?2v KQ/2H i?2 2t+?�M;2 Q7 K�bb2b Ur?B+? Bb /BzmbBQM Q7 K2i�H QM bm#@
;`B/ b+�H2V #v K2i�HHB+Biv ;`�/B2Mi- b?2�`- �M/ � b+�HBM; 7�+iQ` Ur?B+? Bb � KQ/2H T�`�K2i2`VX
h?2v +�HB#`�i2 i?2 b+�HBM; 7�+iQ` #v +QKT�`BM; i?2 2H2K2Mi�H �#mM/�M+2 T�ii2`MX �b � `2bmHi
i?2v +QM+Hm/2/ i?�i i?2 K2i�H KBt2b r2HH rBi?BM 9y Jv`- b?Q`i2` i?�M i?2 /vM�KB+�H iBK2
U�M/ i?2`27Q`2 bi�`@7Q`K�iBQM /m`�iBQMV Q7 ivTB+�H /r�`7bX h?Bb K2�Mb i?�i BM i?2B` bBKmH�iBQM
?v/`Q;2M ;�b �M/ K2i�Hb KBt r2HHX h?Bb Bb +QMbBbi2Mi iQ Qm` BMi2`M�H 2M`B+?K2Mi `2bmHi,

e _2bmHi
>2`2 r2 T`2b2Mi i?2 +�HB#`�iBQM Q7 i?2 a�J #�b2/ QM J.6- �M/ /Bb+mbb i?2 2z2+i Q7 /wX q2
�HbQ b?Qr Qi?2` Q#b2`p�#H2b �`2 `2T`Q/m+2/ �b r2HHX

aBM+2 i?2 a�J ǳKQ/2HbǴ T?vbB+�H T`Q+2bb2b ǳ�M�HviB+�HHvǴ- �M/ Q7i2M i?2 KQ/2H T�`�K2@
i2`b �`2 MQi r2HH +QMbi`�BM2/- r2 M22/ � T�`�K2i2` +�HB#`�iBQMX AM Qm` rQ`F- i?2 T�`�K2i2`b
�`2 /2i2`KBM2/ iQ `2T`Q/m+2 bQK2 2tBbiBM; Q#b2`p�iBQMX L�K2Hv,

Ç J2i�HHB+Biv /Bbi`B#miBQM 7mM+iBQM UJ.6V

Ç ai2HH�` K�bb @ ?�HQ K�bb `2H�iBQM

Ç AMi2`M�H 2M`B+?K2Mi 7`�+iBQM

Ç h?QKbQM b+�ii2`BM; QTiB+�H /2Ti?

Pi?2` +�HB#`�iBQMb �`2 BM+Hm/2/ BKTHB+BiHv- r?2M r2 +?QQb2 i?2 T�`�K2i2` `�M;2b iQ br22TX
q2 rBHH 2tTH�BM � #Bi KQ`2 BM /2i�BHX

eXR J2i�HHB+Biv /Bbi`B#miBQM 7mM+iBQM UJ.6V
h?2 KQbi BKTQ`i�Mi +�HB#`�iBQM Bb i?2 K2i�HHB+Biv /Bbi`B#miBQM 7mM+iBQM UJ.6VX h?Bb Bb �
/Bbi`B#miBQM Q7 bi2HH�` K2i�HHB+BiB2b BM i?2 JqX (62f>) Bb Q7i2M mb2/ �b � i`�+2` 7Q` K2i�HHB+Biv-
#2+�mb2 r2 +�MMQi Q#i�BM �#mM/�M+2 Q7 �HH 2H2K2Mib- �M/ 62 Bb �M 2H2K2Mi `2H�iBp2Hv 2�bv
iQ K2�bm`2X Pm` Tm`TQb2 ?2`2 Bb iQ Q#i�BM i?2 ǳ#2bi@}iǴ SQT AAA AJ6X h?2`27Q`2 r2 QMHv
mb2 2ti`2K2Hv K2i�H@TQQ` U1JSV bi�`b, bi�`b rBi? (62f>) ≤ −3.0X J2i�H `B+?2` bi�`b �`2
�HbQ �z2+i2/ #v H�i2` bi�`b- �M/ i?2 BM+HmbBQM Q7 i?2K +�M r2�F2M Qm` +QMbi`�BMBM; TQr2`X
6Q` Q#b2`p�iBQM�H /�i� r2 mb2 9kd 1JS bi�`b 7`QK i?2 a�:� /�i�#�b2 Uam/� 2i �HX kyy3V-
r?B+? Bb mT/�i2/ �i C�Mm�`v kyRNX q2 QMHv BM+Hm/2 bi�`b K2�bm`2/ rBi? � bT2+i`�H `2bQHmiBQM
R > 30000- �M/ r2 QMHv BM+Hm/2 bi�`b rBi? B`QM /2i2+iBQMX �HbQ- bi�`b i?�i `2bB/2 QmibB/2 i?2
+2Mi`�H jyy FT+ �`2 2t+Hm/2/- BM Q`/2` iQ 2HBKBM�i2 TQQ`Hv@`2bQHp2/ ?�HQb �i i?2 2/;2 Q7 i?2
bBKmH�iBQM #QtX

je



h�#H2 R, S�`�K2i2` p�Hm2b BM Qm` }/m+B�H KQ/2HX h?Bb b2i Q7 T�`�K2i2`b #2bi `2T`Q/m+2b
i?2 J.6 �i (62f>) ≤ −3 �b r2 b?Qr #2HQrX q2 }t i?2 SQT AAA K2i�H 7�HH#�+F 7`�+iBQM �i
ffallback = 1− fejectX

S�`�K2i2` o�Hm2
SQT AAA a61 ηIII = 3× 10−3

7`�+iBQM Q7 7�BMi aL2 ffaint = 0.3
SQT AAA K2i�H 2D2+iBQM 7`�+iBQM feject = 60%
HQr2` AJ6 HBKBi Mmin = 2M⊙
mTT2` AJ6 HBKBi Mmax = 180M⊙
AJ6 bHQT2 α = 0.5
`2+Qp2`v iBK2 trecov = 50 Jv`

q2 M22/ � +`Bi2`BQM 7Q` J.6 +QKT�`BbQMX q2 mb2 i?2 QM2@b�KTH2 EQHKQ;Q`Qp@aKB`MQp
UEaV i2bi #2ir22M � bHQi? T`2/B+iBQM U+QMiBMmQmb /Bbi`B#miBQMV �M/ 9kd K2i�HHB+BiB2b Q7 1JS
bi�`b U9kd /Bb+`2i2 /�i�VX q2 `mM Qm` a�J QM jy BM/2T2M/2Mi Jq@HBF2 ?�HQ i`22b 2ti`�+i2/
7`QK *�i2`TBHH�` bBKmH�iBQM U:`Bz2M 2i �HX kyReVX >2`2 r2 2tTH�BM BM � #Bi KQ`2 /2i�BHX 6B`bi-
r2 `mM a�J QM 2�+? i`22- �M/ Q#i�BM J.6X h?2M r2 2t2+mi2 i?2 Ea i2bi QM 2�+? J.6
UbQ r2 2t2+mi2 Ea i2bib 7Q` jy iBK2b 7Q` QM2 T�`�K2i2` b2iV �M/ i?2 Q#b2`p2/ /�i�X h?2
MmHH ?vTQi?2bBb ?2`2 Bb ǳh?2 Q#b2`p�iBQM Q7 9kd bi�`b �`2 `�M/QKHv b�KTH2/ 7`QK i?2 KQ/2H
J.6ǴX 6BM�HHv r2 Q#i�BM jy T@p�Hm2b- �M/ r2 +QmMi i?2 MmK#2` Q7 i`22b i?�i T�bb i?2 Ea
i2bi �i RW bB;MB}+�M+2 H2p2H 7Q` 2�+? T�`�K2i2` b2iX

h?2 KQ/2H T�`�K2i2`b �`2 +�HB#`�i2/ bQ i?�i i?2 MmK#2` Q7 Ea i2bi@�TT`Qp2/ i`22b Bb
K�tBKBx2/X Pm` +�HB#`�i2/ KQ/2H T�`�K2i2`b �`2 T`2b2Mi2/ BM h�#H2X RX h?2 +�HB#`�i2/
SQT AAA AJ6 ?�b � bHQT2 α = 0.5 rBi? i?2 KBMBKmK K�bb Mmin = 2M⊙ �M/ i?2 K�tBKmK
K�bb Mmax = 180M⊙X 6Q` i?Bb T�`�K2i2` b2i- �HH i`22b T�bb i?2 Ea i2biX >2`2�7i2` r2 QMHv
/Bb+mbb KQ/2Hb i?�i ?�p2 QMHv QM2 /Bz2`2Mi T�`�K2i2`b 7`QK i?2 }/m+B�H KQ/2HX Pi?2` b2i
Q7 T�`�K2i2`b- Utrecov = 60 Jv` �M/ fej = 80%V �HbQ �HHQr2/ �HH i`22b iQ T�bb i?2 Ea i2biX
q2 +QKT�`2 i?2b2 T�`�K2i2` b2ib iQ i?2 }/m+B�H #v �//BiBQM�H +`Bi2`B�, Ea i2bi rBi? 8W
bB;MB}+�M+2 H2p2H- �M/ BMi2`M�Hf2ti2`M�H 2M`B+?K2Mi 7`�+iBQMbX h?2 8W bB;MB}+�M+2 H2p2H Ea
i2bi 2HBKBM�i2b Ufej = 80%V KQ/2H- �M/ i?2 2ti2`M�H 2M`B+?K2Mi 7`�+iBQM +QKT�`BbQM TB+Fb mT
i?2 }/m+B�H KQ/2H T�`�K2i2`bX

AM 6B;X R3 r2 b?Qr i?2 +QKT�`BbQM Q7 T`BKQ`/B�H AJ6b #2ir22M Qm` +�HB#`�iBQM �M/ � /B`2+i
bBKmH�iBQM U>B`�MQ 2i �HX kyR8VX Pm` +�HB#`�i2/ AJ6 /Bb7�pQ`b p2`v K�bbBp2 bi�`b U" 200M⊙VX
ai�`b Q7 K�bb2b 140 < M∗ < 260M⊙ 2tTHQ/2 �b SAaL2- r?B+? Q7i2M T`Q/m+2 � HQi Q7 K2i�HbX
>�HQb i?�i 2tT2`B2M+2 bm+? SAaL �`2 KQbiHv 2M`B+?2/ /B`2+iHv iQ (62f>) " −3X ai�`b KQ`2
K�bbBp2 i?�M key M⊙ /Q MQi +QMi`B#mi2 iQ K2i�H 2M`B+?K2Mi #2+�mb2 i?2v /B`2+iHv +QHH�Tb2
BMiQ #H�+F ?QH2bX JQ/2Hb rBi? [mBi2 ?B;? Mmax Bb /Bb7�pQ`2/ #2+�mb2 rBi? i?�i T�`�K2i2`
i?2`2 �`2 MQi 2MQm;? bi�`b �i −5 ≤ (62f>) ≤ −3X

Pm` M2r K2i�H KBtBM; KQ/2H K�F2b � HQM; i�BH �i i?2 HQr@K2i�HHB+Biv 2M/X AM 6B;X RN r2
b?Qr i?2 J.6 +QKT�`BbQM #2ir22M KQ/2H rBi? �M/ rBi?Qmi /wX 6Q` `2H�iBp2Hv ?B;? (62f>)
U" −4.5V- BMi2`M�H 2M`B+?K2Mi Bb i?2 /QKBM�Mi +?�MM2H 7Q` 2M`B+?K2MiX h?2 /w 7Q` BMi2`M�HHv
2M`B+?2/ ?�HQb �`2 ivTB+�HHv dZ ≃ 0- �M/ r2 /Q MQi b22 �Mv H�`;2 2z2+iX >Qr2p2`- r?2M r2
/Bb+mbb i?2 MmK#2` Q7 bi�`b rBi? (62f>) ! −4.5 i?2 BM?QKQ;2M2Biv Bb BKTQ`i�MiX aBM+2 UBV
i?2 bi�`@7Q`KBM; `2;BQM Bb K2i�H@TQQ`2` i?�M i?2 bBKTH2bi 2biBK�i2- �M/ UBBV J.6 Bb mbm�HHv

jd



6B;m`2 R3, *QKT�`BbQM Q7 SQT AAA AJ6- #2ir22M � bHQi? +�HB#`�iBQM �M/ QM2 /B`2+i bBKmH�@
iBQMX h?2 #H�+F HBM2 b?Qrb i?2 +�HB#`�i2/ T`BKQ`/B�H AJ6X h?2 `2/ HBM2 b?Qrb i?2 T`BKQ`/B�H
AJ6 /2`Bp2/ #v >B`�MQ 2i �HX UkyR8VX h?2 #H�+F /�b?2/ HBM2 Bb i?2 a�HT2i2` bHQT2 iQ ;mB/2
i?2 2v2X h�FBM; BM?QKQ;2M2Biv BMiQ �++QmMi /Q2b MQi KQ/B7v i?2 AJ6 T`2/B+iBQMX h?2 ;`�v
#�M/b �`2 i?2 K�bb `�M;2b r?2`2 � HQi Q7 K2i�H Bb 2D2+i2/X

j3



6B;m`2 RN, J.6 T`2/B+iBQM Q7 � i`22 rBi? i?2 }/m+B�H T�`�K2i2` b2iX 6Qm` ?BbiQ;`�Kb �`2
Qp2`THQii2/- #mi }`bi r2 2tTH�BM irQ Q7 i?2KX h?2 QT2M #Hm2 ?BbiQ;`�K b?Qrb i?2 KQ/2H
T`2/B+iBQMX h?2 QT2M `2/ ?BbiQ;`�K �HbQ b?Qrb i?2 KQ/2H T`2/B+iBQM- #mi r2 /Q MQi �TTHv
/wX h?2 irQ ?BbiQ;`�Kb �`2 bHB;?iHv /Bz2`2MiX aBM+2 i?2 Ea i2bi Bb b2MbBiBp2 iQ i?2 /Bz2`2M+2
Q7 K2/B�M #2ir22M irQ b�KTH2b- r2 /Q MQi b22 �Mv /Bz2`2M+2 BM i?2 AJ6 T`2/B+iBQM #2ir22M
rBi? �M/ rBi?Qmi /w KQ/2HX h?Bb Bb #2+�mb2 Bi QMHv bHB;?iHv +?�M;2b i?2 Qp2`�HH J.6X
LQiB+�#H2 /Bz2`2M+2 +�M #2 b22M �i (62f>) < −4.5- �M/ BM 2ti2`M�H 2M`B+?K2MiX h?2 }HH2/
#Hm2 ?BbiQ;`�K b?Qrb i?2 J.6 QMHv 7`QK bi�`b 7Q`K2/ #v 2ti2`M�H 2M`B+?K2MiX h?2 }HH2/
`2/ ?BbiQ;`�K b?Qrb bBKBH�` iQ i?2 }HH2/ #Hm2 QM2- #mi r2 /Q MQi �TTHv /w �;�BMX aBM+2 i?2
BM?QKQ;2M2Biv Bb H�`;2` 7Q` 2ti2`M�H 2M`B+?K2Mi- (62f>) Q7 bi�`b i?�i �`2 7Q`K2/ QMHv 7`QK
2ti2`M�H 2M`B+?K2Mi �`2 bi`QM;Hv �z2+i2/ #v i?2 BM?QKQ;2M2BivX q2 +�M b22 i?�i i?2 }HH2/
#Hm2 ?BbiQ;`�K Bb b?B7i2/ iQ HQr@(62f>) 2M/ 7`QK i?2 }HH2/ `2/ ?BbiQ;`�KX h?Bb b?B7iBM; Bb
+�mb2/ #v i?2 7�+i i?�i BM 2ti2`M�H 2M`B+?K2Mi bi�`@7Q`KBM; ;�b �`2 QM �p2`�;2 K2i�H@TQQ`2`
i?�M �p2`�;2 Q7 i?2 ;�b BM i?2 ?�HQX

�M BM+`2�bBM; 7mM+iBQM �i i?Bb (62f>)- i?2 MmK#2` Q7 bi�`b BM+`2�b2b �i (62f>) ! −4.5X
AM 6B;X ky r2 b?Qr ?Qr i?2 J.6 +?�M;2b rBi? i?2 KQ/B}+�iBQM Q7 T�`�K2i2`bX S�`iB+m@

H�`Hv r2 b?Qr i?2 KQ/2Hb rBi? /Bz2`2Mi K2i�H 2D2+iBQM K�bb 7`QK SQT AAA bi�`b,

Ç SQT AAA bi�` 7Q`K�iBQM 2{+B2M+v ηIII, 10−1, 10−4

Ç J�tBKmK K�bb Q7 SQT AAA bi�`b Mmax, 100, 260M⊙X

h?2 ηIII = 10−4 �M/ i?2 Mmax = 100 KQ/2Hb T`Q/m+2 H2bb K2i�Hb �i QM2 SQT AAA bi�` 7Q`K�iBQM
2p2Mi- r?2`2�b ηIII = 10−1 �M/ i?2 Mmax = 260 KQ/2Hb �`2 i?2 QTTQbBi2X h?2 /2+`2�b2 BM
SQT AAA K2i�H K�bb BM+`2�b2b i?2 MmK#2` Q7 bi�`b �i (62f>) ∼ −4- �M/ pB+2 p2`b�X h?2 }/m+B�H
T�`�K2i2` Bb i?2 #2bi iQ K�F2 i?2 J.6 +QKT�iB#H2 rBi? i?2 Q#b2`p�iBQMX

jN



6B;m`2 ky, J.6 +QKT�`BbQM rBi? /Bz2`2Mi T�`�K2i2` b2ibX h?2 p�Hm2b Q7 i?2 HBM2b QM i?2
H27i �M/ i?2 `B;?i T�M2Hb �`2 i?2 b�K2X h?2 /Bz2`2M+2 Bb r?2i?2` i?2 v@�tBb Bb BM HQ; b+�H2 Q`
HBM2�` b+�H2- �M/ i?2 `�M;2 Q7 (62f>)X h?2 ;`�v ?BbiQ;`�K Bb i?2 Q#b2`p�iBQM�H J.6 Uam/�
2i �HX kyy3VX "H�+F +m`p2 Bb i?2 J.6 rBi? i?2 }/m+B�H T�`�K2i2` b2iX h?2 Qi?2` J.6b
Q#i�BM2/ #v KQ/B7vBM; �Mv QM2 Q7 T�`�K2i2`b �`2 b?QrM BM HBM2b rBi? +QHQ`bX q2 +�M b22 i?�i
� bHQi? 7Q`Kb iQQ K�Mv bi�`b BM (62f>) < −3.5 rBi? Mmax = 100M⊙ �M/ Pop III efficiency =
10−4 KQ/2HbX h?2b2 KQ/2Hb i2M/ iQ T`Q/m+2 bK�HH2` �KQmMi Q7 K2i�Hb +QKT�`2/ iQ i?2
}/m+B�H T�`�K2i2` b2i BM 2�+? SQT AAA bi�` 7Q`K�iBQM 2p2MiX �7i2` bm+? bK�HH K2i�H K�bb
2p2Mib- bi�`b rBi? [mBi2 HQr (62f>) +�M #2 7Q`K2/X h?2 MmK#2` Q7 bi�`b �i (62f>) < −3.5
Bb iQQ H�`;2 iQ K�i+? i?2 Q#b2`p�iBQMX AJ6 K�tBKmK Mmax = 260M⊙ �M/ AJ6 KBMBKmK
Pop III efficiency = 10−1 �`2 i?2 T�`�K2i2` b2ib i?�i #2?�p2b BM i?2 QTTQbBi2 r�v, i?2v
T`2/B+i iQQ HBiiH2 bi�`b BM (62f>) < −3.5X qBi? i?2b2 T�`�K2i2`b i?2 MmK#2` Q7 ǳbK�HH K2i�H@
K�bb 2p2MiǴ Bb iQQ bK�HH �M/ +QMb2[m2MiHv i?2 MmK#2` Q7 bi�`b �i (62f>) < −3.5 Bb MQi 2MQm;?
iQ #2 +QKT�iB#H2 rBi? i?2 Q#b2`p�iBQM�H J.6X

9y



eXk ai2HH�` K�bb @ ?�HQ K�bb UaJ>JV `2H�iBQM
h?2 aJ>J `2H�iBQM Bb � 7mM+iBQM M∗(Mh)X 6Q` i?2 HQr@x ;�H�tB2b- r2 +�M Q#b2`p2 i?2
HmKBMQbBiv U2`;fbV �M/ bi2HH�` p2HQ+Biv /BbT2`bBQM UFKfbV Q` bi2HH�` `Qi�iBQM�H p2HQ+Biv UFKfbVX
h?2 HmKBMQbBiv +�M #2 mb2/ iQ 2biBK�i2 i?2 bi2HH�` K�bb Q7 i?2 ;�H�tv �bbmKBM; K�bb@iQ@HB;?i
`�iBQ Bb FMQrMX h?2 p2HQ+Biv /BbT2`bBQM �M/ `Qi�iBQM�H p2HQ+Biv +�M #2 mb2/ iQ BM72` i?2 iQi�H
K�bb Q7 i?2 bvbi2K- #v pB`B�H i?2Q`2K Q` `Qi�iBQM@+m`p2 }iiBM;X "v i?2b2 K2i?Q/b- BM T`BM+BTH2
r2 +�M `2+Qp2` i?2 7mM+iBQM M∗(Mh)X

AM `2�HBiv- 7Q` 7�BMi ;�H�tB2b Bi Bb /B{+mHi iQ ;2i p2HQ+Biv BM7Q`K�iBQM 7`QK Q#b2`p�iBQM-
+QKT�`2/ iQ Dmbi ;2iiBM; i?2 HmKBMQbBiv Q7 i?2 ;�H�tvX �b � +QMb2[m2M+2- 7Q` bQK2 HQr@
HmKBMQbBiv ;�H�tB2b r2 QMHv ?�p2 HmKBMQbBiv BM7Q`K�iBQM- �M/ r2 /QMǶi FMQr i?2 ?�HQ K�bbX AM
i?Bb +�b2- ǳ�#mM/�M+2 K�i+?BM; K2i?Q/Ǵ Bb Q7i2M mb2/ iQ BM72` i?2 ?�HQ K�bb �M/ +QKTH2i2 i?2
7mM+iBQM M∗(Mh)X qBi?BM Λ*.J T�`�/B;K- QM+2 r2 /2i2`KBM2 i?2 +QbKQHQ;B+�H T�`�K2i2`b
ΩΛ,Ωm(,ΩK) r2 +�M Q#i�BM i?2 ?�HQ K�bb 7mM+iBQM n(Mh) #v S`2bb@a+?2+?i2` i?2Q`v Q` L@
#Q/v bBKmH�iBQMX 6Q` i?2 /2i�BHb Q7 Sa i?2Q`v- b22 S`2bb �M/ a+?2+?i2` URNd9VX 6Q` i?2
HmKBMQbBiv /Bbi`B#miBQM 7mM+iBQM n(L) r2 +�M /B`2+iHv Q#b2`p2X q?�i �#mM/�M+2 K�i+?BM;
/Q2b Bb iQ K�i+? i?2 ?2�pB2bi �M/ #`B;?i2bi- K�i+? i?2 b2+QM/- �M/ bQ QMX aBM+2 r2 ?�p2
#Qi? n(L) ≃ n(M∗) �M/ n(Mh)- r2 +�M Q#i�BM i?2 7mM+iBQM M∗(Mh)X

h?2 aJ>J `2H�iBQM Bb Q#b2`p�iBQM�HHv Q#i�BM2/ �i z < 6- #mi �i ?B;?2` `2/b?B7i i?2`2 Bb
MQ `2HB�#H2 MmK#2`b Q7 Q#b2`p�iBQM i?�i /2i2`KBM2b aJ>J `2H�iBQMX �i ?B;?2` `2/b?B7i- i?2
#2bi r2 +�M /Q Bb i?2 +QbKQHQ;B+�H bBKmH�iBQM rBi? U+m``2Mi@#2biV bi�` 7Q`K�iBQM �M/ bi2HH�`
722/#�+F b+?2K2X h?2`2 �`2 bQK2 /Bz2`2Mi b+?2K2b- �M/ i?2`2 Bb �#Qmi k /2t Q7 /Bz2`2M+2
BM bi2HH�` K�bb �KQM; /Bz2`2Mi KQ/2HbX aJ>J `2H�iBQM +QKT�`BbQM �i z > 6 +�MMQi #2 �
bi`BM;2Mi i2bi- #mi i?2 bi�` 7Q`K�iBQM r2 �`2 BMi2`2bi2/ BM Q7i2M ?�TT2Mb �i �`QmM/ z ∼ 10-
r2 ?�p2 +QKT�`2/ aJ>J 7`QK �@aGPh> �M/ i?2 `2M�Bbb�M+2 bBKmH�iBQM �i z = 12X

h?2 aJ>J `2H�iBQM Bb 2�bBHv �++2bbB#H2 BM �Mv bBKmH�iBQM i?�i 7Q`Kb K�Mv bi�`b �M/
;�H�tv- BM+Hm/BM; i?2 a�JX "v K�i+?BM; aJ>J- USQT AAV bi2HH�` 722/#�+F T�`�K2i2`b �`2
+�HB#`�i2/X

eXj AMi2`M�H 2M`B+?K2Mi 7`�+iBQM
hrQ +?�MM2Hb Q7 SQT AAA bi�` 7Q`K�iBQM iQ SQT AA bi�` 7Q`K�iBQM i`�MbBiBQM ?�p2 #22M T`QTQb2/,
BMi2`M�H �M/ 2ti2`M�H 2M`B+?K2Mi UbQK2 `272`2M+2VX h?2 /Bz2`2M+2 Bb r?2i?2` i?2 ;�H�tv
mM/2`;Q2b � SQT AAA bi�` 7Q`K�iBQM #v Bib2H7 �M/ i?2M i?2 K2i�Hb 7`QK bi�`b BMbB/2 2M`B+? i?2
;�H�tv- +?�M;BM; i?2 bi�` 7Q`K�iBQM KQ/2 iQ i?2 QM2 Q7 SQT AA- Q` i?2 ;�H�tv ;2ib 2M`B+?2/ #v
bi�`b BM M2B;?#Q`BM; ;�H�tB2b �M/ +�MMQi 7Q`K K2i�H@7`22 SQT AAA bi�`b �MvKQ`2X Ai Bb �HKQbi
BKTQbbB#H2 iQ 2biBK�i2 i?Bb 7`�+iBQM Q#b2`p�iBQM�HHv- #2+�mb2 r2 M22/ iQ Q#b2`p2 i?2 SQT AAA
bi�`b i?�i Bb biBHH �HBp2- r?B+? Bb mMHBF2Hv UJ�iiBb T�T2`VX >Qr2p2`- � #mM+? Q7 +QbKQHB;B+�H
bBKmH�iBQMb ?�p2 +QMbBbi2MiHv bm;;2bi i?�i i?2 BMi2`M�H 2M`B+?K2Mi 7`�+iBQM b?QmH/ #2 �`QmM/
3yW UbQK2 `272`2M+2VX q2 mb2 i?Bb BMi2`M�H 2M`B+?K2Mi 7`�+iBQM iQ +�HB#`�i2 i?2 SQT AAA
rBM/ p2HQ+Biv �M/ `2+Qp2`v iBK2X Ai b22Kb i?2 T`Q/m+i Q7 i?2 SQT AAA rBM/ p2HQ+Biv �M/
i?2 `2+Qp2`v iBK2 b?QmH/ #2 �`QmM/ jyyy@j8yy Ukm/s ·MyrV iQ `2T`Q/m+2 i?�i i?2 BMi2`M�H
2M`B+?K2Mi 7`�+iBQM Bb 3yW Q7 �HH i?2 ;�H�tB2bX

9R



6B;m`2 kR, h?2 bi2HH�` K�bb @ ?�HQ K�bb `2H�iBQM �i T`2b2Mi@/�vX h?2 /Qib �`2 i?2 ;�H�tB2b
BM Qm` KQ/2H �i z = 0X .Qib Q7 /Bz2`2Mi +QHQ`b +QK2 7`QK /Bz2`2Mi i`22bX >Q`BxQMi�H �tBb Bb
i?2 T2�F ?�HQ K�bb- �M/ i?2 p2`iB+�H �tBb Bb i?2 bi2HH�` K�bbX h?2 bQHB/ HBM2 Bb i?2 �#mM/�M+2
K�i+?BM; `2H�iBQM #v :�``BbQM@EBKK2H 2i �HX UkyR9V

6B;m`2 kk, h?2 `2/b?B7i 2pQHmiBQM Q7 2ti2`M�HHv 2M`B+?2/ ?�HQ 7`�+iBQMX h?2 #Hm2 bi�`b �`2
p�Hm2b BM _2M�Bbb�M+2 bBKmH�iBQM �i i?`22 /Bz2`2Mi `2/b?B7ibX h?2 bM�Tb?Qib �`2 i�F2M 7`QK
ǳLQ`K�HǴ /�i�b2iX h?2 #H�+F HBM2 Bb i?2 KQ/2H T`2/B+iBQM- �M/ i?2 `2/ HBM2 Bb i?2 KQ/2H
T`2/B+iBQM rBi?Qmi i�FBM; BM?QKQ;2M2Biv BMiQ �++QmMiX

9k



eX9 h?QKbQM b+�ii2`BM; QTiB+�H /2Ti?
h?2 2H2+i`QM@T?QiQM b+�ii2`BM; �i HQr 2M2`;v HBKBi Bb +�HH2/ ǳh?QKbQM b+�ii2`BM;ǴX AM i?2
+QbKQHQ;B+�H +QMi2ti- i?2 ǳh?QKbQM b+�ii2`BM; QTiB+�H /2Ti?Ǵ τ Bb i?2 QTiB+�H /2Ti? i?�i
*J" T?QiQMb 2tT2`B2M+2 /m2 iQ i?2 2tBbi2M+2 Q7 7`22 2H2+i`QMb BM i?2 lMBp2`b2X h?2 K�BM
bQm`+2 Q7 2H2+i`QM Bb i?2 BQMBx�iBQM Q7 ?v/`Q;2M- bQ τ Bb QM2 T`Q#2 7Q` BQMBx�iBQM ?BbiQ`v Q7
i?2 lMBp2`b2X 6`QK i?2 +`Qbb +Q``2H�iBQMb Q7 /Bz2`2Mi TQH�`Bx�iBQMb Q7 *J"- r2 +�M K2�bm`2
i?2 QTiB+�H /2Ti? T�`�K2i2` τ X h?2 SH�M+F kyR3 `2bmHib bm;;2bi i?�i i?2 τ ≃ 0.054 �i z = 0
U7`QK i?2 H�bi b+�ii2`BM; bm7`�+2VX h?2 Q#b2`p�iBQM�H p�Hm2b �`2 �+im�HHv +QMi`Qp2`bB�H, SH�M+F
kyR9 `2bmHib bm;;2bi yXyNR �i z = 0- �M/ i?2v +QMi`�/B+i rBi? 2�+? Qi?2` �i RσX

h?2Q`2iB+�HHv i?2`2 `2K�BMb � ?m;2 mM+2`i�BMiv 7Q` i?2 QTiB+�H /2Ti? τ - r?B+? H2�p2b [mBi2
� H�`;2 7`22/QK BM T�`�K2i2`bX PTiB+�H /2Ti? Bb /2i2`KBM2/ #v i?2 7`�+iBQM Q7 BQMBx2/ `2;BQM
7`QK z = 1100 to z = 0- r?B+? b?QmH/ #2 `2H�i2/ iQ SQT AAA T`QT2`iB2b HBF2 i?2 AJ6 Q` i?2
Qp2`�HH SQT AAA bi2HH�` K�bb pB� i?2 MmK#2` Q7 BQMBxBM; T?QiQMb UT?QiQMb rBi? 2M2`;v KQ`2
i?�M RjXe2o �M/ +QMi`B#mi2b iQ BQMBx�iBQM Q7 i?2 lMBp2`b2VX >Qr2p2`- i?2 ǳ2b+�T2 7`�+iBQMǴ
i?�i /2i2`KBM2b i?2 7`�+iBQM Q7 T?QiQMb r?B+? +�M 2b+�T2 7`QK i?2 ;�H�tv �M/ +QMi`B#mi2 iQ
i?2 BQMBx�iBQM Q7 i?2 lMBp2`b2 Bb ?B;?Hv mM+2`i�BMX A7 i?2 T?QiQMb �`2 i`�TT2/ BM i?2 ;�H�tv- Bi
K�v +QMi`B#mi2 iQ i?2 BQMBx�iBQM Q7 i?2 > ;�b BMbB/2 i?2 ;�H�tv- #mi bBM+2 i?2 /2MbBiv Bb [mBi2
?B;? �M/ T`QiQM@2H2+i`QM T�B`b +�M bQQM `2+QK#BM2- Bi /Q2b MQi T`Q/m+2 �Mv M2i 2z2+iX h?2
mM+2`i�BMiv BM i?2 2b+�T2 7`�+iBQM H2i rB/2 `�M;2 Q7 T�`�K2i2` bT�+2 iQ #2 TQbbB#Hv +QMbBbi2MiX
�HbQ- Qm` pQHmK2 Bb MQi 2MQm;? iQ #2 � +QbKQHQ;B+�H `2T`2b2Mi�iBp2X h?2`27Q`2- i?2 QTiB+�H
/2Ti? +�H+mH�i2/ #v Qm` +Q/2 K�v MQi K�i+? iQ i?2 Q#b2`p�iBQMX

d .Bb+mbbBQMb �M/ *QM+HmbBQM
ai2HH�` �`+?�2QHQ;v Bb � TQr2`7mH iQQH iQ bim/v i?2 2�`Hv ?BbiQ`v Q7 bi�` �M/ ;�H�tv 7Q`K�iBQMX
S�`iB+mH�`Hv r2 i�F2 � b2KB@�M�HviB+ �TT`Q�+?- BM r?B+? r2 +�M i2bi � rB/2 p�`B2iv Q7 T�`�K@
2i2`b �M/ i?2`27Q`2 mb27mH iQ bim/v i?2 2z2+i Q7 2�+? T�`�K2i2`b QM Q#b2`p�#H2bX qBi? i?2
a�J- 2�+? ;�H�tv Bb `2T`2b2Mi2/ rBi? QM2 `2bQHmiBQM mMBi, i?2`27Q`2 BM?QKQ;2M2Biv BM 2�+?
;�H�tv Bb Q7i2M B;MQ`2/X >Qr2p2`- r2 }M/ i?�i i?2 K2i�HHB+Biv /Bbi`B#miBQM Q7 ;�b BMbB/2 2�+?
;�H�tv +�M #2 ?B;?Hv BM?QKQ;2M2Qmb, b22 6B;X RjX h�FBM; i?2 K2i�HHB+Biv BM?QKQ;2M2Biv BMiQ
�++QmMi Bb BKTQ`i�Mi #2+�mb2 r2 mb2 K2i�HHB+Biv 7Q` i?2 KQ/2H +�HB#`�iBQM, r`QM; K2i�HHB+Biv
+�M `2bmHi BM r`QM; +�HB#`�i2/ T�`�K2i2`bX q2 ?�p2 bi�iBbiB+�HHv �M�Hvx2/ i?2 K2i�HHB+Biv
BM?QKQ;2M2Biv BMbB/2 ?B;?@`2/b?B7i bBKmH�i2/ ;�H�tB2bX q2 b2�`+?2/ 7Q` i?2 #2bi K2i?Q/ iQ
T`2/B+i i?2 K2i�HHB+Biv /Bz2`2M+2 #2ir22M bi�`@7Q`KBM; ;�b �M/ �p2`�;2 ;�b BM � ?�HQ �M/
/2}M2 Bb �b � T�`�K2i2` dZX q2 7QmM/ i?�i i?2 BMi2`M�H 2M`B+?2/ ?�HQb �M/ 2ti2`M�H 2M`B+?2/
?�HQb b?QmH/ #2 i`2�i2/ b2T�`�i2HvX 6Q` BMi2`M�HHv 2M`B+?2/ ?�HQb- i?2 BM?QKQ;2M2Biv dZ /Bb@
i`B#mi2b �`QmM/ x2`Q- bm;;2biBM; i?�i i?2 BM?QKQ;2M2Biv Bb MQi BKTQ`i�Mi �M/ bBKTH2 2biBK�i2
Q7 K2i�HHB+Biv Bb 2MQm;? iQ T`2/B+i i?2 K2i�HHB+Biv Q7 bi�`b 7Q`K2/ BM i?2 ?�HQX >Qr2p2`- 7Q`
2ti2`M�HHv 2M`B+?2/ ?�HQb- �#Qmi 9y W Q7 ?�HQb ?�p2 dZ H2bb i?�M @R- BX2X i?2 bi�`@7Q`KBM; ;�b
+HQm/b �`2 KQ`2 i?�M Ry iBK2b K2i�H@TQQ`2` i?�M �p2`�;2 ;�b BM i?2 ?�HQX h?2`2 r2`2 MQ
Qi?2` ;�H�+iB+ T`QT2`iB2b i?�i Bb BM7Q`K�iBp2 7Q` dZX q2 bBKTHv /2`Bp2/ /Bbi`B#miBQM 7mM+iBQMb
#Qi? 7Q` BMi2`M�HHv 2M`B+?2/ �M/ 2ti2`M�HHv 2M`B+?2/ ?�HQbX

q2 7m`i?2` 2biBK�i2/ i?2 2z2+i Q7 BM?QKQ;2M2Biv QM T`2/B+iBQMb Q#i�BM2/ #v �`+?�2QHQ;B@
+�H �TT`Q�+?X .2bTBi2 i?2 ?m;2 K2i�HHB+Biv /Bz2`2M+2 BM 2ti2`M�HHv 2M`B+?2/ ?�HQb- Bi QMHv ?�b
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� bK�HH 2z2+i QM i?2 T`2/B+iBQM QM i?2 SQT AAA AJ6X h?Bb Bb #2+�mb2 i?2 SQT AAA AJ6 Bb K�BMHv
+�HB#`�i2/ #v i?2 J.6 �i (62f>) < −3- BM r?B+? BMi2`M�H 2M`B+?K2Mi Bb /QKBM�MiX q2 2tT2+i
i?�i Qm` K2i�H BM?QKQ;2M2Biv KQ/2H ?�b � #B; BM~m2M+2 QM i?2 p�`BQmb T`2/B+iBQMb- B7 Bi Bb
+�HB#`�i2/ #v i?2 J.6 �i (62f>) < −4.5X AM Qm` Q#b2`p�iBQM�H b�KTH2 i?2`2 r2`2 QMHv bBt
bi�`b i?�i 7�HH BM i?Bb `�M;2X 6mim`2 Q#b2`p�iBQM rBHH BM+`2�b2 i?2 MmK#2` Q7 Q#b2`p2/ bi�`b BM
i?Bb `�M;2X h?2 J.6 �i i?Bb HQr (62f>) +�M #2 mb2/ iQ i2bi Qm` BM?QKQ;2M2Qmb K2i�HHB+Biv
KQ/2HX

h?2 BM?QKQ;2M2Biv T�`�K2i2` dZ b?B7ib i?2 K2i�HHB+Biv Q7 bi�`@7Q`KBM; ;�b iQ � HQr2`
p�Hm2 i?�M ?QKQ;2M2Qmb KQ/2H BM 2ti2`M�HHv 2M`B+?2/ ?�HQbX *QMb2[m2MiHv i?2 2ti2`M�HHv
2M`B+?2/ ?�HQ 7`�+iBQM /2+`2�b2b, b22 6B;X kkX >2`2 r2 2tTH�BM r?v r2 b22 i?Bb /Bz2`2M+2X
� ?�HQ Bb ǳ2ti2`M�HHv 2M`B+?2/Ǵ- B7 i?2 ;�b BM i?2 ?�HQ Bb 2M`B+?2/ iQ #`2�F i?2 `2H�iBQM Q7
1[X R9X qBi? i?2 T�`�K2i2` dZ i?�i b?B7ib K2i�HHB+Biv Q7 /2Mb2 ;�b iQ HQr2` p�Hm2- Bi Bb KQ`2
/B{+mHi iQ bm{+B2MiHv 2M`B+? i?2 ?�HQ #v 2ti2`M�H 2M`B+?K2MiX h?2`27Q`2 i?2 T`Q#�#BHBiv iQ
?�p2 SQT AAA bi�` 7Q`K�iBQM #27Q`2 i?2 SQT AAA iQ SQT AA i`�MbBiBQM #v 2ti2`M�H 2M`B+?K2Mi
BM+`2�b2bX h?Bb rBHH /2+`2�b2 i?2 2ti2`M�HHv 2M`B+?2/ 7`�+iBQM Q7 ?�HQbX
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S�`i AAA
`@T`Q+2bb 2M`B+?K2Mi Q7 l6.b
3 "�+F;`QmM/, `@T`Q+2bb
3XR q?�i Bb i?2 ǳ`@T`Q+2bbǴ\
*m``2MiHv KQ`2 i?�M Ryy FBM/b Q7 2H2K2Mib ?�p2 #22M FMQrM iQ ?mK�M- �M/ Nk 2H2K2Mib 2tBbi
QM i?2 2�`i?X >Qr2p2`- QMHv j 2H2K2Mib �`2 bvMi?2bBx2/ BM i?2 "B; #�M;- /m2 iQ i?2 /B{+mHiv
BM j@#Q/v BMi2`�+iBQMX � M�im`�H BKTQ`i�Mi [m2biBQM Bb, r?2M i?2 2H2K2Mib �`2 bvMi?2bBx2/-
�M/ r?�i T`Q+2bb bvMi?2bBx2/ i?2 2H2K2Mib BM i?2 lMBp2`b2X

1H2K2Mib HB;?i2` i?�M 62 �`2 K�BMHv bvMi?2bBx2/ BM bi�`bX J�bbBp2 bi�`b T`Q/m+2 � HQi
Q7 α 2H2K2Mib U2H2K2Mib rBi? 2p2M MmK#2`b Q7 T`QiQMb, i?2v +�M #2 bvMi?2bBx2/ #v i?2
�++mKmH�iBQM Q7 α T�`iB+H2bV i?`Qm;? ivT2@AA amT2`MQp�2UaL2VX aK�HH2` bi�`b U0.6 ∼ 8M⊙V
/BbT2`b2 K2i�Hb i?`Qm;? K�bb i`�Mb72` r?2M i?2v �`2 BM �bvKTiQiB+ :B�Mi "`�M+? U�:"V
T?�b2X 1p2M bK�HH2` bi�`b +QMi`B#mi2 iQ 2H2K2Mi UT�`iB+mH�`Hv 2H2K2Mib �`QmM/ 62V bvMi?2bBb
i?`Qm;? ivT2@A� aL2, }`bi i?2 /2�/ bi�` #2+QK2 � r?Bi2 /r�`7- �M/ i?2M i?2v 2tTHQ/2 #v
K2`;2` Q` K�bb i`�Mb72` UbiBHH QM /2#�i2VX

6B;m`2 kj, S2`BQ/B+ i�#H2 +QHQ`2/ #v i?2B` Q`B;BMX h?Bb };m`2 Bb i�F2M 7`QK rBFBT2/B�X

>Qr2p2`- 2H2K2Mib ?2�pB2` i?�M 62 Bb /B{+mHi iQ bvMi?2bBx2X L2mi`QM@`B+? 2MpB`QMK2Mi Bb
M22/2/ iQ bvMi?2bBx2 bm+? ?2�pv 2H2K2MibX hrQ T`Q+2bb2b �`2 �i TH�v 7Q` ?2�pv 2H2K2Mi bvb@
i?2bBb, bUbHQrV@T`Q+2bb �M/ `U`�TB/V@T`Q+2bbX h?2 irQ T`Q+2bb2b �`2 /BbiBM;mBb?2/ #v r?2i?2`
i?2 M2mi`QM@+�Tim`2 Bb Q++m`BM; 7�bi2` i?�M i?2 #2i�@/2+�v Q7 i?2 2H2K2MibX h?2 /Bz2`2M+2
BM i?2 M2mi`QM ~mt `2bmHib BM i?2 /Bz2`2Mi 2H2K2Mi�H �#mM/�M+2 T�ii2`MX h?2 Q`B;BM Q7 i?2
b@T`Q+2bb Bb `2H�iBp2Hv r2HH@FMQrM, �:" bi�`b U:�HHBMQ 2i �HX RNN3VX >Qr2p2`- i?2 Q`B;BM Q7
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i?2 `@T`Q+2bb Bb biBHH mM/2` /2#�i2X *m``2MiHv i?2 KQbi T`QKBbBM; +�M/B/�i2 Bb � M2mi`QM@bi�`
K2`;2` ULaJVX :`2�i BKT`Qp2K2Mib BM i?2 Q#b2`p�iBQM�H i2+?MB[m2 H2i mb Q#b2`p2 UBV i?2
LaJ /B`2+iHv- �M/ UBBV i?2 `@T`Q+2bb 2H2K2Mi�H �#mM/�M+2 Q7 bi�`bX q2 �`2 MQr QM � bi�;2
r?2`2 r2 +�M [m�MiBi�iBp2Hv /Bb+mbb i?2 `@T`Q+2bb BM i?2 lMBp2`b2X

3Xk S?vbB+�H #�+F;`QmM/
>2`2 r2 bmKK�`Bx2 i?2 #�+F;`QmM/ T?vbB+b Q7 i?2 `@T`Q+2bbX h?2 /Bb+mbbBQMb �`2 #�b2/ QM
i?2 `2pB2r T�T2` U*Qr�M 2i �HX kyRNVX

h?2 lMBp2`b2 #2;BMb Bib ?BbiQ`v rBi? i?2 "B;@"�M;X a?Q`iHv �7i2` i?2 "B;@"�M;- ?v/`Q;2M
U>- K�bb MmK#2`, RV- ?2HBmK U>2- K�bb MmK#2`,9V- �M/ � i`�+2 �KQmMi Q7 HBi?BmK UGB- K�bb
MmK#2`,dV �`2 T`Q/m+2/X >2�pB2` 2H2K2Mib �`2 MQi bvMi?2bBx2/ BM i?2 "B;@"�M;X aBM+2 i?2
/QKBM�Mi +QKTQM2Mib BM i?2 lMBp2`b2 Bb > Q` >2- 2H2K2Mib rBi? K�bb MmK#2` 5 = (1 + 4)-
�M/ 8 = (4 + 4) +�M #2 T`Q/m+2/X "mi i?2v �`2 UmM7Q`imM�i2Hv\V mMbi�#H2- �M/ i?2 ?2�pv
2H2K2Mi bvMi?2bBb ?�Hib �i >2X

6Q` 7m`i?2` `2�+iBQMb- � i?`22@#Q/v BMi2`�+iBQM Bb `2[mB`2/X am+? BMi2`�+iBQMb �`2 BKTQ`@
i�Mi BM � ?B;?@/2MbBiv 2MpB`QMK2MiX AM i?2 lMBp2`b2- K�bbBp2 bi�`b �`2 i?2 KQbi BKTQ`i�Mi
TH�+2 7Q` bm+? `2�+iBQMbX AMbB/2 � K�bbBp2 bi�`- i`BTH2@�HT?� `2�+iBQM,

3α →12 C

T`Q+22/X �7i2` i?2 7Q`K�iBQM Q7 +�`#QM- p�`BQmb `2�+iBQMb +QK2 BMiQ TH�vX AMbB/2 ?2�pv bi�`b-
2H2K2Mib mT iQ B`QM U62V +�M #2 bvMi?2bBx2/ #v Mm+H2�` 7mbBQMX �KQM; �HH i?2 2H2K2Mib- 62 Bb
i?2 KQbi bi�#H2 2H2K2Mi BM i2`Kb Q7 i?2 #BM/BM; 2M2`;v T2` Mm+H2mbX h?2`27Q`2 BMbB/2 ?2�pv
bi�`b 2H2K2Mib mT iQ 62 +�M #2 bvMi?2bBx2/X h?2v T`Q/m+2 α 2H2K2Mib �#mM/�MiHvX

1H2K2Mib ?2�pB2` i?�M 62 +�MMQi #2 bvMi?2bBx2/ BM K�bbBp2 bi�`bX hQ bvMi?2bBx2 bm+?
?2�pv 2H2K2Mib- M2mi`QMb �`2 BKTQ`i�MiX A7 i?2 M2mi`QM /2MbBiv Bb ?B;? 2MQm;?- i?2 �iQKB+
Mm+H2B +�M +�Tim`2 i?2 M2mi`QM iQ BM+`2�b2 Bib K�bb MmK#2`- �M/ i?2M i?2 M2mi`QM /2+�vb
BMiQ T`QiQM pB� β /2+�vX h?2 `2�+iBQM T�i?r�v Bb /2i2`KBM2/ #v i?2 +QKT2iBiBQM #2ir22M
i?2 M2mi`QM +�Tim`2 `�i2 �M/ i?2 β /2+�v `�i2X A7 i?2 M2mi`QM +�Tim`2 Bb bHQr2` i?�M i?2 β
/2+�v- i?2 T`Q+2bb Bb +�HH2/ ǳb@T`Q+2bbǴ- �M/ B7 i?2 M2mi`QM +�Tim`2 Bb 7�bi2` i?�M i?2 β /2+�v-
i?2 T`Q+2bb Bb +�HH2/ ǳ`@T`Q+2bbǴX q2 �`2 K�BMHv /Bb+mbbBM; i?2 `@T`Q+2bbX

3XkXR Lm+H2�` bi�iBbiB+�H 2[mBHB#`BmK ULa1V �M/ [m�bB@2[mBHB#`BmK UZa1V
>2`2 r2 2tTH�BM ?Qr r2 +�H+mH�i2 i?2 2H2K2Mi�H �#mM/�M+2 T�ii2`M T`Q/m+2/ BM i?2 `@T`Q+2bbX
h?2 BKTQ`i�Mi BM;`2/B2Mib �`2,

Ç *`Qbb@b2+iBQM Q7 2�+? `2�+iBQM-

Ç i2KT2`�im`2- �M/

Ç .2MbBiv Q7 2�+? 2H2K2MiX

h?2 2[m�iBQM ;Qp2`MBM; i?2 +?�M;2 Q7 �#mM/�M+2 T�ii2`M Bb U2[XR Q7 *Qr�M 2i �HX UkyRNVV,

dYi

dt
=

∑

j

P i
jλjYj +

∑

j,k

P i
j,k

ρ

mu
⟨j, k⟩YjYk +

∑

j,k,l

P i
j,k,l

ρ2

m2
u

⟨j, k, l⟩YjYkYl. UjeV
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h?2 i2`Kb QM i?2 `B;?i ?�M/ bB/2 /2b+`B#2 QM2@#Q/v- irQ@#Q/v- �M/ i?`22@#Q/v BMi2`�+iBQMbX
h?2 7�+iQ` SǶb BM+Hm/2 r?2i?2` i?2 T�`iB+H2b �`2 +`2�i2/ Q` /2bi`Qv2/X h?2 7�+iQ` λj Bb i?2
/2+�v `�i2- ⟨j, k⟩ Bb i?2 ⟨σv⟩ Q7 `2�+iBQMb #2ir22M Mm+H2B j, kX h?2 i?`22@#Q/v BMi2`�+iBQM
Bb �+mi�HHv � b2[m2M+2 Q7 irQ@#Q/v BMi2`�+iBQMb- rBi? mMbi�#H2 BMi2`K2/B�i2 T`Q/m+iX h?2
Yi `2T`2b2Mib i?2 �#mM/�M+2 Q7 Mm+H2mb i- �M/ Bi +�M #2 i`�MbH�i2/ iQ MmK#2` /2MbBiv pB�
ni = ρYi/muX h?2 `2H2p�Mi BMi2`�+iBQMb �`2,

Ç L2mi`QM@+�Tim`2, n+ (Z,A) ↔ (Z,A+ 1) + γ- irQ@#Q/v BMi2`�+iBQMX

Ç .2+�v, QM2@#Q/v BMi2`�+iBQMX

Ç S?QiQ@/BbBMi2;`�iBQM, QM2@#Q/v BMi2`�+iBQM- �bbmKBM; T?QiQM /2MbBiv 7QHHQrb i?2 #H�+F@
#Q/v bT2+i`mK bQ i?�i r2 /Q MQi i`2�i T?QiQMb �b T�`iB+H2bX

Ç 2H2+i`QM- M2mi`BMQ `2H2p�Mi BMi2`�+iBQMb, QM2@#Q/v BMi2`�+iBQM- �bbmKBM; r2 FMQr i?2
2H2+i`QM Q` M2mi`BMQ /2MbBiv �M/ i2KT2`�im`2X 6Q` M2mi`BMQb Bi Bb `2[mB`2/ iQ +�H+m@
H�i2 `�/B�iBQM i`�MbTQ`i- �b i?2v i`�p2H [mBi2 � HQM; /Bbi�M+2 +QKT�`2/ iQ T?QiQMb Q`
2H2+i`QMbX

AM T`BM+BTH2- B7 r2 FMQr �HH i?2 `2�+iBQM +`Qbb@b2+iBQMb- r2 +�M bQHp2 i?2 2MiB`2 `2�+iBQM M2irQ`F
rBi? i?2`KQ/vM�KB+b �M/ ?v/`Q/vM�KB+bX AM `2�HBiv- bQHpBM; i?2 2MiB`2 `2�+iBQM M2irQ`F
Bb +QKTmi�iBQM�HHv 2tT2MbBp2X q?�i r2 �bi`QT?vbB+Bbib mbm�HHv /Q Bb }`bi r2 QMHv BM+Hm/2
`2�+iBQMb i?�i Bb BKTQ`i�Mi BM i2`Kb Q7 2M2`;v T`Q/m+iBQM BM ?v/`Q/vM�KB+b bBKmH�iBQMX
�7i2` ?�pBM; Q#i�BM2/ i?2 ?v/`Q/vM�KB+b bQHmiBQM- r2 i?2M TQbi@T`Q+2bb i?2 /2i�BH2/ `2�+iBQM
M2irQ`FX

q?2M i?2 i2KT2`�im`2 �M/ /2MbBiv �`2 bm{+B2MiHv ?B;?- r2 +�M �bbmK2 i?�i i?2 `2�+iBQMb
�`2 BM 2[mBHB#`BmKX AM i?Bb +�b2- r2 +�M `2H�i2 i?2 �#mM/�M+2b Q7 Mm+H2B iQ i?2 +?2KB+�H
TQi2MiB�Hb Q7 i?2 Mm+H2BX h?2 `2�+iBQMb BM 2[mBHB#`BmK Bb 7Q` 2t�KTH2 p + (Z,A) ↔ (Z +
1, A + 1) + γ- Q` n + (Z,A) ↔ (Z,A + 1) + γX h?2 2[mBHB#`B� Q7 i?2b2 `2�+iBQMb +Q``2bTQM/
iQ i?2 `2H�iBQM µp + µ(Z,A) = µ(Z + 1, A + 1), µn + µ(Z,A) = µ(Z,A + 1)X A7 i?Bb `2H�iBQM
?QH/b 7Q` �Mv Mm+H2B- r2 +�M 2tT`2bb i?2 +?2KB+�H TQi2MiB�Hb Q7 �Mv Mm+H2B QMHv #v µn, µp-
�b µ(Z,A) = Zµp + (A − Z)µnX am+? +QM/BiBQM Bb +�HH2/ Mm+H2�` bi�iBbiB+�H 2[mBHB#`BmK
ULa1VX A7 r2 7m`i?2` �bbmK2 i?�i 2�+? Mm+H2mb Bb BM 2[mBHB#`BmK rBi? i?2`K�H #�i?- BX2X i?2
MmK#2` /2MbBiv +�M #2 2tT`2bb2/ #v � "QHixK�MM /Bbi`B#miBQM- i?2 �#mM/�M+2b �`2 +QKTH2i2Hv
2tT`2bb2/ rBi? i?2 Mm+H2�` T`QT2`iB2b �M/ i?2 T?vbB+�H +QM/BiBQMb �i iBK2 tX h?2 �+im�H
2tT`2bbBQM Bb Ui�F2M 7`QK 2[Xk Q7 *Qr�M 2i �HX UkyRNVV,

Yi = Y Ni
n Y Zi

p

Gi(T )A
3/2
i

2Ai

(
ρ

mu

)Ai−1

×
(

2π!2
mukT

)3(Ai−1)/2

exp

(
Bi

kT

)
UjdV

Bi Bb i?2 #BM/BM; 2M2`;v Q7 i?2 Mm+H2mb- Gi Bb i?2 T�`iBiBQM 7mM+iBQM Q7 Mm+H2mb i- �M/ ρ Bb
i?2 /2MbBivX h?2 TQBMi Bb, i?2 �#mM/�M+2b Q7 2H2K2Mib �`2 +QKTH2i2Hv /2i2`KBM2/
#v � bK�HH MmK#2` Q7 +QM/BiBQMbX h?2 +QM/BiBQMb �`2, /2MbBiv ρ(t)- i2KT2`�im`2 T (t)-
M2mi`QM 7`�+iBQM Yn(t)- �M/ T`QiQM 7`�+iBQM Yp(t)X h?2 Yn, Yp �`2 +QMbi`�BM2/ #v iQi�H K�bb
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+QMb2`p�iBQM �M/ i?2 2H2+i`QM 7`�+iBQM,

Yn + Yp +
∑

i,(Ai>1)

(Zi +Ni)Yi(ρ, T, Yn, Yp) = 1 Uj3V

Yp +
∑

i,(Zi>1)

ZiYi(ρ, T, Yn, Yp) = Ye UjNV

h?Bb Ye =
∑

ZiYi Bb �Hi2`2/ #v `2�+iBQMb i?�i �`2 MQi BM 2[mBHB#`BmK, M�K2Hv- β /2+�v- 2H2+i`QM
+�Tim`2- �M/ +?�`;2/@+m``2Mi M2mi`BMQ BMi2`�+iBQMbX q2 ?�p2 iQ bQHp2 i?2b2 BMi2`�+iBQMb
2tTHB+BiHv iQ /2i2`KBM2 Ye(t)X

1[X jd i2HHb mb i?�i,

Ç �i ?B;? /2MbBiv- ?2�pB2` Mm+H2B �`2 T`272`2MiB�HHv 7Q`K2/ /m2 iQ ρAi−1-

Ç �i ?B;? i2KT2`�im`2- HB;?i2` Mm+H2B �`2 7�pQ`2/ /m2 iQ (kT )3(Ai−1)/2-

Ç BM i?2 BMi2`K2/B�i2 `2;BK2- 62@;`QmT 2H2K2Mib �`2 7�pQ`2/- �b i?2 #BM/BM; 2M2`;v i2`K
Bb i?2 KQbi BKTQ`i�MiX

Ai Bb Q7i2M i?2 +�b2 i?�i bQK2 ǳ#QiiH2M2+FǴ `2�+iBQM 2tBbib- �M/ MQi �HH Mm+H2B �`2 BM 2[mBHB#`BmK-
#mi QMHv +2`i�BM `2;BQMb QM i?2 Mm+H2�` +?�`i �`2 BM 2[mBHB#`BmKX h?Bb Bb +�HH2/ ǳ[m�bB@
bi�iBbiB+�H 2[mBHB#`BmKǴ UZa1VX PM2 ivTB+�H 2t�KTH2 Bb �KQM; 2H2K2Mib �i Z ! 30X h?2
Mm+H2B �`2 /BpB/2/ BMiQ, UBV 62@;`QmT 2H2K2Mib- UBBV aB@;`QmT 2H2K2Mib- UBBBV HB;?i ;`QmT mT
iQ >2- �M/ UBpV i?2 Qi?2` Mm+H2B i?�i �`2 MQi BM 2[mBHB#`BmKX h?Bb Bb BKTQ`i�Mi BM i?2 "B;@
"�M; Mm+H2QbvMi?2bBbX h?2 HB;?i ;`QmT +�M #2 `2;�`/2/ �b BM 2[mBHB#`BmK- #mi i?2 7Q`K�iBQM
Q7 Mm+H2B ?2�pB2` i?�M >2 Bb b2p2`2Hv bmTT`2bb2/- #2+�mb2 8Be Bb mMbi�#H2 U�M/ i?2`2 Bb MQ
2H2K2Mi rBi? K�bb MmK2#2` 8VX q2 M22/ [mBi2 � ?B;? /2MbBiv 2MpB`QMK2Mi BM Q`/2` 7Q` i?2
M2ti bvMi?2bBb iQ Q++m`X �b � `2bmHi- i?2 �#mM/�M+2 Q7 α T�`iB+H2b Bb ?B;?2` i?�M i?2 `2bmHi
Q#i�BM2/ #v �bbmKBM; � 7mHH La1- r?2`2�b i?2 �#mM/�M+2b Q7 ?2�pB2` T�`iB+H2b �`2 HQr2`X
h?Bb Bb +�HH2/ ǳα@`B+? 7`22x2 QmiǴX Za1 Bb �HbQ BKTQ`i�Mi r?2M r2 /Bb+mbb i?2 `@T`Q+2bbX
AM M2mi`QM@`B+? 2MpB`QMK2Mi- r2 +�M B;MQ`2 T`QiQMbX h?2`27Q`2 r2 +�M �bbmK2 i?�i i?2
Mm+H2B rBi? i?2 b�K2 T`QiQM MmK#2`b �`2 BM [m�bB@2[mBHB#`BmKX PM HQM;2` iBK2b+�H2b- i?2v
2tT2`B2M+2 β−@/2+�v iQ BM+`2�b2 i?2B` T`QiQM MmK#2`bX

3XkXk h?2 bT2+B�H 72�im`2b Q7 i?2 `@T`Q+2bb
AM i?Bb b2+iBQM r2 bmKK�`Bx2 72�im`2b bT2+B}+ BM `@T`Q+2bbX h?2 2MpB`QMK2Mi Bb [mBi2 M2mi`QM@
`B+?- bQ i?�i r2 B;MQ`2 i?2 T`QiQMb- +QMb2[m2MiHv r2 �bbmK2 i?�i +?�`;2/@T�`iB+H2 `2�+iBQMb
�`2 7`Qx2MX q2 �HbQ �bbmK2 i?�i 2�+? ;`QmT Q7 BbQiQT2b Ur?B+? b?�`2 i?2 b�K2 T`QiQM MmK#2`
#mi /Bz2`2Mi K�bb MmK#2` rBi?BMV Bb BM Za1X h?2 QMHv r�v 7Q` Mm+H2B iQ BM+`2�b2 T`QiQM
MmK#2` Bb i?2 β−@/2+�vX h?2 M2mi`QM /2MbBiv Bb bQ ?B;? i?�i Mm+H2B rBi? M2mi`QM 2M2`;B2b
Sn ≃ 2MeV +�M #2 bvMi?2bBx2/X >2`2- i?2 Sn Bb i?2 2M2`;v i?�i Bb `2[mB`2/ iQ TmHH QM2
M2mi`QM Qmi 7`QK i?2 Mm+H2mbX A7 i?Bb p�Hm2 Bb H2bb i?�M x2`Q- � M2mi`QM ǳ/`BTbǴ 7`QK i?2
Mm+H2mb- i?2`27Q`2 i?2 ?�H7@HB72 Q7 i?2 Mm+H2mb rBHH #2 [mBi2 b?Q`i U∼ 10−20sVX h?2 HBM2 r?B+?
i?2 Sn #2+QK2b x2`Q QM Bb +�HH2/ ǳM2mi`QM@/`BT HBM2ǴX h?2 `@T`Q+2bb T�i? Bb bQK2r?2`2 #2ir22M
i?2 bi�#H2 `2;BQM �M/ i?2 M2mi`QM@/`BT HBM2X
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difference between the two mass models can be seen for the
final abundance distribution also including final neutron
captures (denoted as “original” in Figure 11), indicating that
for HFB not only the position of the third peak is influenced by

late neutron captures, but also the position of the second peak.
On the other hand, the behavior is reversed for the mass region

A140 160< < , where large deviations can be observed
compared to the original calculation for FRDM, since in the
original case neutron captures move material up to higher
masses, creating the underproduction we have discussed in

Figure 6. Same as Figure 2, but for the HFB-14 mass model.

Figure 7. Comparison of abundances from our calculations with (n,γ)–(γ,n)
equilibrium abundances on the r-process path for the FRDM mass model. The
colors show the factor Y Yeq calc. Only the most abundant nuclei are shown for
each isotopic chain. See the text for details.

Figure 8. Averaged reaction timescales vs. time for β-decays, (γ,n) reactions,
and (n,γ) reactions for one trajectory with the FRDM mass model.
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6B;m`2 k9, 6B;m`2 b?QrBM; i?2 bi�#H2 `2;BQM BM i?2 w@L TH�M2 �M/ �M `@T`Q+2bb T�i?X h?2
?Q`BxQMi�H �tBb Bb i?2 M2mi`QM MmK#2`- �M/ i?2 p2`iB+�H �tBb Bb i?2 T`QiQM MmK#2`X h?2 #H�+F
/Qib �`2 i?2 bi�#H2 Mm+H2BX h?2 +QHQ`2/ #Qt2b �`2 i?2 Mm+H2B i?�i �`2 bvMi?2bBx2/ BM `@T`Q+2bbX
h?2 i`�+F Q7 i?2 +QHQ`2/ #Qt2b Bb +�HH2/ ǳ`@T`Q+2bb T�i?ǴX h?Bb };m`2 Bb i�F2M 7`QK 6B;X d Q7
1B+?H2` 2i �HX UkyR8VX

q2 +�M /2`Bp2 �M BMi2`2biBM; +QMb2[m2M+2 QM i?2 `@T`Q+2bb T�i?X >2`2 r2 �bbmK2 i?�i
i?2 M2mi`QM@+�Tim`2b �M/ T?QiQ/BbBMi2;`�iBQMb Q++m` �i p2`v ?B;? `�i2b UM2mi`QM /2MbBiv
nn > 1020/cm3- i2KT2`�im`2 T > 1GKVX *QMb2[m2MiHv r2 +�M �bbmK2 i?2 `2�+iBQMb �`2 BM
+?2KB+�H 2[mBHB#`BmKX PM i?2 Mm+H2�` +?�`i- r2 �`2 �bbmKBM; i?�i i?2 ?Q`BxQMi�H HBM2 Bb BM
Za1X h?2 �#mM/�M+2 `�iBQ Q7 irQ M2B;?#Q`BM; Mm+H2B Bb Ui?2 2[X9 BM *Qr�M 2i �HX UkyRNVV,

Y (Z,A+ 1)

Y (Z,A)
= nn

G(Z,A+ 1)

2G(Z,A)

[
A+ 1

A

]3/2
×

[
2π!2
mukT

]3/2
exp

(
Sn(A+ 1)

kT

)
. U9yV

AM 1[X 9y i?2 `B;?i@?�M/ bB/2 Bb KQbiHv /2i2`KBM2/ QMHv #v nn- �M/ T X PM i?2 `@T`Q+2bb T�i?
i?2 `�iBQ b?QmH/ #2 �HKQbi QM2 7Q` �Mv Za1 ;`QmTb rBi? �Mv T`QiQM MmK#2`bX h?2`27Q`2 i?2
7QHHQrBM; bi�i2K2Mi Bb DmbiB}2/, i?2 `@T`Q+2bb T�i? �HKQbi +QBM+B/2b rBi? i?2 +QMbi�Mi@
Sn p�Hm2 HBM2X AM 6B;X k9 r2 b?Qr i?2 +QKT�`BbQM #2ir22M i?2 2H2K2Mib bvMi?2bBx2/ BM
`@T`Q+2bb �M/ i?2 bi�#H2 2H2K2MibX h?2 `@T`Q+2bb T�i? Bb +�H+mH�i2/ rBi? Sn ≃ 2MeVX PM
N = 50, 82, 126 i?2`2 Bb � p2`iB+�H HBM2 i?�i � rB/2 `�M;2 Q7 T`QiQM MmK#2` Mm+H2B �`2 �HHQr2/
iQ 2tBbiX h?2b2 MmK#2`b �`2 +�HH2/ ǳK�;B+ MmK#2`bǴ- r?2`2 Mm+H2B i2M/ iQ #2 bi�#H2X >2`2
r2 +�M mM/2`bi�M/ i?2 /Bz2`2M+2 Q7 T2�F TQbBiBQMb #2ir22M b@ �M/ `@T`Q+2bbX AM b@T`Q+2bb-
ivTB+�HHv i?2 β@/2+�v `�i2 Bb ?B;?2` i?�M i?2 M2mi`QM@+�Tim`2 `�i2- i?2`27Q`2 Mm+H2B bvMi?2bBx2/
#v b@T`Q+2bb �`2 �HKQbi QM i?2 bi�#H2 `2;BQM QM i?2 Mm+H2�` +?�`iX h?2 T2�Fb BM i?2 b@T`Q+2bb
Bb /2i2`KBM2/ #v i?2 bi�#H2 `2;BQM �M/ i?2 K�;B+ MmK#2`b Q7 M2mi`QMbX h?2 N = 50 T2�F
+Q``2bTQM/b iQ 88a`- N = 82 +Q``2bTQM/b iQ 138"�- �M/ N = 126 +Q``2bTQM/b iQ 208S#X h?2
T2�Fb BM i?2 `@T`Q+2bb- ?Qr2p2`- Bb /2i2`KBM2/ #v i?2 `@T`Q+2bb T�i? �M/ i?2 K�;B+ MmK#2`b
Q7 M2mi`QMbX h?2 `@T`Q+2bb T�i? `mMb #2HQr i?2 bi�#H2 `2;BQM #v �#Qmi Ry T`QiQMbX h?2`27Q`2-
i?2 T2�Fb �`2 b?B7i2/ iQ HQr2`@K�bb 2M/ BM i?2 `@T`Q+2bb i?�M BM i?2 b@T`Q+2bb #v �#Qmi Ry
BM K�bb MmK#2` �M/ 8 BM T`QiQM MmK#2`, N = 50 +Q``2bTQM/b iQ 2H2K2Mib �`QmM/ A ≃ 80-
N = 82 +Q``2bTQM/b iQ 2H2K2Mib �`QmM/ A ≃ 130- �M/ N = 126 +Q``2bTQM/b iQ 2H2K2Mib
�`QmM/ A ≃ 190X
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6B`bi `@T`Q+2bb bBKmH�iBQMb �bbmK2 (n, γ) �M/ (γ, n)- M�K2Hv M2mi`QM@+�Tim`2 �M/ T?QiQ@
/BbBMi2;`�iBQM �`2 BM 2[mBHB#`BmKX h?Bb Bb � ;QQ/ �TT`QtBK�iBQM B7 i?2 i2KT2`�im`2 Bb ?B;?
2MQm;?X h?2Q`Bbib �bbmK2 M2mi`QM /2MbBiB2b- i2KT2`�im`2b- �M/ i?2 /m`�iBQMb Q7 `@T`Q+2bb
iQ /2`Bp2 �#mM/�M+2 T�ii2`Mb BM p�`BQmb +QM/BiBQMb- #mi i?2v 7�BH2/ iQ }M/ i?2 T�ii2`M i?�i
K�i+?2b i?2 aQH�` `@T`Q+2bb �#mM/�M+2X G�i2` Bi Bb `2+Q;MBx2/ i?�i MQi QMHv i?2 ǳ?QiǴ `@
T`Q+2bb #mi �HbQ ǳ+QH/Ǵ `@T`Q+2bb- BM r?B+? (n, γ) �M/ (γ, n) �`2 MQi BM 2[mBHB#`BmK- Bb BKTQ`@
i�Mi BM �bi`QT?vbB+�H 2MpB`QMK2MibX

AM i?2 H�i2` bi�;2b Q7 `@T`Q+2bb- i?2 MmK#2` Q7 7`22 M2mi`QMb #2+QK2 bK�HH- bQ i?�i M2mi`QM@
+�Tim`2 `�i2 #2+QK2b +QKT�`�#H2 Q` HQr2` i?�M β@/2+�v `�i2X h?2 2pQHmiBQM �7i2` i?Bb KQ@
K2Mi Bb +�HH2/ `@T`Q+2bb 7`22x2@QmiX h?Bb Bb [mBi2 /Bz2`2Mi #2ir22M b@T`Q+2bb �M/ `@T`Q+2bbX
AM b@T`Q+2bb- β@/2+�v Bb 7�bi2` i?�M i?2 M2mi`QM@+�Tim`2 i?`Qm;?Qmi i?2 Mm+H2QbvMi?2bBbX AM
`@T`Q+2bb- i?2 rBMM2` `2p2`b2b BM i?2 KB//H2X h?Bb `2p2`b2 K�F2b � /Bz2`2M+2 BM i?2 2H2K2Mi�H
�#mM/�M+2 T�ii2`MX i?2 �#mM/�M+2 T�ii2`M Q7 `@T`Q+2bb Bb bKQQi?2` i?�M i?2 QM2 Q7 b@T`Q+2bbX

3Xj �bi`QT?vbB+�H `@T`Q+2bb Q`B;BM
h?2 Q`B;BM Q7 `@T`Q+2bb BM i?2 lMBp2`b2 ?�b HQM; #22M � ?m;2 Kvbi2`v- �M/ K�Mv i?2Q`2iB+�H
KQ/2Hb i`v iQ 2tTH�BM Q#b2`p2/ `@T`Q+2bb 2H2K2Mi�H �#mM/�M+2bX AM T`2pBQmb b2+iBQM r2 bmK@
K�`Bx2 i?2 +QM/BiBQM `2[mB`2/ 7Q` `@T`Q+2bbX h?2 BKTQ`i�Mi +QM/BiBQM Bb, M2mi`QM@`B+?M2bbX
>BbiQ`B+�HHv i?2 }`bi �bi`QT?vbB+�H T?2MQK2M� i?�i /`2r �ii2MiBQM r�b i?2 **aL2X >Qr2p2`-
BM +m``2Mi mM/2`bi�M/BM; Q7 aL2 K2+?�MBbK M2mi`BMQ Bb �#mM/�MiHv T`Q/m+2/X L2mi`BMQb +�M
+QMp2`i � M2mi`QM iQ T`QiQM pB�

νe + n ↔ p+ e−. U9RV
h?2`27Q`2 i?2 `2;mH�` **aL2 �`2 MQi HBF2Hv i?2 `@T`Q+2bb Q`B;BMX q2 rBHH /Bb+mbb p�`BQmb
TQbbB#H2 bBi2b Q7 `@T`Q+2bbX

3XjXR L2mi`BMQ rBM/b 7`QK **aL2
h?2 KQbi T`QKBbBM; b+2M�`BQ 7Q` i?2 2tTHQbBQM Bb i?2 ǳM2mi`BMQ /2H�v2/ 2tTHQbBQM K2+?�MBbKǴX
� ?Qi T`QiQ@M2mi`QM bi�` Bb 7Q`K2/ BM i?2 +2Mi2` Q7 � /vBM; K�bbBp2 bi�`X q?2M i?2 T`QiQ@
M2mi`QM bi�` 2Mi2`b i?2 E2HpBM@>2HK?QHix +QQHBM; T?�b2- Bi 2KBib M2mi`BMQb Q7 �HH ~�pQ`bX
h?2b2 M2mi`BMQb +QMp2v 2M2`;v iQ Qmi2` 2Mp2HQT2 Q7 i?2 /vBM; K�bbBp2 bi�`- i?2`27Q`2 �M
2tTHQbBQM Q++m`bX AM i?Bb b+2M�`BQ- νe, ν̄e �`2 T`Q/m+2/ �#mM/�MiHv- i?2`27Q`2 i?`Qm;? i?2
`2�+iBQMb BM 1[X 9R �M/

ν̄e + p ↔ n+ e+. U9kV
i?2 �#mM/�M+2 Q7 n �M/ p Bb /2i2`KBM2/ QMHv #v i?2 νe, ν̄e ~mt2bX h?2 Ye Bb +�H+mH�i2/ �b,

Ye =

[
1 +

Lν̄eWν̄e

LνeWνe

× ϵν̄e − 2∆+∆2/⟨Eν̄e⟩
ϵνe + 2∆+∆2/⟨Eνe⟩

]−1

. U9jV

>2`2 i?2 Lνe , Lν̄e �`2 i?2 M2mi`BMQ �M/ �MiBM2mi`BMQ HmKBMQbBiB2b- Wνe ≃ 1+1.01⟨Eνe⟩/(mnc2),Wν̄e ≃
1−7.22⟨Eν̄e⟩/(mnc2) �`2 i?2 r2�F@K�;M2iBbK +Q``2+iBQMb- ϵν̄ = ⟨E2

νe⟩/⟨Eνe⟩, ϵν̄e = ⟨E2
ν̄e⟩/⟨Eν̄e⟩

Bb i?2 `�iBQ #2ir22M b2+QM/ KQK2Mi �M/ }`bi KQK2Mi Q7 M2mi`BMQ �M/ �MiBM2mi`BMQ bT2+i`�-
�M/ ∆ = 1.2933MeV Bb i?2 K�bb /Bz2`2M+2 #2ir22M � M2mi`QM �M/ � T`QiQMX lM/2` i?2
�bbmKTiBQM i?�i 1[bX 9R- 9k- i?2 +QM/BiBQM iQ K�F2 M2mi`QM@`B+? Bb i?2 ?B;? HmKBMQbBiv Q7 ν̄e
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+QKT�`2/ iQ i?2 HmKBMQbBiv Q7 νeX qBi? i?Bb +QM/BiBQM- i?2 1[X 9k Bb #B�b2/ iQ i?2 `B;?i@?�M/
bB/2 �M/ i?2 1[X 9R Bb #B�b2/ iQ i?2 H27i@?�M/ bB/2- i?2`27Q`2 Ye /2+`2�b2bX

AM ;2M2`�H- i?2 M2mi`BMQ 2KBbbBQM BM **aL2 �M/ i?2 QM2 BM LaJ �`2 /Bz2`2MiX AM **aL2-
i?2 M2mi`BMQ 2KBbbBQM Bb K�BMHv 7`QK i?2 +2Mi`�H ?Qi M2mi`QM@bi�`X aBM+2 i?2 M2mi`BMQ Bb
i?2 H27iQp2` Q7 ǳ/2@H2TiQMBx�iBQMǴ- i?2 ~mt Bb ?B;?2` 7`QK νe i?�M 7`QK ν̄eX AM Q`/2` 7Q` i?2
M2mi`BMQ@/`Bp2M rBM/b iQ #2 M2mi`QM@`B+?- i?2 ϵν − ϵν̄ b?QmH/ #2 H�`;2` i?�M 4∆ ≃ 5.2MeVX
.2i�BH2/ +�H+mH�iBQMb b?Qrb i?�i i?Bb p�Hm2 Bb mM`2�+?�#H2 BM i?Bb bvbi2KX AM LaJ- i?2 bvbi2K
Bb �H`2�/v M2mi`QM@`B+? BM i?2 }`bi TH�+2X q?2M i?2 KQK2Mi Q7 irQ M2mi`QM bi�`b K2`;2- i?2
bvbi2K Bb ?2�i2/ iQ ?B;? i2KT2`�im`2- H2�/BM; iQ T`QiQMBx�iBQMX h?Bb T`QiQMBx�iBQM T`Q/m+2b
i?2 2M2`;v �M/ ~mt /Bz2`2M+2 #2ir22M ν̄e �M/ νe, BM i?Bb +�b2 i?2 bvbi2K Bb M2mi`QM@`B+?-
2MQm;? iQ �HHQr r2�F `@T`Q+2bbX LQi2 i?�i i?Bb Bb i?2 /Bb+mbbBQM QM i?2 H�i2 2D2+i�, i?2 2�`Hv
2D2+i�- r?B+? 2K2`;2b 7`QK i?2 bTB`�H �`Kb �7i2` i?2 K2`;2`- Bb p2`v M2mi`QM@`B+?X h?2`27Q`2
bm+? /vM�KB+�H 2D2+i� Bb `2bTQMbB#H2 7Q` i?2 bi`QM; `@T`Q+2bb BM LaJX

3XjXk Pi?2` +�M/B/�i2b
A rBHH /Bb+mbb 2�+? +�M/B/�i2 KQ/2H BM im`MX

RX _2;mH�` **aL2X q?2M � K�bbBp2 bi�` /B2b- Bi +�M 7Q`K � M2mi`QM@bi�` BM i?2 +2M@
i2` U/2T2M/BM; QM i?2 T`Q;2MBiQ` K�bbVX h?2 #�`vQM +QKTQM2Mib �`QmM/ i?2 +2Mi`�H
M2mi`QM@bi�` b?QmH/ #2 M2mi`QM@`B+?- #2+�mb2 i?2 T?vbB+�H +QM/BiBQM Bb bBKBH�` �M/ +QK@
TQM2Mib b?QmH/ �HbQ #2 bBKBH�`X h?2 `2K�BMBM; T`Q#H2K Bb iQ 2tTH�BM ?Qr i?2 M2mi`QMb
BM i?2 +2Mi2` 2D2+i2/ iQ HQr2`@/2MbBiv 2MpB`QMK2Mi �M/ �HHQr `@T`Q+2bbX h?Bb Bb �+im�HHv
/B{+mHiX h?2 bBKmH�iBQMb Q7 aL2 bm;;2bi i?�i i?2 bi2HH�` 2tTHQbBQM Bb /`Bp2M #v i?2 2M@
2`;v i`�MbTQ`i K2/B�i2/ #v M2mi`BMQbX .2i�BH2/ +�H+mH�iBQM b?Qr2/ i?�i BM KQbi +�b2b
i?2 2D2+i� rQmH/ `�i?2` #2 T`QiQM@`B+?X AM bm+? � +QM/BiBQM U+�HH2/ νp@T`Q+2bbV M2mi`QM
/2}+B2Mi 2H2K2Mib- �m+? �b 92Mo �`2 bvMi?2bBx2/X

kX 1H2+i`QM@+�Tim`2 aL2X h?2 T`Q#H2K BM i?2 `2;mH�` **aL2 b+2M�`BQ Bb i?2 2tBbi2M+2 Q7
bi`QM; M2mi`BMQ `�/B�iBQMX AM i?Bb b+2M�`BQ i?2 K�ii2`b �`2 2D2+i2/ T`QKTiHv bQ i?�i
i?2 2D2+i� Bb MQi �z2+i2/ #v i?2 M2mi`BMQ `�/B�iBQMX AM i?Bb b+2M�`BQ r2�F `@T`Q+2bb +�M
#2 2tT2+i2/ UJB`BxxB 2i �HX kyReVX

jX J�;M2iQ@`Qi�iBQM�H aL2 UJ_aL2VX AM i?Bb b+2M�`BQ i?2 2tTHQbBQM Bb +�mb2/ #v K�;M2iB+
}2H/ T`2bbm`2 U�M/ �HbQ i?2 M2mi`BMQ@rBM/- /2T2M/BM; QM i?2 T?vbB+�H +QM/BiBQMbVX h?2
+�H+mH�iBQMb ?�p2 #22M 2tT2MbBp2- #mi `2+2MiHv � ?B;? `2bQHmiBQM@bBKmH�iBQM i?�i `2bQHp2b
i?2 K�;M2iQ@`Qi�iBQM�H BMbi�#BHBiv UJ_AV i?�i Bb 2bb2MiB�H 7Q` i?2 bi`QM; K�;M2iB+ }2H/
ULBb?BKm`� 2i �HX kyRd�VX h?2 bBKmH�iBQM b?Qr2/ i?�i BM +2`i�BM +QM/BiBQMb Bi Bb TQbbB@
#H2X h?2 BMBiB�H +QM/BiBQMb Q7 i?2 T`Q;2MBiQ` bi�`b �`2 biBHH mMFMQrMX S�`iB+mH�`Hv i?2
bi`2M;i? Q7 i?2 K�;M2iB+ }2H/ �M/ i?2 `Qi�iBQM �`2 BKTQ`i�MiX h?2 J_aL2 T`Q/m+2 �
rB/2 p�`B2iv Q7 �#mM/�M+2 T�ii2`M- /2T2M/BM; QM i?2b2 T�`�K2i2`bX AM 6B;X kd r2 b?Qr
i?2 +QKT�`BbQM Q7 2H2K2Mi�H �#mM/�M+2 T�ii2`Mb BM T�`�K2i2` b2ibX h?2 ǳK@KQ/2HǴ-
ǳB@KQ/2HǴ- �M/ ǳ?@KQ/2HǴ �`2 i?2 KQ/2Hb r?B+? /Bz2` BM M2mi`BMQ HmKBMQbBiv 7`QK i?2
+2Mi`�H M2mi`QM bi�`X AM i?2 ǳK@KQ/2HǴ i?2 K�;M2iB+ }2H/ T`2bbm`2 Bb /QKBM�Mi +QK@
T�`2/ iQ M2mi`BMQ ~mt- �M/ BM i?2 ǳ?@KQ/2HǴ i?2 M2mi`BMQ ?2�iBM; Bb /QKBM�Mi- �M/
i?2 ǳB@KQ/2HǴ Bb i?2 BMi2`K2/B�i2 KQ/2H #2ir22M i?2 K@ �M/ ?@ KQ/2HbX AM 6B;X k3 r2
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b?Qr i?2 2z2+i Q7 i?2 /Bz2`2Mi T�`�K2i2`b QM i?2 `@T`Q+2bb vB2H/X AM i?2 ǳK@KQ/2HǴ-
MEu ≃ 10−5M⊙ Bb T`Q/m+2/X h?Bb Bb +QKT�`�#H2 iQ i?2 �KQmMi Q7 1m T`Q/m+2/ BM QM2
LaJX AM i?2 ǳB@KQ/2HǴ- i?2 �KQmMi Q7 1m bvMi?2bBx2/ +�M #2 �#Qmi QM2 /2t H2bb i?�M
i?2 p�Hm2b BM ǳK@KQ/2HǴX

9X *QHH�Tb�`bX AM i?Bb b+2M�`BQ M2mi`QM 2t+2bb `2[mB`2/ 7Q` `@T`Q+2bb Bb `2�HBx2/ �i i?2 BMM2`
`2;BQM Q7 �++`2iBQM /BbF �`QmM/ � #H�+F ?QH2 7Q`K2/ BM i?2 +2Mi2` Q7 i?2 +QHH�TbBM; bi�`X
q?2M i?2 ;�b #2+QK2b bm{+B2MiHv /2Mb2- T`QiQMb +�Tim`2 2H2+i`QMb �M/ K�F2 M2mi`QM
2t+2bbX h?2 `@T`Q+2bb 2H2K2Mib �`2 2D2+i2/ #v � D2i T2`T2M/B+mH�` iQ i?2 �++`2iBQM /BbFX
>2`2 r2 #`2B~v b?Qr ?Qr i?2 M2mi`QM@`B+? 2MpB`QMK2Mi �TT2�`bX �bbmKBM; i?�i i?2
2H2+i`QM �M/ TQbBi`QM �`2 BM 2[mBHB#`BmK rBi? T?QiQMb- i?2 MmK#2` /2MbBiB2b +�M #2
2tT`2bb2/ �b,

n± =
(mec2)

π2!3

∫ ∞

0

f±

(√
p2 + 1

)
p2dp U99V

r?2`2 p Bb � KQK2MimK Q7 i?2 T�`iB+H2 BM mMBib Q7 mec- �M/ f± Bb i?2 62`KB@.B`�+
/Bbi`B#miBQM 7mM+iBQM- M�K2Hv

f± =
1

exp[(x± µ)/θ]
U98V

r?2`2 θ = kT/mec2X LQi2 i?�i i?2 2[mBHB#`BmK rBi? T?QiQMb T`Q/m+2/ i?2 +QM/BiBQM,
µ+ + µ− = 0 �M/ Bb �H`2�/v mb2/ BM 1[X 98X h?2 Ye Bb �HbQ +QMbi`�BM2/ #v +?�`;2
M2mi`�HBiv,

n− − n+ = Ye
ρ

me
. U9eV

am#biBimiBM; 1[X 98 BMiQ 1[X 99 n± +�M #Qi? #2 /2b+`B#2/ #v QM2 p�`B�#H2- µ(T )X A7
r2 ;Bp2 i2KT2`�im`2 T - /2MbBiv ρ- �M/ 2H2+i`QM 7`�+iBQM Ye- i?2M r2 +�M Q#i�BM µ(T )X
aBM+2 i?2 2H2+i`QMb �`2 72`KBQMb- i?2v rBHH #2 /2;2M2`�i2 B7 i?2 /2MbBiv Bb ?B;? �M/ i?2
i2KT2`�im`2 Bb U`2H�iBp2HvV HQrX G2i K2 2biBK�i2 i?2 +QM/BiBQM Q7 2H2+i`QM /2;2M2`�+vX
amTTQb2 �M 2H2+i`QM Bb +QM}M2/ BM � #Qt rBi? L× L× LX h?2 i2KT2`�im`2 Bb ?B;?- bQ
i?�i i?2 2H2+i`QM Bb `2H�iBpBbiB+X h?2 MmK#2` Q7 bi�i2b rBi? r�p2MmM#2` H2bb i?�M k Bb
N(k) = L3

6π2k3X 1M2`;v E �M/ r�p2MmK#2` k Bb `2H�i2/ iQ 2�+? Qi?2` #v E2 −m2
ec

4 =
c2!2k2X h?2`27Q`2 i?2 MmK#2` /2MbBiv Q7 bi�i2b mT iQ 2M2`;v E +�M #2 2tT`2bb2/ �b,

n =
k3

6π2
=

1

6π2

(
E2 −m2

ec
4
)3/2

c3!3 . U9dV

*QMbB/2`BM; i?2 2H2+i`QMb ?�p2 bTBM Rfk- i?2 72`KB 2M2`;v EF Bb +QMM2+i2/ iQ 2H2+i`QM
/2MbBiv ne �b,

ne =
1

3π2

(
E2

F −m2
ec

4
)3/2

c3!3 . U93V
1H2+i`QMb �`2 /2;2M2`�i2- B7 i?2 ivTB+�H i?2`K�H 2M2`;v kT Bb H2bb i?�M i?2 72`KB 2M2`;vX
h?2`27Q`2 i?2 +QM/BiBQM Bb U�bbmKBM; EF >> meV,

kT = EF U9NV
= (3π2c3!3)1/3(ne)

1/3 U8yV

= 2.8×
(

ρ

1011g · cm−3

)1/3

MeV. U8RV
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Fermi-Dirac occupation function,

f!ðxÞ ¼
1

exp½ðx& l!Þ=!' þ 1
¼ 1

exp½ðx! lÞ=!' þ 1
; ð2Þ

where ! ¼ kT=mec2 and l ) l& ¼ &lþ is the electron
chemical potential in units of mec2 (thermodynamic equili-
brium of e! with radiation implies lþ þ l& ¼ 0). In addi-
tion to equation (1), we have the charge neutrality
condition,

n& & nþ ¼ Ye
"

mp
; ð3Þ

where Ye is the proton-to-nucleon ratio, which would equal
the electron-to-nucleon ratio in the absence of e! pairs.
Equations (1) and (3) determine l and n! for given T, ", and
Ye. The electrons become degenerate if l exceeds h, which
happens below the characteristic degeneracy temperature,

!deg ¼
!h

mec

"

mp

! "1=3

; kTdeg ¼ 7:7
"

1011 g cm&3

! "1=3

MeV :

ð4Þ

Degeneracy exponentially suppresses the positron density,
nþ=n& * expð&l=!Þ, because then e! are created only at
energies E=mec2 + l > !, in the exponential tail of the
thermal distribution.

At temperatures and densities under consideration, the
baryonic matter is in nuclear statistical equilibrium, and it is
dominated by free nucleons in the unshadowed region of
Figure 1. The boundary of this region has been calculated
with the Lattimer-Swesty equation-of-state code (Lattimer

& Swesty 1991). The free protons and neutrons can capture
e& and e+ via charged current reactions,

e& þ p ! nþ #; eþ þ n ! pþ !## : ð5Þ

These reactions can rapidly convert protons into neutrons
and neutrons back into protons and establish an equili-
brium Ye ¼ np=ðnn þ npÞ, where np and nn are number den-
sities of protons and neutrons, respectively.4 We now
calculate the equilibriumYeðT ; "Þ, and in x 2.2 we show how
it applies to GRB central engines.

The exact equilibrium Ye depends on whether the oppo-
site reactions—reabsorption of the emitted # and !##—are
also significant. We first consider the #-transparent case,
where reabsorption can be neglected, and then address the
#-opaque case.

2.1.1. Neutrino-transparentMatter

The rates of e& and e+ capture can be derived from the
standard electroweak theory (e.g., Shapiro & Teukolsky
1983; Bruenn 1985). We assume the nucleons to be non-
degenerate, and then the rates are

_nne&p ¼Knp

Z 1

0
f&ð!þQÞð!þQÞ2 1& 1

ð!þQÞ2

" #1=2
!2 d! ;

ð6Þ

_nneþn ¼Knn

Z 1

Qþ1
fþð!&QÞð!&QÞ2 1& 1

ð!&QÞ2

" #1=2
!2 d! ;

ð7Þ

where ! is neutrino energy in units ofmec2,Q ¼ ðmn &mpÞ=
me ¼ 2:531, and K * 6:5, 10&4 s&1. The constant K can be
expressed in terms of the mean lifetime of neutrons with
respect to $-decay, %$ * 900 s, as K * ð1:7%$Þ&1 (Shapiro &
Teukolsky 1983, pp. 316 and 524).

An equilibrium Ye is established when the rates of e& and
e+ captures are equal,5

_nneþn ¼ _nne&p : ð8Þ

Equations (1), (3), and (8) determine Ye for given " and T.
Contours of the function YeðT ; "Þ on the T-" plane are
shown in Figure 1.

The transition from a proton excess (Ye > 0:5) to a neu-
tron excess (Ye < 0:5) takes place in the region of mild
degeneracy where l < !. We now focus on this region and
derive the equilibrium Ye analytically. At l < ! and
! > Qþ 1 equations (6) and (7) simplify,

_nne&p ¼ Knp!
5 45

2
&ð5Þ þ 7'4

60

ð2l&QÞ
!

# $
; ð9Þ

_nneþn ¼ Knn!
5 45

2
&ð5Þ & 7'4

60

ð2l&QÞ
!

# $
; ð10Þ

Fig. 1.—Contours of the equilibrium YeðT ; "Þ on the T-" plane for #-
transparent matter. The dashed line shows the degeneracy temperature (eq.
[4]). In the shadowed region, the baryonic matter is dominated by compo-
site nuclei, and the calculations based on the rates given by eqs. (6) and (7)
are not valid. The n/p ratio equals ð1& YeÞ=Ye, and the neutrons dominate
over protons where Ye < 0:5. The analytically calculated boundary
Ye ¼ 0:5 (eq. [14]) is also plotted here by a dotted line, which perfectly
coincides with the numerically found contourYe ¼ 0:5.

4 The neutron decay n ! pþ e& þ !## is a slow process on GRB time-
scales and is neglected here.

5 In the #-transparent regime, neutrinos are sometimes prescribed a zero
chemical potential, and the balance lþ lp ¼ ln þ l# is used with l# ¼ 0 to
determine the equilibrium Ye. In fact, the balance of chemical potentials
does not hold because the neutrinos are out of thermodynamic equilibrium.
This balance would be valid only in the cold limit T ! 0 (Landau &
Lifshitz 1980).
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6B;m`2 k8, h?Bb };m`2 b?Qrb i?2 `2H�iBQM #2ir22M Ye �M/ ρ, T X h?2 Ye QM ρ − T TH�M2 Bb
/2i2`KBM2/ #v 1[bX 9e- �M/ 88X h?2 b?�/2/ `2;BQM Bb r?2`2 i?2 +�H+mH�iBQMb �`2 MQi p�HB/
bBM+2 #�`vQMb �`2 /QKBM�i2/ #v +QKTQbBi2 Mm+H2BX h?2 /�b?2/ HBM2 b?Qrb i?2 #QmM/�`v Q7
2H2+i`QM /2;2M2`�+vX h?Bb };m`2 Bb i�F2M 7`QK 6B;XR Q7 "2HQ#Q`Q/Qp UkyyjVX

A7 i?2`2 �`2 �#mM/�Mi 2H2+i`QMb �M/ TQbBi`QMb- i?2 `2�+iBQM #2HQr T`Q+22/b,

e− + p → n+ ν, e+ + n → p+ ν̄. U8kV

h?2b2 `2�+iBQMb [mB+FHv �/Dmbi i?2 n± iQ i?2 2[mBHB#`BmK Ye(T, ρ)X h?2 +QM/BiBQM Bb
/Bz2`2Mi r?2i?2` i?2 M2mi`BMQ #�+F`2�+iBQM Bb BKTQ`i�Mi Q` MQiX hQ T`Q+22/ 7m`i?2`-
r2 M22/ iQ +QMbB/2` M2mi`BMQ `2�+iBQMbX >2`2 r2 QMHv `2pB2r i?2 ν@i`�MbT�`2Mi +�b2-
BX2X r2 B;MQ`2 i?2 M2mi`BMQ@�#bQ`#BM; `2�+iBQMbX h?2 `�i2b Q7 e−, e+ +�Tim`2b +�M #2
+�H+mH�i2/ rBi? i?2 2H2+i`Qr2�F i?2Q`vX �bbmKBM; i?�i i?2 Mm+H2QMb �`2 MQi /2;2M2`�i2-
i?2 +�Tim`2 `�i2b �`2,

ṅe−p = Knp

∫ ∞

0

f−(ω +Q)(ω +Q)2
[
1− 1

(ω +Q)2

]1/2
ω2dω U8jV

ṅe+p = Knp

∫ ∞

Q+1

f+(ω −Q)(ω −Q)2
[
1− 1

(ω −Q)2

]1/2
ω2dω. U89V

r?2`2 ω Bb i?2 M2mi`BMQ 2M2`;v BM mMBib Q7 mec2, Q = (mn − mp)/me = 2.531- �M/
K = 6.5× 10−4s−1X A7 i?2 bvbi2K Bb BM 2[mBHB#`BmK- r2 +�M BKTQb2 �//BiBQM�H 2[m�iBQM,

ṅe−p = ṅe+p. U88V

h?Bb 2[m�iBQM }M�HHv H2i mb /2i2`KBM2 Ye 7Q` � ;Bp2M b2i Q7 ρ, T X AM 6B;X k8 r2 b?Qr i?2
};m`2 i�F2M 7`QK "2HQ#Q`Q/Qp UkyyjVX h?2 bQHB/ HBM2b �`2 i?2 Ye +QMiQm`b +�H+mH�i2/
#v �bbmKBM; i?2 ν@i`�MbT�`�M+vX
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q2 �`2 /Bb+mbbBM; � #Bi KQ`2 /2i�BH BMiQ i?2 +QM/BiBQM 7Q` M2mi`QM@2t+2bbX h?2 i`�MbBiBQM
7`QK Ye > 0.5 iQ Ye < 0.5 Q++m`b �i � KBH/ /2;2M2`�+v- µ < θX �i µ < θ �M/ θ > Q+1-

ṅe−p = Knp

[
45

2
ζ(5) +

7π4

60

(2µ−Q)

θ

]
U8eV

ṅe+p = Knp

[
45

2
ζ(5)− 7π4

60

(2µ−Q)

θ

]
. U8dV

>2`2 r2 M2;H2+i i?2 ?B;?2`@Q`/2` i2`Kb- bm+? �b O(Q2/θ2), O(µ2/θ2), �M/ O[(Q+1)5/θ5]X
h?2 2[m�iBQM #2ir22M i?2 irQ iBK2 /2`Bp�iBp2b vB2H/b,

Ye =
1

2
+

7π4

1350ζ(5)

(Q/2− µ)

θ
=

1

2
+ 0.487

(Q/2− µ)

θ
. U83V

LQr i?2 M2mi`QM@2t+2bb `2;BQM QM i?2 T −ρ TH�M2 +�M #2 2tT`2bb2/ �b θ < θn(ρ)- r?2`2

θn =

(
3λ3ρ

Qmp

)1/2

, kTn = 33ρ1/211 MeV U8NV

h?2 `2H�iBQM #2ir22M kTn, ρ Bb 2t�+iHv i?2 HBM2 Q7 Ye = 0.5 BM 6B;X k8X Ai Bb BMbi`m+iBp2
iQ 2tT`2bb i?2 n± rBi? µ mbBM; h�vHQ` 2tT�MbBQM iQ i?2 }`bi Q`/2` Q7 µX h?2 `2bmHib Bb,

n± =
1

π2λ3

[
3

2
ζ(3)θ3 ∓ π2

6
µθ2

]
, µ < θ UeyV

qBi? i?2 /2}MBiBQM Q7 Ye- µ +�M #2 2tT`2bb2/ �b,

µ = 3Ye
λ3ρ

mpθ2
UeRV

h?2 bQmM/ bT22/ BM � ;`�pBi�iBQM�HHv #QmM/ Q#D2+i +�MMQi 2t+22/ i?2 ;`�pBi�iBQM�H
TQi2MiB�HX h?Bb `2H�iBQM +�M #2 2tT`2bb2/ �b,

P

ρ
! 0.1c2

(
r

3rg

)−1

UekV

h?2 T`2bbm`2 BM+Hm/2b `�/B�iBQM- e±- M2mi`BMQb- �M/ #�`vQMbX h?2 }`bi i?`22 +QKTQM2Mib
�`2 `2H�iBpBbiB+ T�`iB+H2b- �M/ i?2B` +QMi`B#miBQMb +�M #2 Tmi iQ;2i?2` �b aT 4- r?2`2
a = (π2k4/15!3c3)X h?2`27Q`2 i?2 Qp2`�HH T`2bbm`2 +�M #2 2tT`2bb2/ �b

P ≃ aT 4 +
ρ

mp
kT. UejV

h?2 `�iBQ Q7 irQ i2`Kb Bb,
aT 4

(ρ/mp)kT
=

π2

15

θ3

θdeg
Ue9V

h?2 `�/B�iBQM T`2bbm`2 Bb /QKBM�Mi B7 θ " θdegX q2 Dmbi +QMbB/2` i?Bb +�b2 �M/ H2i
P ∼ aT 4X h?2M i?2 1[X ek #2+QK2b

θ

θdeg
! 2ρ−1/12

11

(
r

3rg

)−1/4

. Ue8V
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AM 1[X eR r2 b?Qr i?2 `2H�iBQM #2ir22M µ �M/ T X qBi? i?Bb 2[m�iBQM- r2 +�M ?�p2 i?2
+QM/BiBQM 7`QK 1[X e8,

µ

Q
" 5Yeρ

1/2
11

(
r

3rg

)1/2

. UeeV

h?2 Q#D2+i Bb M2mi`QM@`B+? B7 µ > Q/2X h?Bb Bb b�iBb}2/ B7

ρ " 1010
(

r

3rg

)−1

g cm−3. UedV

h?2`27Q`2- �Mv K�ii2` i?�i b�iBb}2b 1[X ed +�M #2 i?2 bQm`+2 Q7 M2mi`QM@
+�Tim`2 2H2K2MibX
AM Q`/2` iQ b?Qr i?�i i?2 +QHH�Tb�` �+im�HHv T`Q/m+2 `@T`Q+2bb 2H2K2Mib- r2 ?�p2 iQ
+�H+mH�i2 i?2 /2MbBiv �M/ i2KT2`�im`2X h?2 2H2+i`QM@+�Tim`2b #v T`QiQMb Q++m` �i i?2
BMM2` bB/2 Q7 i?2 �++`2iBQM /BbFX h?2`27Q`2 r2 2biBK�i2 i?2 ρ, T Q7 i?2 �++`2iBQM /BbFX
*QHH�Tb�`b �`2 �bbQ+B�i2/ rBi? ?vT2`MQp�2- r?B+? �`2 2M2`;2iB+ #v �#Qmi Ry iBK2b KQ`2
i?�M mbm�H aL2X AMi2`2biBM;Hv- i?2`2 r�b � p2`v 2M2`;2iB+ aL 2p2Mi �i RNN3X h?2 2p2Mi
r�b +H�bbB}2/ �b hvT2 A+ aL- �M/ r�b HBMF2/ iQ � HQM;@/m`�iBQM ;�KK�@`�v #m`biX h?2
56LB T`Q/m+iBQM �M/ i?2 2tTHQbBQM 2M2`;v r2`2 2biBK�i2/ iQ #2 yX8 J⊙ �M/ 3×1052 2`;X
h?2 H�`;2 �KQmMi Q7 56LB T`Q/m+iBQM Bb `2T`2b2MiBM; i?�i i?2`2 b?QmH/ 2tBbi � `2;BQM
r?2`2 Ye ≃ 0.5X
AM i?Bb 2p2Mi `@T`Q+2bb 2H2K2Mib +�M #2 bvMi?2bBx2/ rBi?BM +2`i�BM KQ/2H T�`�K2i2`bX

8X LaJX aBM+2 M2mi`QM@bi�`b �`2 U#v /2}MBiBQMV M2mi`QM@`B+?- Bi Bb M�im`�H iQ +QMbB/2` i?2
TQbbB#BHBiv Q7 `@T`Q+2bb BM i?2 LaJbX >2`2 r2 bmKK�`Bx2 i?2 Q#b2`p�iBQM�H bi�imbX
L2mi`QM bi�`b �`2 Q#b2`p2/ �b TmHb�`bX >mK�Mb ?�p2 �H`2�/v Q#b2`p2/ K�Mv TmHb�`b-
2MQm;? iQ /`�r i?2 K�bb /Bbi`B#miBQMX �HbQ bQK2 #BM�`B2b �`2 Q#b2`p2/ U>mHb2 �M/
h�vHQ` RNd8VX h?2 Q`#Bi�H 2M2`;v HQbb U2biBK�i2/ #v i?2 +?�M;2 BM i?2 `Qi�iBQM T2`BQ/V
Bb +QMbBbi2Mi rBi? i?2 ;`�pBi�iBQM�H@r�p2 2KBbbBQM Uq2Bb#2`; �M/ >m�M; kyReVX
>2`2 r2 7QHHQr i?2 iBK2 2pQHmiBQM Q7 LaJX � M2mi`QM@bi�` Bb 7Q`K2/ �b i?2 H27iQp2`
Q7 � aLX h?2 7Q`K�iBQM Q7 � #BM�`v M2mi`QM@bi�`b Bb biBHH mM/2` /2#�i2- #mi i?2 KQbi
rB/2Hv �++2Ti2/ KQ/2H Bb i?2 ǳ+QKKQM@2Mp2HQT2ǴX AMBiB�HHv i?2`2 Bb � K�bbBp2 bi2HH�`
#BM�`vX h?2 }`bi bi�` 2tTHQ/2- �M/ H2�p2 � LaX h?2M i?2 2Mp2HQT2 Q7 i?2 b2+QM/ bi�`
BM~�i2b Dmbi #27Q`2 i?2 2tTHQbBQM Ur?2M Bi mb2/ mT i?2 +2Mi`�H ?v/`Q;2MV- �M/ br�HHQrb
i?2 LaX q?BH2 i?2 irQ bi�`b b?�`2 i?2 +QKKQM 2Mp2HQT2- i?2 Q`#Bi�H b2T�`�iBQM ;2ib
bK�HH2` �M/ bK�HH2` #v /vM�KB+�H 7`B+iBQMX h?Bb T?�b2 /2+`2�b2b i?2 La@La b2T�`�iBQMX
h?2 b2T�`�iBQM b?QmH/ #2 bK�HH- Qi?2`rBb2 i?2 "La +�MMQi K2`;2 rBi?BM i?2 �;2 Q7 i?2
lMBp2`b2X aQQM i?2 b2+QM/ aL ?�TT2MX h?2 aL +�M ?�p2 �MBbQi`QTv- r?B+? 2�bBHv H2�/
iQ � 72r Ryy FKfb Q7 FB+F p2HQ+Biv v QM i?2 b2+QM/ LaX h?Bb Bb i?2 Q`B;BM Q7 i?2 FB+F
QM i?2 "La, v/2 UB7 i?2 irQ La ?�p2 i?2 b�K2 K�bb2bV rBHH #2 i?2 FB+F p2HQ+Biv Q7 i?2
"LaX h?Bb +QKKQM@2Mp2HQT2 b+2M�`BQ Bb i?2 #2bi iQ 2tTH�BM i?2 7�bi@K2`;BM; "La r2
M22/ iQ 2tTH�BM i?2 +?2KB+�H 2pQHmiBQM- #mi i?Bb Bb 7�` 7`QK T2`72+iX Pi?2` KQ/2Hb bm+?
�b /vM�KB+�H +�Tim`2 Q7 irQ M2mi`QM@bi�`b U`272`2M+2V �`2 biBHH +QMbB/2`2/X
�7i2` i?2 2tTHQbBQM Q7 i?2 b2+QM/ bi�`- i?2 b2T�`�iBQM Q7 i?2 "La ;2ib bK�HH2` �M/
bK�HH2` #v i?2 2M2`;v HQbb Q7 ;`�pBi�iBQM�H r�p2 2KBbbBQMX h?2 Q`#Bib +�M #2 ?B;?Hv
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2++2Mi`B+- #mi i?2 2++2Mi`B+Biv [mB+FHv /2+`2�b2b r?2M i?2v BM@bTB`�HX h?2 iBK2 /m`�iBQM
#2ir22M i?2 "La 7Q`K�iBQM �M/ i?2 K2`;2` Bb +�HH2/ ǳ/2H�v@iBK2Ǵ- �M/ Bib /Bbi`B#miBQM Bb
+�HH2/ ǳ/2H�v@iBK2 /Bbi`B#miBQMǴ U.h.VX h?2 .h. Bb ?B;?Hv mM+2`i�BM- �b i?2 FMQrH2/;2
QM i?2 /Bbi`B#miBQM Q7 BMBiB�H b2T�`�iBQM Bb [mBi2 HBKBi2/X h?2 bHQT2 Q7 i?2 .h. Bb
`2H�iBp2Hv r2HH@+QMbi`�BM2/ iQ dN/dt ∝ t−1X P7i2M r2 �bbmK2 tmin ≃ 10Myr �M/ tmax ≃
10Gyr r?2M r2 KQ/2H i?2 "La 7Q`K�iBQM BM i?2 lMBp2`b2X h?2 tmax Bb MQi bQ BKTQ`i�Mi-
#2+�mb2 i?2 bHQT2 Q7 i?2 .h. Bb M2;�iBp2X h?Bb Bb Dmbi /2;2M2`�i2 rBi? i?2 "La
7Q`K�iBQM `�i2X
Cmbi #27Q`2 i?2 K2`;2`- r2 +�M �bbmK2 i?�i i?2 Q`#Bi Bb �HKQbi +B`+mH�`X qBi? i?Bb
bBKTH2 bBim�iBQM MmK2`B+�H bBKmH�iBQM Bb �M 2z2+iBp2 r�v iQ KQ/2H i?2 K2`;2`X h?2
irQ M2mi`QM bi�`b �`2 /27Q`K2/ #v i?2 iB/�H 7Q`+2 �M/ +2Mi`B7m;�H 7Q`+2- �M/ }M�HHv
bQK2 Q7 i?2 M2mi`QMb �`2 2D2+i2/ QM i?2 2[m�iQ`B�H TH�M2 i?�i i?2 "La `Qi�i2bX h?Bb
2D2+i� Bb +�HH2/ ǳ+QH/ /vM�KB+�H 2D2+i�ǴX h?2 T�`iB+H2b �`2 +QH/- �M/ [mBi2 M2mi`QM@`B+?-
i?2`27Q`2 i?Bb Bb i?2 Q`B;BM Q7 bi`QM; `@T`Q+2bb BM LaJX h?2 �KQmMi Q7 +QH/ /vM�KB+�H
2D2+i� /2T2M/b QM i?2 K�bb `�iBQ Q7 i?2 #BM�`vX aK�HH2` K�bb `�iBQ `2bmHib BM H�`;2`
�KQmMi Q7 +QH/ /vM�KB+�H 2D2+i�- #mi B7 i?2 K�bb `�iBQ Bb iQQ bK�HH U! 0.1V- i?2 bK�HH2`
QM2 Bb Dmbi br�HHQr2/ BMiQ i?2 K�bbBp2 QM2- �M/ MQ +QH/ /vM�KB+�H 2D2+i� +QK2b QmiX
h?2 �KQmMi Q7 +QH/ /vM�KB+�H 2D2+i� �HbQ /2T2M/b QM i?2 +QKT�+iM2bb Q7 i?2 M2mi`QM
bi�`bX h?Bb BM7Q`K�iBQM Bb MQi Q#b2`p�#H2X A7 i?2 �KQmMi Q7 +QH/ /vM�KB+�H 2D2+i� 7`QK
� LaJ rBi? r2HH@FMQrM K�bb `�iBQ Bb /2i2`KBM2/ T`2+Bb2Hv- r2 +�M ?�p2 i?2 BM7Q`K�iBQM
QM i?2 bBx2 Q7 � M2mi`QM bi�`X h?Bb ?2HTb Mm+H2�` i?2Q`Bbib iQ }M/ i?2 2[m�iBQM Q7 bi�i2b
U1QaV BM M2mi`QM bi�`bX h?2`27Q`2- i?2 /2i�BH2/ KQ/2HBM; UQM K2`;2`b �M/ QM ;�H�+iB+
+?2KB+�H 2pQHmiBQMV iQ /2i2`KBM2 i?2 K�bb Q7 +QH/ /vM�KB+�H 2D2+i� Bb [mBi2 BKTQ`i�MiX
�i i?2 KQK2Mi Q7 i?2 K2`;2`- � b?Q+F T`QT�;�i2b 7`QK i?2 +QMi�+i bm`7�+2X h?2 2D2+i2/
+QKTQM2Mib �`2 ?2�i2/ #v i?2 b?Q+F- ;2ib ?Qii2`- �M/ 2D2+i2/ #v i?2 i?2`K�H T`2bbm`2X
h?2 2H2+i`QM@TQbBi`QM T�B`b T`Q/m+2/ BM i?2 ?B;? i2KT2`�im`2 K�F2 i?2 BMBiB�HHv HQr Ye

iQ BM+`2�b2X h?2 Ye 7m`i?2` BM+`2�b2b B7 i?2 +2Mi`�H `2KM�Mi B7 � La �M/ M2mi`BMQ rBM/
+QK2b QmiX h?Bb ǳ?Qi /vM�KB+�H 2D2+i�Ǵ ?�b Ye ≃ 0.5 �M/ Bb 2D2+i2/ iQ TQH�` /B`2+iBQMbX
�7i2` i?2 K2`;2`- biBHH K�bb 2D2+iBQM +QMiBMm2bX h?2 MQi�#H2 +QKTQM2Mib �`2 ǳM2mi`BMQ@
rBM/ +QKTQM2MiǴ- �M/ ǳ�++`2iBQM@/BbF Qmi~QrǴX >2`2 r2 2tTH�BM i?2b2 BM im`MX h?2
M2mi`BMQ@rBM/ +QKTQM2Mi Bb bBKBH�` iQ i?2 +�b2 Q7 **aL2X hvTB+�HHv- i?2 K2`;2` `2K@
M�Mi rBHH }`bi 2tBbi �b � ?Qi La- bmTTQ`i2/ #v ?B;? i2KT2`�im`2b �M/ `Qi�iBQMX h?2
/Bz2`2M+2 7`QK **aL2 +�b2 Bb i?2 �MBbQi`QTv, i?2 +2Mi`�H La Bb bm``QmM/2/ #v � ?Qi
�M/ /2Mb2 iQ`mb- �M/ i?2 M2mi`BMQ@/`Bp2M rBM/ Q++m`b K�BMHv BM i?2 TQH�` /B`2+iBQMX
h?2 2D2+i2/ K�ii2` `2�+? �M 2[mBHB#`BmK #2ir22M ν, ν̄ �#bQ`TiBQM `2�+iBQMX h?2 `2bmHi@
BM; Ye Bb /2i2`KBM2/ #v i?2 bT2+i`� Q7 ν, ν̄- r?B+? H2�/ iQ Ye " 0.25 BM i?Bb +�b2X h?Bb
KBH/ M2mi`QM@`B+?M2bb H2�/b iQ � r2�F `@T`Q+2bb- r?2`2 HB;?i2` UivTB+�HHv mT iQ b2+QM/
T2�FV `@T`Q+2bb 2H2K2Mib �`2 bvMi?2bBx2/X h?2 �++`2iBQM@/BbF Qmi~Qr Q++m`b 1 ∼ 10
b2+QM/b �7i2` i?2 K2`;2`X h?Bb Bb �M Qmi~Qr 7`QK i?2 �++`2iBQM /BbF �`QmM/ i?2 +2M@
i`�H `2KM�MiX h?2 /BbF Bb ?2�i2/ #v pBb+QbBiv �M/ Mm+H2�` `2+QK#BM�iBQM- i?2`27Q`2 i?2
Qmi~Qr Q++m`b i?2`K�HHvX h?2 +QKTQM2Mi Q7 i?2 Qmi~Qr /2T2M/b bi`QM;Hv QM r?�i i?2
`2KM�Mi rBHH #2, bT2+B}+�HHv QM i?2 HB72iBK2 Q7 i?2 K�bbBp2 M2mi`QM@bi�`X A7 i?2 JLa
HBp2b HQM;2` i?�M QM2 b2+QM/- M2mi`BMQ 7`QK i?2 JLa bB;MB}+�MiHv BM+`2�b2b i?2 Ye Q7
i?2 /BbF iQ ∼ 0.3X PM i?2 Qi?2` ?�M/- B7 i?2 JLa +QHH�Tb2b iQ � "> rBi?BM QM2 b2+QM/-
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i?2 Ye `2K�BMb [mBi2 HQr- +QKT�`�#H2 iQ i?2 /vM�KB+�H 2D2+i�X

3XjXj EBHQMQp� Q#b2`p�iBQM
� ;`�pBi�iBQM�H r�p2 2p2Mi :qRdy3Rd Bb i?2 }`bi /2i2+iBQM Q7 � LaJX h?Bb 2p2Mi r�b �HbQ
Q#b2`p2/ 2H2+i`QK�;M2iB+�HHvX aBM+2 i?2 BMD2+i2/ 2M2`;v Bb +QKT�`�#H2 iQ � aL- Bi #2?�p2b
bQK2r?�i bBKBH�` r�vX "Qi? BM LaJ �M/ aL i?2 2M2`;v bQm`+2 Bb `�/BQ�+iBp2 /2+�v Q7
bQK2 2H2K2MibX "v i?2 }iiBM; Q7 i?2 HB;?i +m`p2 `@T`Q+2bb Bb +QM}`K2/X q2 �HbQ ?�p2 i?2
BM7Q`K�iBQM QM i?2 �KQmMi Q7 2D2+i2/ K�i2`B�H �M/ Bib +QKTQM2MiX �i T`2b2Mi bQK2 LaJ ?�b
#22M +QM}`K2/ rBi? ;`�pBi�iBQM�H r�p2- #mi biBHH :qRdy3Rd Bb i?2 QMHv 2p2Mi rBi? +QM}`K2/
2H2+i`QK�;M2iB+ +QmMi2`T�`iX >2`2 r2 bmKK�`Bx2 i?2 T?vbB+b �`QmM/ i?2 LaJ �M/ i?2 HB;?i
+m`p2X

h?2 b?�T2 Q7 i?2 HB;?i +m`p2 Bb /2i2`KBM2/ #v UBV `�/BQ�+iBp2 ?2�iBM;- UBBV i?2`K�HBx�iBQM
2{+B2M+v- �M/ UBBBV QT�+BivX q2 2tTH�BM 2�+? BM im`MX

Ç _�/BQ�+iBp2 ?2�iBM;X qBi?BM i?2 }`bi ∼ 10 b2+QM/b �7i2` i?2 K2`;2`- Mm+H2QbvMi?2bBb
T`Q+22/b QM i?2 `@T`Q+2bb T�i?X AM +�b2 Q7 bi`QM; `@T`Q+2bb UYe ! 0.2V- � rB/2 p�`B2iv
Q7 2H2K2Mib �`2 bvMi?2bBx2/- �M/ i?2 HB;?i +m`p2 7QHHQrb � TQr2`@H�rX AM +�b2 Q7 r2�F
`@T`Q+2bb UYe " 0.4V- i?2 HB;?i +m`p2 HQQFb � #Bi KQ`2 #mKTv- �b � `2bmHi Q7 72r2`
FBM/b Q7 2H2K2Mib +QMi`B#miBQMX h?2 +QMi`B#miBM; 2H2K2Mi Bb /Bz2`2Mi /2T2M/BM; QM
r?B+? iBK2b+�H2 r2 7Q+mb QMX h?2 }`bi 72r ?Qm`b M2mi`QM /2+�v Bb i?2 /QKBM�Mi 2M2`;v
bQm`+2X h?2 7`22 M2mi`QMb �`2 QM i?2 bm`7�+2 H�v2` Q7 i?2 2D2+i�- i?2`27Q`2 i?2v �`2
#`B;?i BM lof#Hm2 #�M/bX �i 10 ∼ 100 /�vb H�i2`- i?2 2M2`;v bQm`+2b �`2 QMHv � 72r
FBM/b Q7 2H2K2MibX h?2 /QKBM�Mi `2�+iBQM Q7 ?2�iBM; Bb biBHH MQi r2HH@FMQrMX A7 i?2 Ye Bb
?B;?- HB;?i2` 2H2K2Mib �`2 T`272``2/- �M/ i?2 ?2�iBM; Bb /QKBM�i2/ #v β@/2+�vX A7 i?2 Ye

Bb HQr- ?2�pB2` 2H2K2Mib �`2 �HbQ bvMi?2bBx2/- �M/ i?2 ?2�iBM; Bb /QKBM�i2/ #v α@/2+�v
�M/ Mm+H2�` }bbBQMX

Ç h?2`K�HBx�iBQM 2{+B2M+vX AMBiB�HHv i?2 2D2+i� Bb [mBi2 /2Mb2- �M/ i?2 2M2`;v BMTmi
#v `�/BQ�+iBp2 2H2K2Mib �`2 +QKTH2i2Hv i?2`K�HBx2/ Ui?2`27Q`2 HB;?i +m`p2 Bb �z2+i2/
#v i?2 `�/BQ�+iBp2 ?2�iBM;VX >Qr2p2`- �b i?2 2D2+i� 2tT�M/b- /2MbBiv ;2ib HQr2` �M/
i?2 2M2`;v 2b+�T2 7`�+iBQM BM+`2�b2bX h?2M i?2 2M2`;v BMD2+i2/ #v i?2 `�/BQ�+iBp2
/2+�v Bb MQi +QMp2`i2/ iQ i?2`K�H 2M2`;vX hQ i�F2 i?Bb 2z2+i BMiQ �++QmMi- HB;?i +m`p2
KQ/2HBM; mbm�HHv +QMi�BM � iBK2@/2T2M/2Mi T�`�K2i2` ǳi?2`K�HBx�iBQM 2{+B2M+vǴX h?Bb
T�`�K2i2` /2T2M/b QM p�`BQmb T?vbB+�H +QM/BiBQMb- bm+? �b i?2 K�bb �M/ p2HQ+Biv Q7 i?2
2D2+i�- K�;M2iB+ }2H/- �M/ i?2 ;2QK2i`v Q7 i?2 2D2+i�X h?2 i?2`K�HBx�iBQM 2{+B2M+v
Q7 γ@`�v /`QTb `�TB/Hv �M/ �i � 72r i2Mb Q7 /�vb i?2B` +QMi`B#miBQM Bb M2;HB;B#H2X h?2
i?2`K�HBx�iBQM 2{+B2M+v Q7 +?�`;2/ T�`iB+H2 `2K�BMb H�`;2`- �M/ i?2v �`2 i?2 /QKBM�Mi
?2�i bQm`+2 �i H�i2 iBK2bX h?Bb /Bz2`2M+2 K�F2b α@/2+�v �M/ Mm+H2�` }bbBQM KQ`2
BKTQ`i�Mi iQ b?�T2 i?2 H�i2` T?�b2 Q7 i?2 HB;?i +m`p2X

Ç �iQKB+ QT�+BiB2bX _B;?i �7i2` i?2 K2`;2`- i?2 2D2+i� Bb 2ti`2K2Hv /2Mb2X Ai Bb /2Mb2
2MQm;? iQ +�Tim`2 i?2 T?QiQMb T`Q/m+2/ BMbB/2 i?2 2D2+i�, i?2`27Q`2- BMBiB�HHv r2 QMHv
b22 i?2 2KBbbBQM 7`QK i?2 bm`7�+2- r?B+? Bb MQi HmKBMQmbX �i H�i2` T?�b2b- BM r?B+? i?2
QT�+Biv /2+`2�b2b �M/ i?2 2KBbbBQM 7`QK BMbB/2 +�M �HbQ #2 Q#b2`p2/- i?2 HmKBMQbBiv
T2�FbX h?2 iBK2b+�H2 7Q` i?2 +H2�`BM;@mT +�M #2 +�H+mH�i2/ rBi? i?2 T?QiQM /BzmbBQM
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iBK2b+�H2X �bbmKBM; i?�i i?2 2D2+i� 2tT�M/b bT?2`B+�HHv rBi? � +QMbi�Mi bT22/ vX h?2M
i?2 /BzmbBQM iBK2b+�H2 Bb,

tdiff =
ρκR2

3c
Ue3V

rBi? ρ = 3M/(4πR3) Bb i?2 /2MbBiv �M/ κ Bb i?2 QT�+Biv Q7 i?2 2D2+i�X h?2 HmKBMQbBiv
T2�Fb r?2M i?Bb tdiff Bb +QKT�`�#H2 iQ i?2 /vM�KB+�H iBK2b+�H2- t = R/vX *QKT�`BM;
i?2 irQ iBK2b+�H2b- i?2 HmKBMQbBiv T2�Fb �i,

tpeak ≃
(

κM

4πcv

)1/2

UeNV

≃ 1.5days

(
M

0.01M⊙

)1/2( v

0.1c

)1/2( κ

1cm2g−1

)1/2

UdyV

�7i2` `2�+?BM; i?2 T2�F- i?2 HmKBMQbBiv +�M #2 �TT`QtBK�i2/ #v ǳ�`M2iiǶb H�rǴ, L(t) =
MQ̇(t)- r?2`2 Q̇(t) Bb i?2 2M2`;v /2TQbBiBQM `�i2X h?Bb b?QmH/ �H`2�/v #2 +Q``2+i2/
#v i?2 2M2`;v i?2`K�HBx�iBQM 2{+B2M+vX h?Bb Q̇(t) +�M #2 �TT`QtBK�i2/ �b Q̇(t) ≃
ϵ × 1010(t/1day)−αerg s−1 g−1- r?2`2 ϵ Bb i?2 i?2`K�HBx�iBQM 2{+B2M+vX h?2 T2�F Hm@
KBMQbBiv Bb,

Lpeak ≃ 1.1ϵ× 1041erg s−1

(
M

0.01M⊙

)1−α/2( v

0.1c

)α/2( κ

1cm2g−1

)−α/2

UdRV

Ai Bb +H2�` i?�i QT�+Biv κ TH�vb �M BKTQ`i�Mi `QH2X h?2 p�Hm2 Q7 κ /2T2M/b QM i?2
+QKTQM2Mi Q7 i?2 2D2+i�X G�Mi?�MB/2b- r?B+? ?�b QT2M 7@b?2HH- Bb QTiB+�HHv i?B+F #2+�mb2
i?2v ?�p2 +QKTH2t 2M2`;v H2p2H bi`m+im`2b 7`QK i?2 i`�MbBiBQMb #2ir22M /Bz2`2Mi 7@b?2HH
2M2`;v H2p2HbX A7 i?2 2D2+i� /Q MQi +QMi�BM H�Mi?�MB/2b- κ ! 1cm2 g−1X qBi? i?Bb QT�+Biv
i?2 HmKBMQbBiv b?QmH/ T2�F �i ∼ 1 /�v- +QMbBbi2Mi iQ i?2 :qRdy3Rd Q#b2`p�iBQMX A7 i?2
2D2+i� /Q +QMi�BM H�Mi?�MB/2b U�M/fQ` �+iBMB/2bV- κ " 10cm2 g−1X P7i2M i?2 HB;?i +m`p2
Bb }ii2/ rBi? KmHiBTH2 +QKTQM2MibX h?2 Q#b2`p�iBQM 7�pQ`b irQ Q` i?`22 +QKTQM2Mib-
r?B+? �`2 HQr@κ �M/ ?B;?@κ +QKTQM2MiX h?Bb Bb +QMbBbi2Mi iQ i?2 MmK2`B+�H bBKmH�iBQM
`2bmHi i?�i i?2 2D2+i� +QMi�BMb KmHiBTH2 +QKTQM2Mi rBi? /Bz2`2Mi YeX

AM 6B;X ke r2 b?Qr i?2 HB;?i +m`p2b BM 2B;?i /Bz2`2Mi r�p2#�M/bX "�bB+�HHv i?2 bBKmH�iBQM
r2HH 2tTH�BMb i?2 Q#b2`p2/ /�i�TQBMibX h?2 HB;?i +m`p2 Bb KQ/2H2/ rBi? irQ +QKTQM2Mib- QM2
rBi? ?B;?@κ Uǳ`2/ +QKTQM2MiǴV �M/ i?2 Qi?2` rBi? HQr@κ Uǳ#Hm2 +QKTQM2MiǴVX
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observations acquired at later times, when the UV emission
from the transient was no longer present in the images (Swift ID
07012979003). The systematic effect from the host light
contamination is ≈3% (see e.g., Brown et al. 2009).

3. Light Curves and Spectral Energy Distributions

3.1. Light Curves

Our UV/optical/NIR light curves are shown in Figure 1.
The data span from 0.47 to 18.5 days post-merger, with bluer
bands fading below the detection limits at earlier times. The
light curve coverage was truncated by the proximity of the
source to the Sun. We first note that the light curves are not
well described by a power law, indicating minimal contribution
from a GRB optical afterglow over the timescale of our
observations. This is consistent with modeling of the afterglow
based on X-ray and radio observations (Margutti et al. 2017;
Alexander et al. 2017).

The light curves exhibit a rapid decline in the bluest bands
(ug), an intermediate decline rate in the red optical bands (rizY),
and a shallow decline in the NIR (HKs). However, while the
u- and g-band light curves decline by ≈2 mag day−1 starting
with the earliest observations, the redder optical bands exhibit a
more complex behavior: they exhibit a comparatively slow
decline (≈0.3 mag day−1) over the first 1.5 days, develop a
shoulder at about 4 days, and subsequently begin to decline at
about 8 days.

We find a similar rapid evolution in the colors of the transient
(Figure 2). In particular, the u−g and g−r colors become
redder by about 1 mag between about 1.5 and 3.5 days. The
colors in the redder optical bands exhibit slower evolution, with
- » –r i 0.5 1 mag, - » –i z 0 0.5 mag, and - »z Y 0.3 mag.

These colors are significantly redder than those of known
supernovae near explosion (e.g., Folatelli et al. 2010; Bianco
et al. 2014; Galbany et al. 2016).

3.2. Spectral Energy Distribution

We construct SEDs from photometry at several epochs
from about 0.6 to 10 days post-merger (Figure 2). The SEDs
exhibit rapid evolution from an initial peak at ∼3500Å to a
final peak at 15000Å by 10 days. Moreover, the SED at 1.5
days appears to consist of two components, as indicated by
the changing slope in the NIR emission. The same rapid
evolution and structure are apparent in the optical and NIR
spectra at comparable epochs (Chornock et al. 2017; Nicholl
et al. 2017).
The SED at 0.6 days is well described by a blackbody with
~T 8300 K and ~ ´R 4.5 1014 cm, corresponding to an

expansion velocity of ~v c0.3 . This is somewhat larger than
the velocities observed in broad-lined SNe Ic (for which
»v c0.1 ; Modjaz et al. 2016), but is consistent with

expectations for ejecta resulting from a BNS merger (Metzger
2017). The SEDs at later times are not well described by a
blackbody curve, instead exhibiting strong flux suppression at

Figure 1. UV, optical, and NIR light curves of the counterpart of GW170817. The two-component model for r-process heating and opacities (Section 4) is shown as
solid lines. The right panels focus on the g (top), i (middle), and H-band photometry (bottom) over the first 10 nights. Triangles represent 3σ upper limits. Error bars
are given at the s1 level in all panels, but may be smaller than the points.
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The intermediate r-process in MR-SNe by the MRI 5

the i-model, denoted by the i-model(-) and i-model(+),
respectively. The h-model(+) and m-model(+), based
on L̂⌫ = 1.25 and 0.40, respectively, are also referred to
discuss the impact of neutrino absorption.
The Ye, entropy (S) and �p for the selected mod-

els are shown in Figure 2, when the shock front
reaches ⇠ 1000 km. For the m-model, we clearly
see a magnetically-driven dipole jet with lower �p (i.e.
high magnetic pressure), which shows very neutron-rich
ejecta and Ye ⇠ 0.2. The h-model has a weaker jet,
which is almost negligible, and the dominant compo-
nent consists of the convective motion driven by neu-
trino heating. The physical properties of the i-model are
intermediate between both the above models, a combi-
nation of magnetically-jets and neutrino-heating caused
explosions. The i-model shows a relatively higher Ye,
but the ejecta is still neutron-rich (Ye < 0.4).
We calculate the time evolution of ejected matter

via Lagrangian tracer particles (see, Section 2.3 of
Nishimura et al. 2015). Figure 3 shows the mass frac-
tion of ejecta in the Ye–S plane. Since the entropy is
relatively low, the resulting r-process is strongly depen-
dent on Ye. All explosion models including the h-model
have neutron-rich ejecta (Ye < 0.4), missing in regular
CC-SNe.

3. NUCLEOSYNTHESIS

We perform nucleosynthesis calculation using a nu-
clear reaction network code (Nishimura et al. 2015,
2016), with reaction rate data taken mostly from
Rauscher & Thielemann (2000). Theoretical reaction
rates (e.g. for neutron-capture) for neutron-rich nuclei
are based on mass predictions by Möller et al. (1995)
and the theoretical �-decay rates are taken from Möller
et al. (2003). The impact of �-decay was discussed in
Nishimura et al. (2012, 2016).
Results of nucleosynthesis calculations are shown in

Figure 4a for selected models, comparing with the so-
lar abundances (s-process residuals by Arlandini et al.
1999). The calculated abundance patterns vary in the
A > 130 region according to the predicted Ye–S distri-
butions (Figure 3). The r-process in low entropy condi-
tions can be sensitive to self nuclear heating, which is
not considered in the present calculations. Although fi-
nal abundances may be modified as shown by Wu et al.
(2016), based on similar physical (Ye–S) environments,
the variation due to di↵erent explosion dynamics (i.e.
h-, i- and m-models) is more significant.
The m-model with su�ciently high enough magnetic

fields reproduces the solar r-process abundances, as
shown in Winteler et al. (2012) and “prompt-jets” of
Nishimura et al. (2015), while the m-model(+) with
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Figure 4. The final abundances of nucleosynthesis calcu-
lations: (a) compared with the solar abundances (Arlandini
et al. 1999); (b) metal-poor stars, i.e. HD122563 (Honda
et al. 2006) and CS22892-052 (Sneden et al. 1996) denoted
by black and cyan dots, respectively, where abundances are
normalized for Z = 40 of HD122563.

a higher L̂⌫ shows underproduction for nuclei heavier
than the second peak (A ⇠ 130). We see significant
deficiencies in calculated abundances around the second
peak, as appeared in previous studies (Winteler et al.
2012; Nishimura et al. 2015) for MR-SN models. This
may be caused by the defect of theoretical nuclear re-
action/decay rates (e.g. �-decay rates and fission frag-
ments) rather than astrophysical models (hydrodynam-
ical environments). In fact, Kratz et al. (2014) showed
that updated �-decay rates, based on the latest FRDM,
improve the production of rare-earth nuclei. It has also
been shown that other theoretical �-decay rates provide
di↵erent abundance features (e.g. Goriely et al. 2011;
Wanajo et al. 2014; Wu et al. 2016). In addition, Eich-
ler et al. (2015) showed that their new fission fragments
possibly improve the production of nuclei in the rare-
earth region.
The h-model shows production up to the second peak

by a “failed r-process” with insu�cient neutron-rich
ejecta (similar yields of “delayed-jets” in Nishimura
et al. 2015, but the ejection process is di↵erent). The h-

6B;m`2 kd, � };m`2 i?�i b?Qrb i?2 Qp2`�HH �#mM/�M+2 T�ii2`M BM i?2B` p�`BQmb KQ/2HbX h?2
ǳK@KQ/2HǴ K�i+?2b r2HH rBi? i?2 aQH�` `@T`Q+2bb �#mM/�M+2 T�ii2`MX h?2 ǳB@KQ/2HǴ K�i+?2b
r2HH QMHv mT iQ i?2 b2+QM/ T2�F- �M/ i?2 �#mM/�M+2b Q7 ?2�pB2` 2H2K2Mib �`2 HQr2` i?�M i?2
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6 Nishimura et al.

model(+) shows slightly less A ⇠ 130 peak production,
suppressed by stronger neutrino absorption. Neverthe-
less, a significant amount of lighter r-process nuclei is
ejected in the h-model, which is di�cult in the proto-
NS winds of CC-SNe (Arcones & Thielemann 2013).
The i-model exhibits di↵erent nucleosynthesis fea-

tures, which the abundances of heavy nuclei are between
the m- and h-models, as expected by the Ye–S distri-
bution. Another comparison with r-process enhanced
metal-poor stars is shown in Figure 4b. The results of
the i-model(-) and i-model(+) are added as variation
of the i-model. These models show abundance patterns
close to weak r abundances (Honda et al. 2006) rather
than a solar-like pattern (Sneden et al. 1996). In the re-
gion of Z > 60 elements, we can see that the abundances
increase monotonically as the L̂⌫ decreases.
In Figure 5, the ejected masses of Fe, 56Ni (before

� decay) and Zn (representing trans-iron elements) are
plotted together with the mass of Eu ejecta as a function
of h�p,mini as well as L̂⌫ . The masses of Fe, 56Ni and
Zn are normalised by 0.1, 0.1 and 10�2M�, respectively,
which are typical scales of CC-SNe, and Eu is normal-
ized by 10�5M�, suggested by Tsujimoto & Nishimura
(2015). The h-model has 0.076M�

56Ni ejecta, which
is coincidentally a similar value estimated for SN1987A.
This indicates that MR-SNe (for a certain parameter
range) are optically observed as canonical CC-SNe as
well as the source of lighter r-process nuclei. Strong
magnetically-driven models (L̂⌫ < 0.5) including the m-
model shows higher amount of Eu (⇠ 0.1M�) with less
dependence on explosion parameters.
Even explosion models with a larger 56Ni mass have

lighter r-process yields, and the value of [Eu/Fe] varies
from�2.85 (h-model), 2.45 (i-model) to 4.30 (m-model),
consistent with dispersion in early galaxies. Addition-
ally, the production of Zn is significant for all models,
where [Zn/Fe] = 1.69, 1.67 and 2.05 for h-, i- and m-
models, respectively. Although the amount of Zn varies
depending on L̂⌫ , all models have a larger value than reg-
ular CC-SNe, for which previous explosion models based
on simplified central engines (neglecting neutrino inter-
actions) underproduced Zn (see, Fröhlich et al. 2006).
These values are comparable to those for HNe (see, a
resent review, Nomoto et al. 2013).
The anti-correlation between Fe (56Ni) and Eu is

physically obvious by the Ye-distribution of ejecta (Fig-
ure 3). Iron-group elements are produced in a higher
Ye ⇠ 0.5, while r-process elements are produced in a
lower Ye < 0.3 ejecta. The production of Zn is cor-
related with Fe for h- and i-models, in contrast, the
production of 66,68Zn is significant for lower L̂⌫ values,

Figure 5. Ejected masses of Fe, 56Ni (before decay), Zn and
Eu, normalized by 0.1, 0.1, 10�2 and 10�5M�, respectively,
as a function of h�p,mini with corresponding L̂⌫ (top).

including the m-model, because they experience mildly
neutron-rich ejecta with Ye = 0.4–0.45.
Although the Ye of ejecta has an uncertainty due to

the simplified neutrino transport method, our conclusion
may not be significantly modified. Fe/56Ni and Eu (and
r-process elements) are produced in environments with
less neutrino absorption, i.e. 56Ni is produced in the
outer layer; Eu is produced in the jet with fast expansion
velocity (Nishimura et al. 2015). On the other hand, Zn
is synthesized in Ye = 0.4–0.45 ejecta in the inner layer,
which is more sensitive to neutrino absorption. However,
our explosion models including the m-model have wider
Ye distribution including Ye < 0.4 ejecta (Figure 3), so
that a certain amount of Zn-rich ejecta may remain un-
der the significant e↵ect of neutrino absorption, where
the Ye distribution shifts toward a larger value.

4. SUMMARY AND DISCUSSION

We investigated r-process nucleosynthesis in MR-SNe,
driven by the MRI. We found that an r-process, pro-
ducing A > 100 nuclei with various abundance patters,
takes place, depending on the strength of magnetic pres-
sure (denoted by h�p,mini) in the magnetically-driven
jet. Explosion models, in which neutrino heating and
magnetic fields are comparable (the i-models), produce
a varying range of abundance patterns between the weak
r-process and the solar-abundances.
Our finding is that these i-models can explain a weak

r-process pattern and lead to a variety of abundance
patterns among heavier nuclei. This behaviour could
explain the diversity of r-process abundances observed
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N `@T`Q+2bb BM �bi`QT?vbB+b
>mK�Mb +�M Q#b2`p2 i?2 bFv �M/ ;2i p�`BQmb BM7Q`K�iBQMX >2`2 A bmKK�`Bx2 bm+? BM7Q`K�iBQM
r?B+? Bb `2H2p�Mi iQ `@T`Q+2bbX

NXR 1m �#mM/�M+2 2pQHmiBQM Q7 Jq bi�`b
_2+2MiHv r2 +�M Q#b2`p2 MmK2`Qmb 2H2K2Mib #v +QM/m+iBM; ?B;? /BbT2`bBQM bT2+i`Qb+QTv
2p2M �i r�p2H2M;i? +HQb2 iQ loX 6Q` `@T`Q+2bb- i?2 BKTQ`i�Mi 2H2K2Mib �`2 2m`QTBmK U1m-
7Q` 2t�KTH2 9Rjy³V- #�`BmK U"�- 7Q` 2t�KTH2 9RjR- 9889³V �M/ bi`QMiBmK Ua`- 7Q` 2t�KTH2
9yd3- 9kRe³VX 1m Bb T`Q/m+2/ U�HKQbiV QMHv #v `@T`Q+2bb- #mi "� �M/ a` +�M �HbQ #2 T`Q/m+2/
#v b@T`Q+2bbX lbBM; QMHv 1m Bb i?2 KQbi +H2�M r�v Q7 �M�HvxBM;- #mi "� �M/ a` �`2 2�bB2`
iQ /2i2+i- �M/ �+im�HHv 7Q` bQK2 bi�`b QMHv "� �M/ a` �`2 /2i2+i2/- r?2`2�b 1m �#mM/�M+2
Bb #2HQr /2i2+iBQM HBKBiX h?2 Q`B;BM Q7 b@T`Q+2bb Bb i?2 �:" bi�`bX aBM+2 i?2v �`2 i?2 H�bi
KQK2Mi Q7 HQr@K�bb UivTB+�HHv i?2 BMBiB�H K�bb Q7 0.6 ∼ 8 J⊙V bi�`b- i?2`2 2tBbib � HQM; iBK2@
H�; #2ir22M i?2 7Q`K�iBQM Q7 bi�`b �M/ i?2B` +QMi`B#miBQM iQ b@T`Q+2bbX AM i2`Kb Q7 +?2KB+�H
2pQHmiBQM- i?2 iBK2 /2H�v K2�Mb i?2v QMHv +QMi`B#mi2 iQ K2i�H@`B+? bi�`bX h?2`27Q`2 Bi Bb Q7i2M
�bbmK2/ i?�i 7Q` bi�`b rBi? (62f>) < −2.5 i?2 +QMi`B#miBQM 7`QK b@T`Q+2bb Bb MQi T`QKBM2MiX

AM 6B;X kN r2 b?Qr i?2 Jq bi2HH�` (1mf62) @ (62f>) /Bbi`B#miBQMX >2`2 r2 2tTH�BM i?2
+QMbTB+mQmb i`2M/b Q#b2`p2/ BM i?2 THQi 7`QK HQr (62f>) iQ ?B;? (62f>)X

Ç [Fe/H] < −2.0, h?2 1m �#mM/�M+2 Bb b+�ii2`2/ Qp2` KQ`2 i?�M j /2t UBi Bb BKTQbbB#H2
iQ /2i2`KBM2 i?2 HQr2` (1mf62) 2M/ #2+�mb2 bm+? bi�`b /Q MQi b?Qr 1m 72�im`2 �i
�HHVX q2 mbm�HHv BMi2`T`2i i?Bb 72�im`2 �b i?2 +QMb2[m2M+2 Q7 i?2 `�`Biv Q7 `@T`Q+2bb
2p2MiX h?2b2 HQr (62f>) bi�`b �`2 7Q`K2/ Qmi Q7 ;�b i?�i 2tT2`B2M+2 bK�HH MmK#2` Q7
2M`B+?K2Mi 2p2MibX aBM+2 `@T`Q+2bb Bb `�`2` i?�M mbm�H 2M`B+?K2Mi 2p2Mi- r2 2tT2+i i?�i
i?2 TQBbbQM MQBb2 Bb H�`;2- i?2`27Q`2 i?2 bi2HH�` 1m �#mM/�M+2 +�M #2 /Bp2`b2X

Ç −2.0 < (62f>) < −1.0, h?2 b+�ii2` Q7 1m �#mM/�M+2 Bb MQi bQ H�`;2- �M/ (1mf62) Bb
M2�`Hv +QMbi�Mi �`QmM/ yX8X

Ç −1.0 < (62f>), h?2 b+�ii2` Q7 1m �#mM/�M+2 Bb MQi H�`;2- �M/ (1mf62) /2+`2�b2b �b i?2
bi�` ;2ib 62 `B+?X q2 mbm�HHv BMi2`T`2i i?Bb 72�im`2 �b i?2 +QMb2[m2M+2 Q7 i?2 ivT2@A�
aL2 +QMi`B#miBQMX hvT2@A� aL2 �`2 i?2 2tTHQbBQMb Q7 r?Bi2 /r�`7bX q?Bi2 /r�`7 Bb �
`2KM�Mi Q7 /2�/ HQr@K�bb bi�`bX h?2 b�K2 HQ;B+ �b i?2 �:" bi�`b �TTHB2b iQ ivT2@A�
aL2, i?2B` +QMi`B#miBQM Bb QMHv /QKBM�Mi �i −1.0 < (62f>)X hvT2@A� aL2 T`Q/m+2 �
HQi Q7 62- #mi i?2v /Q MQi T`Q/m+2 1m �i �HHX h?2`27Q`2 r2 Q#b2`p2 i?2 /2+`2�bBM;
i`2M/ �b i?2 BM+`2�bBM; (62f>)X h?Bb /2+`2�bBM; i`2M/ Bb �HbQ Q#b2`p2/ BM (αf62) @ (62f>)
/Bbi`B#miBQM- #2+�mb2 α 2H2K2Mib �`2 MQi T`Q/m+2/ BM ivT2@A� aL2 �b r2HHX

h?2 +?2KB+�H 2pQHmiBQM bm;;2bib i?�i UBV i?2 `@T`Q+2bb 2p2Mi b?QmH/ #2 `�`2- �M/ UBBV i?2
b?Q`i2` /2H�v@iBK2 Bb 7�pQ`2/- BM Q`/2` iQ 2tTH�BM i?2 +QMi`B#miBQM �i HQr@(62f>) �M/ i?2
/2+`2�bBM; i`2M/ BM ?B;?@(62f>)X

�M BMi2`2biBM; [m2biBQM Bb, +�M LaJb 2tTH�BM i?2 2pQHmiBQM Q7 1m �#mM/�M+2\ 6`QK i?2
/Bb+mbbBQMb �#Qp2- i?2 LaJ b+2M�`BQ 7�+2b irQ b2p2`2 T`Q#H2KbX L�K2Hv-
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Ç h?2 1m 2M`B+?K2Mi Q7 HQr (62f>) bi�`bX 1p2M � bK�HH MmK#2` Q7 ;�b T`Q+2bbBM; #v aL2
Q7 K�bbBp2 bi�`b +�M 2�bBHv 2M`B+? ;�b iQ (62f>) ∼ −2X h?2 7�+i i?�i bm+? bi�`b �`2
�H`2�/v 2M`B+?2/ #v `@T`Q+2bb 2H2K2Mib- i?2 `@T`Q+2bb 2p2Mib b?QmH/ ?�TT2M bQQM �7i2`
i?2 bi�` 7Q`K�iBQMX >Qr2p2`- Bi Bb 2tT2+i2/ i?�i � HQM; K2`;BM; iBK2 Bb `2[mB`2/ #27Q`2
i?2 K2`;BM; Q7 #BM�`v M2mi`QM@bi�`bX

Ç h?2 /2+`2�bBM; i`2M/ Q7 (1mf62) BM ?B;? (62f>) bi�`bX "BM�`v TQTmH�iBQM bvMi?2bBb
T`2/B+ib i?�i i?2 /2H�v@iBK2 /Bbi`B#miBQM Bb T`QTQ`iBQM�H iQ t−1 U#2+�mb2 i?2 /2H�v iBK2
t /2T2M/b QM b2T�`�iBQM #v t ∝ a4- bQ i?2 /Bbi`B#miBQM Q7 b2T�`�iBQM P (a) ∝ aq K2�Mb
/Bbi`B#miBQM Q7 /2H�v iBK2 P (t) ∝ t(q−3)/4X hvTB+�HHv q = −1 U�#i RN3jV �M/ i?2 2t�+i
p�Hm2 Q7 q Bb BMb2MbBiBp2 iQ i?2 /2H�v iBK2 /Bbi`B#miBQMVX h?Bb Bb bBKBH�` iQ i?2 /2H�v@
iBK2 /Bbi`B#miBQM Q7 ivT2@A� aL2 UJ�Qx 2i �HX kyRkVX Ai K�F2b Bi /B{+mHi iQ 2tTH�BM i?2
/2+`2�bBM; (1mf62) i`2M/ �b i?2 BM+`2�b2 Q7 (62f>)- �b i?2 b�K2 TQr2`@H�r BM/2t K2�Mb
�i H�i2` iBK2b i?2B` +QMi`B#miBQM +QKT2Mb�i2 rBi? 2�+? Qi?2`X

Ç �#mM/�M+2 T�ii2`MX q2 FMQr i?2 2H2K2Mi�H �#mM/�M+2 T�ii2`M BM i?2 bQH�` bvbi2KX
aBM+2 r2 Ui?BMF r2V FMQr i?2 +QMi`B#miBQM 7`QK i?2 b@T`Q+2bb iQ i?2 2H2K2Mi�H �#mM@
/�M+2 T�ii2`M- r2 +�M bm#i`�+i i?2 b@T`Q+2bb �M/ Q#i�BM ǳTm`2Ǵ `@T`Q+2bb +QMi`B#miBQMX
h?Bb AM 6B;X jy r2 b?Qr i?2 aQH�` `@T`Q+2bb �#mM/�M+2 T�ii2`MX 5

II. OBSERVATIONS

A. Stellar Abundances of Neutron-Capture Elements in
Metal-Poor Stars

Stellar abundance observations over decades have pro-
vided fresh evidence about the nature and extent of heavy
element nucleosynthesis. In the case of the s process there
is direct observational evidence of in situ stellar nucle-
osynthesis with the observation of the radioactive ele-
ment Tc, discovered first by Merrill (1952). Additional
stellar abundance studies have strongly linked this type of
nucleosynthesis to very evolved He shell-burning asymp-
totic giant branch stars (e.g., Busso et al. 1999, Käppeler
et al. 2011, Karakas and Lattanzio 2014). There is no
similar example for the r process, related to nucleosyn-
thesis during stellar evolution; its need for explosive neu-
tron floods ensures that its action is part of the death
thores of massive stars or dynamic events around com-
pact objects. Some elements are only formed exclusively
or almost so in the r process, such as Eu, Os, Ir, Pt, Th
and U (see Figure 2). Their presence in old very metal-
poor Galactic halo stars is a clear indication that this
neutron process occurred in some violent astrophysical
site early in the history of the Galaxy and the Universe
(see e.g. Sneden et al., 2008; Thielemann et al., 2017b,
and references therein).
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FIG. 2 Breakdown of the solar system abundances into the s
and the r process (Cowan and Thielemann, 2004).

Identification of r-process-rich stars began with the dis-
covery of n-capture overabundances in the field red gi-
ant HD 115444 (Gri�n et al., 1982). This was followed
by the identification of an r-process pattern in the well
known bright giant HD 122563, even though its overall
n-capture element level is depressed relative to Fe (Sne-
den and Parthasarathy 1983, see also the more extensive
analysis of Honda et al. 2006). An initial n-capture abun-
dance survey in metal-poor stars (Gilroy et al., 1988)

60 80 100 120 140 160 180 200 220

Mass Number

10
−4

10
−3

10
−2

10
−1

10
0

10
1

10
2

A
b
u
n
d
an

ce
s 

(S
i=

1
0

6
)

Goriely
Cowan, Thielemann & Truran

FIG. 3 Solar r-process abundances as determined by Cowan
et al. (1991) and Goriely (1999). The largest uncertainties
are clearly visible for A . 100 (weak s process region) and
around lead.

considered 20 red giants, finding a common and eas-
ily spotted pattern of increasing overabundances from
Ba (Z = 56) to Eu (Z = 63) among the rare-earth ele-
ments. With better echelle spectrographic data came dis-
coveries of many more r-process-rich stars, leading Beers
and Christlieb (2005) to sub-classify them as “r-I” with
0.3  [Eu/Fe]  +1.0 and [Ba/Eu] < 0, and as “r-II”
with [Eu/Fe] > +1.0 and [Ba/Eu] < 0.

As discussed in the introduction, in general elements
heavier than iron are formed via various nucleosynthetic
mechanisms, dominantly by the r and s processes. The
most detailed deconvolution of abundances into nucle-
osynthetic contributions exists for the solar system, as we
have accurate abundances down to the isotopic lever as a
result of meteoritic and solar atmospheric measurements
(e.g., Cameron 1959, Asplund et al. 2009, Lodders et al.

2009, see Fig. 1). Identifying the r-process contributions
to the solar system n-capture abundances is usually ac-
complished by first determining the s-process fractions,
(e.g. Käppeler, 1999; Arlandini et al., 1999; Burris et al.,
2000; Käppeler et al., 2011). The remaining (residual)
amount of the total elemental abundance is assumed to
be the solar r-process contribution (see Figures 2 and 3).
Aside from the so-called p process (Arnould and Goriely
2003; Rauscher et al. 2013; Nishimura et al. 2018) that
accounts for the minor heavy element isotopes on the
proton-rich side of the valley of instability, as well as
the ⌫ process (Woosley et al., 1990) and the ⌫p processs
(Fröhlich et al., 2006), only the s and r processes are
needed to explain nearly all of the solar heavy element
abundances.

Early observations of CS 22892-052 (Sneden et al.

1994, Sneden et al. 2003) and later CS 31082-001 (Hill
et al. 2002, Siqueira Mello et al. 2013 and references
therein), indicated a “purely” or “complete” solar sys-
tem r-process abundance pattern (see Figure 4). (The

6B;m`2 jy, h?2 bQH�` `@T`Q+2bb T�ii2`M i�F2M 7`QK *Qr�M 2i �HX UkyRNVX

Ç hQi�H �KQmMi Q7 `@T`Q+2bb 2H2K2Mib iQ/�vX AM 6B;X jR r2 b?Qr i?2 +QKT�`BbQM Q7 iQi�H
1m �#mM/�M+2 �i T`2b2Mi �M/ LaJ `�i2 Q` vB2H/X h?2 ?Q`BxQMi�H �tBb Bb i?2 `�i2 Q7
LaJ- �M/ i?2 p2`iB+�H �tBb Bb i?2 `@T`Q+2bb 2D2+i� K�bb 7`QK QM2 LaJX h?`22 iBHi2/
HBM2b �`2 Q#b2`p�iBQM�H +QMbi`�BMibX h?2 T`Q/m+i Q7 LaJ `�i2 �M/ 2D2+i� K�bb +�M #2
+QMbi`�BM2/- �bbmKBM; i?�i �HH i?2 `@T`Q+2bb 2H2K2Mib �`2 bvMi?2bBx2/ BM LaJbX h?2
/Bz2`2M+2 Q7 i?2 i?`22 HBM2b Bb 7`QK r?B+? 2H2K2Mi r2 +QmMi �b i?2 `@T`Q+2bb 2H2K2MibX
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Figure 2. Summary of various rate constraints. The lines from the upper left to lower right indicate the typical ejecta mass required to explain all r-process/all
r-process with A > 80/all r-process with A > 130 for a given event rate (lower panel per year and Milky Way-type galaxy, upper panel per year and Gpc3). Also
marked is the compiled rate range from Abadie et al. (2010) for both double neutron stars and neutron star black hole systems and (expected) LIGO upper
limits for O1 to O3 (Abbott et al. 2016b). The dynamic ejecta results from some hydrodynamic simulations are also indicated.

where a few particles are ejected early on with a high velocity from
the shear interface between the two merging neutron stars. While
such a precursor is a possibility, we do not see it in our simula-
tions and neither do, e.g., Lehner et al. (2016) in their recent GR
simulations. Therefore, we will not consider this possibility in the
following discussion.
Our knowledge of the rates of compact binary mergers is still
plagued by large uncertainties. Simple constraints can be derived
by assuming that they are related to the production of r-process
elements. If we take the solar-system r-process abundance pat-
tern (Arnould et al. 2007) as representative and define a quan-
tity s(A) = ÂAi>A Xr

Ai
, where Xr

Ai
is the r-process mass fraction

with nucleon number Ai and use a baryonic mass of Mb,MW =
6⇥ 1011 M� (McMillan 2011), we find that the Milky Way con-
tains ⇡ 19000 M� of r-process material in total. About Mr,>130 =
s(130)Mb,MW = 2530 M� of this matter has A > 130 and about
500 M� are beyond the ”platinum peak” (A > 195). With an age of
the Galaxy of tMW ⇡ 1010 yrs, this yields average production rates
of Ṁr,all = 1.9⇥10�6 M� yr�1, Ṁr,A>130 = 2.5⇥10�7 M� yr�1

and Ṁr,A>195 = 5⇥10�8 M� yr�1. The product of average ejecta
mass and event rate is known but the individual factors are not. This
is shown as lines from the upper left to the lower right in Fig. 2 (e.g.

r-process with A > 130 in red). As an example, if an event that pro-
duces all r-process A > 130 occurs at a rate of 10�5 yr�1 it has to
eject 2.5⇥ 10�2 M� each time. For comparison, some represen-
tative simulation results for both NSNS (Hotokezaka et al. 2013;
Bauswein et al. 2013; Rosswog 2013) and NSBH (Kyutoku et al.
2013; Foucart et al. 2014) are also indicated. We also translated the
rates from yr�1 MWEG�1 (bottom axis) to yr�1 Gpc�3 (axis on
top) via a density of 1.16⇥ 10�2 MWEG Mpc�3 (Abadie et al.
2010). Here MWEG abbreviates ”Milky Way equivalent galaxy”.
Also indicated are the expected LIGO upper limits of science runs
O1-O3 (Abbott et al. 2016b). We have further marked the NSNS
merger rates from the population synthesis studies of Chruslinska
et al. (2016) and the range of sGRB rates estimated by Petrillo et al.
(2013).
The paper is organized as follows. In Sec. 2 we describe the
methodological elements that enter our study. We discuss in par-
ticular our hydrodynamic simulations, the used nuclear reaction
networks and our two macronova models. Section 3 presents our
results on nucleosynthesis and discusses the impact of different nu-
clear mass formulae on the resulting abundances, the thermaliza-
tion efficiency and the radioactive heating rates. We further present
optical and near-infrared lightcurves and we discuss the detection

c� 2016 RAS, MNRAS 000, 1–??

6B;m`2 jR, � };m`2 b?Qrb i?2 `�i2 �M/ vB2H/ 2biBK�i2X h?2 `�i2 U110 ∼ 3840 Gpc−3yr−1V �M/
vB2H/ U∼ 0.05M⊙V 2biBK�i2/ 7`QK :qRdy3Rd �`2 `Qm;?Hv +QMbBbi2Mi iQ i?2 iQi�H `@T`Q+2bb
2H2K2Mi K�bbX h?Bb };m`2 Bb i�F2M 7`QK 6B;X k Q7 _QbbrQ; 2i �HX UkyRdVX

ǳ�GGǴ Bb 7`QK i?2 #2;;BMBM; Q7 i?2 }`bi T2�F- � > 80 Bb 7`QK i?2 KB//H2 Q7 i?2 }`bi
T2�F- �M/ � > 130 Bb 7`QK i?2 b2+QM/ T2�FX Ai b?Qrb i?�i i?2 `�i2 �M/ vB2H/ 2biBK�i2
`Qm;?Hv K�i+?2b iQ i?2 Q#b2`p2/ `@T`Q+2bb 2H2K2Mi �#mM/�M+2X

NXk lHi`�@6�BMi .r�`7 Ul6.V ;�H�tB2b
l6.b �`2 BKTQ`i�Mi 7Q` mM/2`bi�M/BM; i?2 ;�H�tv 7Q`K�iBQMX AM ?B2`�`+?B+�H bi`m+im`2 7Q`@
K�iBQM T`2/B+i2/ #v i?2 Λ*.J T�`�/B;K- H�`;2 ;�H�tB2b HBF2 i?2 Jq �`2 7Q`K2/ pB� i?2
K2`;2`b �M/ �++`2iBQMb Q7 bK�HH2` ;�H�tB2bX l6.b �`2 b�i2HHBi2 ;�H�tB2b Q7 i?2 Jq- �M/ �HbQ-
i?2v �`2 i?2 ǳ#mBH/BM;@#HQ+FbǴ Q7 i?2 H�`;2` ;�H�tB2b UaBKQM kyRNVX lM/2`bi�M/BM; T?vbB+�H
T`Q+2bb2b UHBF2 bi�` 7Q`K�iBQM ?BbiQ`v- KBtBM; Q7 i?2 l6.b

AM 6B;X jk i?2 b+�ii2` THQi Q7 1m �#mM/�M+2 BM l6. bi�`b �`2 T`2b2Mi2/X _2+2MiHv irQ
`@T`Q+2bb 2M`B+?2/ l6.b �`2 Q#b2`p2/ UCB 2i �HX kyRec >�Mb2M 2i �HX kyRdc J�`b?�HH 2i �HX
kyR3VX S�`iB+mH�`Hv i?2 2M`B+?K2Mi H2p2H Q7 i?2 ?B;?Hv 2M`B+?2/ l6. U_2i@AAV Bb +QMbBbi2Mi
rBi? QM2@LaJ b+2M�`BQX h?2`2 �`2 Rk Qi?2` l6.b- rBi?Qmi �Mv i`�+2 Q7 `@T`Q+2bb 2H2K2MibX
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Figure 5. Neutron-capture element abundances in Tuc III compared to other ultra-faint dwarf galaxies and Milky Way halo
stars. Symbols as in Figure 4. Dashed lines in the right panel indicate the traditional definition of r-process enhanced stars:
r-I stars have 0.3 < [Eu/Fe] < 1; r-II stars have [Eu/Fe] > 1. Four of the five Tuc III stars lie within these boundaries and are
classified as r-I stars; the fifth star (J235738) has error bars that cross the discriminator.

Figure 6. Absolute abundances of neutron-capture elements for our stars compared to scaled solar system s-process (dashed
line) and r-process (solid line) abundance patterns, taken from Simmerer et al. (2004). A constant offset has been added to
each star’s abundances.

Tuc III is the second ultra-faint dwarf galaxy contain-
ing multiple stars enhanced in r-process elements. As
discussed in Section 1, the first such galaxy, Ret II, is
even more highly enhanced than Tuc III, i.e. many of
the Ret II stars are r-II stars (see Figure 7). The fact
that so many stars in a galaxy as small as Ret II share a
common chemical pattern suggests that a single nucle-
osynthetic event must have occurred early in the history
of the galaxy, polluting future generations of stars, and

that most of the stars in the galaxy were impacted by
the event.
The r-II stars in Ret II have an average enhancement

in Eu of [Eu/H] ∼ −1. Ji et al. (2016a) used this level
and an estimated dilution gas mass, i.e. the mass of hy-
drogen gas that the r-process material is diluted into,
of Ret II of 106 M⊙ to argue that a binary neutron
star merger was the most likely source of the excess of
Eu detected in Ret II as other sources would not have

6B;m`2 jk, � };m`2 i?�i b?Qrb i?2 bi2HH�` 1m �#mM/�M+2 Q7 l6.bX h?2 /B�KQM/ �M/ 7Qm`
bi�` bvK#QHb �`2 b?QrBM; i?2 bi�`b Q7 hm+ AAAX h?2 +B`+H2b �`2 bi�`b rBi? 1m /2i2+iBQM- r?B+?
�`2 _2i AA bi�`bX Pi?2` +QHQ`2/ /QrMr�`/ i`B�M;H2b �`2 bi�`b Q7 l6.b rBi?Qmi 1m /2i2+iBQMX
h?2 #�+F;`QmM/ ;`�v /Qib �`2 ?�HQ bi�`b BM i?2 JqX h?Bb };m`2 Bb i�F2M 7`QK 6B;X 8 Q7
J�`b?�HH 2i �HX UkyR3VX
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h?2 `�`Biv Uk Qmi Q7 R9 l6.b �`2 2M`B+?2/X h?Bb Bb QM2 2p2Mi T2` 105 M⊙V �M/ i?2 T`QHB}+�+v
Ubi�`b �`2 2M`B+?2/ iQ [Eu/H] ∼ −1V �`2 #Qi? +QMbBbi2Mi iQ i?2 LaJ Q`B;BMX h?2`27Q`2 LaJ
Bb i?2 KQbi T`QKBbBM; +�M/B/�i2 7Q` i?2 `@T`Q+2bb BM i?2 lMBp2`b2X

NXj LaJ Q#b2`p�iBQM
NXjXR :qRdy3Rd
h?2 }`bi /B`2+i /2i2+iBQM Q7 M2mi`QM@bi�` K2`;2` ULaJV r�b i?2 ;`�pBi�iBQM�H r�p2 2p2Mi
M�K2/ ǳ:qRdy3RdǴX h?Bb 2p2Mi Bb 2bT2+B�HHv BKTQ`i�Mi #2+�mb2 r2 Q#b2`p2 MQi QMHv ;`�pB@
i�iBQM�H r�p2b- #mi �HbQ i?2 2H2+i`Q@K�;M2iB+ +QmMi2`T�`iX h?2 }iiBM; Q7 i?2 Q#b2`p2/ HB;?i
+m`p2 #v i?2 i?2Q`2iB+�HHv T`2/B+i2/ QM2b i2HHb mb i?�i, UBV `@T`Q+2bb Bb +QM}`K2/ BM i?2 LaJb
U#v i?2 /2+�v Q7 HB;?i +m`p2V- UBBV i?2 iQi�H vB2H/ Q7 `@T`Q+2bb 2H2K2Mi Bb �#Qmi yXy8 M⊙ U#v
i?2 }iiBM; Q7 i?2 HB;?i +m`p2V- UBBBV i?2 LaJ `�i2 Bb �#Qmi Ryyy T2` Mpc−3Gyr−1X qBi? i?2
iQi�H vB2H/ �M/ i?2 `�i2 2biBK�i2- r2 +�M +?2+F i?�i i?2 LaJ �HQM2 +�M #2 i?2 Q`B;BM Q7
�HH i?2 `@T`Q+2bb 2H2K2MibX U`272`2M+2V bi�i2/ i?�i LaJ +�M 2tTH�BM i?2 �KQmMi Q7 `@T`Q+2bb
2H2K2Mib r2 Q#b2`p2 iQ/�v- Q` B7 �Mvi?BM; Bi Qp2`b?QQib i?2 iQi�H �KQmMiX aBM+2 i?2`2 `2K�BMb
� ?m;2 mM+2`i�BMiv #Qi? QM vB2H/ �M/ `�i2- Bi Bb MQi � b2`BQmb i2MbBQM- #mi K�Mv `2b2�`+?2`b
+QK2 iQ #2HB2p2 i?�i i?2 LaJb �`2 i?2 /QKBM�Mi bBi2 Q7 `@T`Q+2bb 2H2K2Mi T`Q/m+iBQMX

NXjXk b?Q`i :�KK�@_�v "m`bi Ub:_"V
:_" Bb � #m`biv �M/ i2KTQ`�H `�/B�iBQM Q7 ;�KK�@`�vX h?2 HQM;@H�biBM; QM2b U∼ R KQMi?V
�`2 +�HH2/ Dmbi ǳ:_"Ǵ- �M/ b?Q`i@H�biBM; QM2b �`2 +�HH2/ ǳb:_"ǴX h?2 Q`B;BM Q7 i?2 #m`bi Bb
mMFMQrM- #mi QM2 T`QKBbBM; +�M/B/�i2 Q7 b:_" Bb i?2 LaJX _@T`Q+2bb BM b:_" Bb +QM}`K2/
#v "�`M2b �M/ E�b2M UkyRjVX

Ry S`2pBQmb rQ`Fb QM `@T`Q+2bb 2M`B+?K2Mi
RyXR *QMbi`�BMBM; 7Q`K�iBQM Q7 M2mi`QM@bi�` #BM�`v #v i?2 MmK#2`

Q7 `@T`Q+2bb 2M`B+?2/ /r�`7b Ua�7�`x�/2? 2i �HX kyRN#V
h?2v BMp2biB;�i2/ i?2 7Q`K�iBQM Q7 #BM�`v M2mi`QM bi�`bX �Hi?Qm;? i?2 K2`;2` Q7 #BM�`v
M2mi`QM bi�`b Bb `2H�iBp2Hv r2HH mM/2`biQQ/ #v i?2 :_ bBKmH�iBQMb �M/ Q#b2`p�iBQM- i?2 7Q`@
K�iBQM Q7 #BM�`v Bb ?B;?Hv mM+2`i�BMX h?2 �mi?Q`b i`B2/ iQ +QMbi`�BM i?2 7Q`K�iBQM #v i?2
`�i2 Q7 7�bi@K2`;BM; #BM�`v M2mi`QM bi�`bX qBi? i?2B` �M�HvbBb � +QKKQM@2Mp2HQT2 KQ/2H
i?�i +QMbB/2`b i?2 b2T�`�iBQM #2ir22M bi2HH�` +Q`2b Bb 7�pQ`2/ Qp2` �MQi?2` KQ/2H i?�i /Q MQi
+QMbB/2` i?2 b2T�`�iBQM �M/ i?2`27Q`2 i?2 irQ bi2HH�` +Q`2b �Hr�vb K2`;2X

h?2v +QKT�`2 2× 2× 2 = 8 KQ/2HbX h?2 }`bi irQ bi�M/b 7Q` /Bz2`2Mi +QKKQM@2Mp2HQT2
KQ/2Hb- r?2i?2` i?2 bi2HH�` +Q`2 K2`;2 Q` MQiX h?2 b2+QM/ irQ Bb i?2 K2i�HHB+BivX h?2
2pQHmiBQM Q7 +QKKQM@2Mp2HQT2 T?�b2 Bb K2i�HHB+Biv /2T2M/2Mi, i?2v +QKT�`2 irQ /Bz2`2Mi
K2i�HHB+BiB2b- Z = Z⊙ �M/ Z = 0.1Z⊙X h?2 H�bi 7�+iQ` +QK2b 7`QK i?2 FB+F p2HQ+Biv, i?2v
+QKT�`2 � 7�bi@FB+F KQ/2H Uσ = 265km s−1V �M/ � bHQr@FB+F KQ/2H Uσ = 135km s−1VX 6Q` �HH
i?2b2 b2iiBM;b- i?2v +�H+mH�i2 i?2 7Q`K�iBQM `�i2 Q7 ǳ+�M/B/�i2 /Qm#H2 M2mi`QM bi�`b U.LabVǴX
� +�M/B/�i2 .La Bb � #BM�`v M2mi`QM bi�` i?�i K2`;2b BMbB/2 i?2 pB`B�H `�/Bmb Q7 i?2 ?�HQX

ed



h?2B` �bbmK2/ FB+F p2HQ+Biv Bb �Mvr�v H�`;2` i?�M ivTB+�H 2b+�T2 p2HQ+Biv Q7 i?2 l6. T`Q@
;2MBiQ`b- bQ i?2v /Q MQi +QMbB/2` bvbi2Kb i?�i +�Tim`2/ BM i?2 ?�HQ �M/ Q`#Bib 7Q` � HQM;
iBK2X

AM 6B;X jj r2 b?Qr � };m`2 i�F2M 7`QK a�7�`x�/2? 2i �HX UkyRN#VX qBi? i?Bb };m`2 i?2v
�`;m2 i?�i i?2 ǳbm#KQ/2H �Ǵ BM r?B+? i?2 b2T�`�iBQM Q7 bi2HH�` +Q`2b �`2 i�F2M BMiQ �++QmMi
K�i+?2b i?2 Q#b2`p2/ 7`�+iBQM Q7 `@T`Q+2bb 2M`B+?2/ l6.bX AM bm#KQ/2H "- i?2 bi2HH�` +Q`2
K2`;2b- �M/ i?2 7Q`K�iBQM `�i2 Q7 #BM�`v M2mi`QM bi�`b Bb bK�HH BM i?2 }`bi TH�+2- r?B+? 7�BHb
iQ `2T`Q/m+2 i?2 7`�+iBQM Q7 `@T`Q+2bb 2M`B+?2/ l6.bX h?2 +�p2�i Bb i?2 7�+i i?�i i?2 bi2HH�`
K�bb 2biBK�i2 bi`QM;Hv /2T2M/b QM i?2 bi`BTT2/ K�bbX h?2v �bbmK2 i?�i KQ`2 i?�M Ny W Q7
bi2HH�` K�bb2b �`2 bi`BTT2/- #mi i?Bb Bb ?B;?Hv mM+2`i�BMX

RyXk `@T`Q+2bb 2M?�M+2/ bi�`b Q7 i?2 Jq Ua�7�`x�/2? 2i �HX kyRN�V
h?2v BMp2biB;�i2/ i?2 `@T`Q+2bb 2M`B+?K2Mi Q7 i?2 Jq bi�`bX h?2v ?�p2 i2bi2/ }p2 KQ/2Hb
rBi? /Bz2`2Mi tmin, ENSM- �bbmKBM; i?�i LaJ Bb i?2 QMHv bQm`+2 Q7 `@T`Q+2bb 2H2K2MibX h?2v
mb2 i?2 7`�+iBQM Q7 *1JS@` bi�`b- JS@`A bi�`b- �M/ JS@`AA bi�`b �b i?2 +QKT�`BbQM K2i`B+
#2ir22M bBKmH�iBQM �M/ Q#b2`p�iBQMX qBi? i?2 �M�HvbBb- i?2v +QM+Hm/2/ i?�i 2p2M rBi?
2ti`2K2Hv b?Q`i +Q�H2b+2M+2 iBK2 KQ/2H- LaJ �HQM2 Bb MQi pB�#H2 iQ 2tTH�BM i?2 `@T`Q+2bb
�#mM/�M+2 Q#b2`p�iBQM BM i?2 JqX

hQ B/2MiB7v Jq@HBF2 ?�HQ- }`bi i?2v `mM � /�`F@K�ii2` QMHv bBKmH�iBQM iQ z = 0X h?2v
`2;�`/ i?2 ?�HQ Bb ǳJq@HBF2Ǵ B7 UBV i?2 ?�HQ K�bb Bb �TT`QT`B�i2, �i z = 0 i?2 K�bb Bb
1 ∼ 2 × 1012M⊙- �M/ UBBV i?2 ?�HQ Bb BbQH�i2/, i?2 K�tBKmK BbQH�iBQM T�`�K2i2` τiso,max Bb
bK�HHX h?2 BbQH�iBQM T�`�K2i2` �;�BMbi ?�HQ i τiso Bb /2}M2/ �b,

τiso,i =
M200,i

M200
×

(
R200

ri

)3

i?2v +QKTmi2 i?Bb τi �;�BMbi �HH i?2 ?�HQb- �M/ i�F2 i?2 K�tBKmKX h?2 BbQH�iBQM T�`�K2i2`
τiso,i Bb H�`;2 B7 � ?2�pv ?�HQ 2tBbib +HQb2 iQ i?2 ?�HQ Q7 BMi2`2biX h?2 bK�HH τiso,max K2�Mb i?2
?�HQ Q7 BMi2`2bi /Q MQi ;2i Km+? 2ti2`M�H ;`�pBi�iBQM�H 2z2+iX h?2v �HbQ +QKT�`2 i?2 bi�`
7Q`K�iBQM ?BbiQ`v �;�BMbi p�`BQmb Q#b2`p�iBQMb �M/ bBKmH�iBQMb iQ BM+`2�b2 i?2 +`2/B#BHBiv Q7
i?2B` K2i?Q/- BM+Hm/BM; Jq@HBF2 b2H2+iBQMX

h?2 Q`B;BM Q7 `@T`Q+2bb Bb QMHv i?2 LaJX h?2 LaJ `�i2 T2` **aL2 Bb 10−3- r?B+? +Q``2@
bTQM/b iQ QM2 LaJ T2` 105M⊙X h?2v BMp2biB;�i2/ i?`22 /Bz2`2Mi KBMBKmK /2H�v iBK2 rBi?
1, 10, 100 Jv`- r?BH2 i?2v }t i?2 bHQT2 �M/ i?2 K�tBKmK Q7 i?2 /2H�v iBK2 iQ t−1 �M/ 10GyrX
�b 7Q` i?2 2tTHQbBQM 2M2`;v- i?2v BMp2biB;�i2/ i?`22 2tTHQbBQM 2M2`;B2b- 1050, 1051, 1052ergX
h?2 1m vB2H/ T2` 2p2Mi Bb i�F2M iQ #2 1.5×10−5M⊙- r?B+? +Q``2bTQM/b iQ �bbmKBM; yXy9 M⊙
Q7 2D2+i� rBi? bQH�` `@T`Q+2bb T�ii2`M +QK2b QmiX

AM Q`/2` iQ /Bb+mbb i?2 7`�+iBQM Q7 *1JS@` bi�`b- i?2v �HbQ M22/ i?2 bQm`+2 7Q` +�`#QM
2M?�M+2K2MiX h?2v �bbmK2 i?�i �HH i?2 SQT AAA aL2 �`2 *@`B+? �M/ 62@TQQ`- bQ i?�i i?2v
+�M M�im`�HHv 7Q`K *1JS bi�`bX PM 2�+? ;�b +2HHb- i?2v /2}M2 � T�`�K2i2` P i?�i ?QH/b �
T`BbiBM2 ;�b 7`�+iBQMX h?2 P Bb BM?2`Bi2/ iQ bi�` T�`iB+H2b r?2M i?2 ;�b T�`iB+H2 Bb +QMp2`i2/
iQ � bi�` T�`iB+H2X h?Bb P bi�M/b 7Q` i?2 7`�+iBQM Q7 SQT AAA bi�`b BM i?2 bi�` T�`iB+H2X

h?2v +QM/m+i2/ i?`22 i2bib iQ +QKT�`2 bBKmH�i2/ `2bmHi �M/ Q#b2`p�iBQM, i?2 7`�+iBQM
Q7 JS@`A bi�`b Ubi�`b rBi? (62f>)< −1 �M/ (1mf62)> 0.3V- i?2 7`�+iBQM Q7 JS@`AA bi�`b
Ubi�`b rBi? (62f>)< −1 �M/ (1mf62)> 1.0V- �M/ i?2 7`�+iBQM Q7 *1JS@` bi�`b Ubi�`b rBi?

e3
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Figure 5. The formation rate of candidate NS binaries. Each black bar indicates the total mass of stars needed to form in

order to have one candidate DNS. There are 8 black lines corresponding to 8 di↵erent models studied here. The models are

described in section 2.1. The length of each bar indicates the estimated birth rate of the candidates depending on the halo mass

in which we assume the DNS is born in. We have considered two cases of 10
9

M� halo with rvir ⇡ 4.5 kpc) at z = 6, and 10
8

M�
with rvir ⇡ 1.3 kpc at z = 10 (Safarzadeh et al. 2018). The shaded regions indicate the estimated stellar mass of Reticulum II

and Tucana III (Bechtol et al. 2015; Drlica-Wagner et al. 2015; Shipp et al. 2018; Li et al. 2018) after correcting for the tidal

stripping mass loss. The downward thin red dashed arrow is of 0.7 dex size and indicates the fact that only about 20% of the

total observed UFDs have been shown to be enriched in r-process, and therefore, about an order of magnitude lower birth rates

for the candidate DNSs are allowed. All the red bars are the black bars shifted downward by 0.7 dex.

6. SUMMARY AND DISCUSSION

NSMs produce copious amount of r -process material,
but it is di�cult to reconcile the large natal kicks of NS
binaries (DNSs) with the levels of r -process enrichment
seen in ultra-faint dwarf (UFD) galaxies such as Retic-
ulum II and Tucana III. Here we have used a standard
binary population synthesis model to identify a subset of
DNSs whose combination of systemic center of mass ve-
locities and merging times make them merge well within
the virial radius of their host halo, before they travel far
from the star-forming region of their host galaxy.
The simulations have been carried out at di↵erent

metallicity bins, di↵erent natal kick PDFs, and two
di↵erent assumptions regarding unstable mass transfer

with HG donors: Submodel A considers the separation
of the core and envelope in HG donor stars while in sub-
model B this separation is not modeled, and therefore
a CE phase in submodel B always leads to merging of
the compact object with the secondary stars’ core. Due
to this reason, a smaller percentage of all the compact
binaries that are formed, end up as NS binaries in sub-
model B relative to submodel A.
We conclude that only submodel A produces a popula-

tion of DNSs that can r -process enrich UFD-type galax-
ies, assuming, of course, that a large fraction of the r -
process material ejected in an NSM event taking place
well within the virial radius is recycled and will be locked
in the stars formed after the event. In particular, one
can form the candidate DNSs through a second phase

6B;m`2 jj, � };m`2 +QKT�`2b i?2 7Q`K�iBQM `�i2 Q7 7�bi@K2`;BM; #BM�`v M2mi`QM bi�`b i?�i
+QMi`B#mi2 iQ `@T`Q+2bb 2M`B+?K2Mi Q7 l6.bX h?2 #H�+F /Qib Q` #�`b �`2 b?QrBM; i?2 iQi�H
bi2HH�` K�bb iQ 7Q`K QM2 #BM�`v M2mi`QM bi�`b i?�i 2M`B+? i?2 ?Qbi l6.X h?2 Q`�M;2 /Qib Q`
#�`b �`2 yXd /2t #2HQr i?2 #H�+F QM2b- K2�MBM; Q#b2`p�iBQM�HHv ky W Q7 l6.b �`2 `@T`Q+2bb
2M`B+?2/- i?2`27Q`2 i?2 �+im�H bi2HH�` K�bb M22/2/ iQ `2T`Q/m+2 i?2 Q#b2`p2/ `@T`Q+2bb `B+?
7`�+iBQMX h?2 b?�/2/ `2;BQMb �`2 2biBK�i2/ T`Q;2MBiQ` bi2HH�` K�bb2b Q7 irQ `@T`Q+2bb `B+?
l6.b- M�K2Hv _2i AA �M/ hm+ AAAX h?Bb };m`2 Bb i�F2M 7`QK 6B;X 8 Q7 a�7�`x�/2? 2i �HX UkyRN#VX

eN
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Fig. 5.— Cumulative fraction of di↵erent class of stars in the simulation as a function of redshift. Left panel: the cumulative fraction of
all the MP stars that are MP-rI . Middle panel: the cumulative fraction of all the MP stars that are MP-rII . Right panel: the cumulative
fraction of all the CEMP stars that are CEMP-r . We show the results for T1E50 (solid-blue),T1E51 (dashed-green), T1E52 (dot-dashed
red), and T1E51 in solid black respectively. In all panels, the black dots indicate the observed ratio in the MW halo stars from Abate et al.
(2016). The simulations severely under predict all the observed ratios by about an order of magnitude in the case of T1E51 simulation
(black lines) and more so when the minimum time for merging is increased to 10 Myr. Moreover, we see that although lower explosive
energy of the NSM event helps increase the fraction of r -process stars, this is subdominant when compared to the impact of minimum
timescale for merging. The thin dashed lines in all three panels indicate the T1E51 result scaled by a factor of 20, translating into NSM
merger rate of ⇡ 2 ⇥ 10�4M�1

� . This higher assumed higher NSM merger rate would match the observed frequency of the r -process MP
stars but it overpredicts that of CEMP stars.

the binaries is 30 Myr and the final stellar mass of the
MW is about 3⇥ 1010 M�. This rate corresponds to al-
most the maximum rate predicted in population synthe-
sis models with various variations, and about an order
of magnitude above the observational estimates based
on galactic double pulsars (Kim et al. 2015). How-
ever, translating this rate into local rate, we would
be similar to the LIGO/Virgo merger rate estimate of
1540+3200

�1220
Gpc�3yr�1 (Abbott et al. 2017a).

The NSM birth rate is subject to the details of the
models implemented in the population synthesis codes
(Belczynski et al. 2002, 2008; Dominik et al. 2012). In the
standard model assumed in these models, which mostly
concerns with the assumptions governing the common
envelope (CE) phase during the formation of a compact
binary system, we find that with the adopted Kroupa
initial mass function (Kroupa & Weidner 2003) the DNS
birth rate is about 2.5 per 105 M� of stellar mass mod-
eled. However, this birth rate can be boosted by a factor
of three in variation of their standard model (for example
in variation 15 of Dominik et al. 2012), which translate
into NSM birth rates of about 6 times of what we have
assumed in this study. While increasing the r -process
yield will not impact the star formation history of our
galaxy and simply will shift the stellar particles up and
down in [Eu/Fe] or [Eu/H] axis, we could not treat birth
rates similar to the yields. Higher birth rates will a↵ect
the iron yield from the CCSN as their number density
would be a↵ected. In other words, while in our simula-
tion there is one DNS born per 1000 CCSNe, changing
that to one DNS per 100 CCSNe will significantly impact
the metallicity trends in our halos.
Based on our results higher yields or higher birth rates

with fast merging timescales are needed to match the
observations of the MW halo’s metal poor r -process en-

hanced stars. Similar conclusions has been reached based
on chemical evolution studies of the Galaxy (Côté et al.
2018a) and been suggested a second source of r -process is
needed in order to explain the observed trends in MW’s
disk. Moreover, the long delay between GW170817 and
the star formation activity of its host galaxy, NGC 4993
(Levan et al. 2017), indicates that the merger rate at
short delay times is di↵erent at high redshifts. Whether
either of such choices would be consistent with the ex-
pected theoretical calculations of the r -process yield in
NS merger events or the metallicity evolution at highest
redshift remains to be explored. Upcoming data from the
R-Process Alliance is projected to increase the detected
number of MP-rII stars to 125, and over 500 new MP-
rI stars in the next several years (Hansen et al. 2018;
Sakari et al. 2018). Moreover, upcoming data on the
frequency of CEMP-r stars from high-resolution obser-
vations of a sample of approximately 200 bright CEMP
stars by Rasmussen et al. (in prep) is likely to provide
a much improved estimate of the frequencies of CEMP
subclasses.

5. FUTURE WORK

We have not modeled the natal kicks of the DNSs in
this work. However, their impact is expected to be sig-
nificant specifically if natal kicks and delay times are not
correlated for a DNS. DNSs are thought to be the precur-
sors of the short gamma-ray bursts (sGRBs) and the lo-
cation of sGRBs with respects to galaxies in the field can
provide clues into the natal kick distribution of the DNSs.
By studying host-less GRBs, Fong & Berger (2013) de-
rived natal kick velocities in the range of 20-140 km s�1

with a median value around 60 km s�1.
From a theoretical perspective, population synthesis

analysis of DNSs (Fryer et al. 1998) where binary sys-

6B;m`2 j9, h?2 bi2HH�` K�bb 2biBK�i2 Q7 l6. T`Q;2MBiQ`b rBi? /Bz2`2Mi KQ/2HbX h?2 Q#b2`p2/
p�Hm2 U�i z = 0V Bb b?QrM rBi? i?2 #H�+F /Qi �i z = 8X h?2v DmbiB7v +QKT�`BM; i?2 Q#b2`p�iBQM
�i z = 0 iQ i?2 bBKmH�iBQM �i z > 8 rBi? i?2 �bbmKTiBQM i?�i KQbi Q7 i?2 K2i�H@TQQ` bi�`b
i?2v mb2 7Q` +QKT�`BbQM �`2 7Q`K2/ #27Q`2 z = 8- r?2M `2BQMBx�iBQM ?�TT2MbX h?2 7Qm`
HBM2b BM i?2 #QiiQK �`2 bBKmH�iBQM `2bmHib 7`QK 7Qm` /Bz2`2Mi KQ/2H T�`�K2i2`bX AM i?2 }7i?
T�`�K2i2` tmin = 100 Jv` MQ `@T`Q+2bb 2M`B+?K2Mi r�b Q#b2`p2/- bQ i?2v +�MMQi /`�r i?2
+m`p2 7`QK i?2 KQ/2HX h?2 QM2 HBM2 i?�i K�i+?2b i?2 Q#b2`p�iBQM r2HH Bb i?2 KQ/2H #�b2/ QM
(tmin, ENSM) = (1Myr, 1051erg) BM r?B+? i?2v �`iB}+B�HHv #QQbi i?2 1m T`Q/m+iBQM #v � 7�+iQ`
Q7 kyX h?Bb };m`2 Bb i�F2M 7`QK 6B;X 8 BM a�7�`x�/2? 2i �HX UkyRN�VX

(62f>)< −2- (1mf62)> 1.0- �M/ (*f62)> 1.0VX AM 6B;X j9 r2 b?Qr i?2 `2bmHi };m`2 i�F2M
7`QK i?2 T�T2`X AM �HH i?2 i?`22 +QKT�`BbQMb- �Mv KQ/2Hb i?2v ?�p2 mb2/ 7�BH iQ `2T`Q/m+2
i?2 Q#b2`p2/ p�Hm2X h?2 b?Q`i2` /2H�v iBK2 KQ/2H K�i+?2b iQ i?2 Q#b2`p�iBQM � #Bi #2ii2`-
�Hi?Qm;? tmin = 1 Jv` Bb �H`2�/v [mBi2 b?Q`i B7 r2 +QMbB/2` #BM�`v TQTmH�iBQM bvMi?2bBbX h?2
/Bz2`2M+2 BM 2M2`;v ?�b � KBMQ` 2z2+i QM i?2 Q#b2`p2/ `@T`Q+2bb `2H2p�Mi 7`�+iBQMbX h?2v
�`;m2 i?�i LaJ �HQM2 Bb mMHBF2Hv iQ #2 i?2 /QKBM�Mi `@T`Q+2bb bBi2 BM i?2 Jq- #2+�mb2 2p2M
rBi? i?2 #2bi KQ/2H T�`�K2i2` i?2v BMp2biB;�i2/ i?2 LaJ `�i2 Q` i?2 1m vB2H/ b?QmH/ #2 ky
iBK2b KQ`2 i?�M i?2 bBKmH�i2/ p�Hm2- r?B+? Bb mMHBF2HvX

h?2B` rQ`F Bb BMi2`2biBM; i?�i i?2v �/p�M+2/ QM2 bi2T 7`QK i?2 M�Bp2 �#mM/�M+2 �`;mK2MiX
q?2M i?2 :`�pBi�iBQM�H r�p2 �M/ Bib 2H2+i`QK�;M2iB+ +QmMi2`T�`i 7`QK � LaJ r�b Q#b2`p2/
irQ v2�`b �;Q- 7`QK i?2 `�i2 2biBK�i2 UrBi? i?2 bm`p2v pQHmK2- i?2 bm`p2v T2`BQ/- �M/ i?2
MmK#2` Q7 /2i2+iBQMbV �M/ i?2 `@T`Q+2bb vB2H/ 2biBK�i2 UrBi? i?2 HB;?i@+m`p2 }iiBM;V Bi Bb
�`;m2/ i?�i LaJ �HQM2 +�M 2tTH�BM �HH i?2 `@T`Q+2bb 2H2K2Mib BM i?2 JqX h?2B` �M�HvbBb
bm;;2bib i?�i i?2 7`�+iBQM Q7 LaJ 2D2+i� iQ #2 +�Tim`2/ #v K2i�H@TQQ` bi�`b Bb HQr2` i?�M
M�Bp2 2tT2+i�iBQMb- #2+�mb2 Q7 i?2 bB;MB}+�Mi /2H�v iBK2 Q7 LaJX

RyXj h?2 `@T`Q+2bb 2H2K2Mi +?2KB+�H 2pQHmiBQM Q7 i?2 Jq U*Ƭiû
2i �HX kyRNV

h?2v BMp2biB;�i2/ i?2 `@T`Q+2bb 2H2K2Mi �#mM/�M+2 2pQHmiBQM Q7 i?2 Jq bi�`bX h?2v +H�BK
i?�i B7 r2 +QMbB/2` LaJ �b i?2 QMHv bBi2b Q7 `@T`Q+2bb- Bi Bb /B{+mHi iQ `2T`Q/m+2 i?2 /2+`2�bBM;

dy



i`2M/ BM (1mf62) �b i?2 BM+`2�b2 BM (62f>) Q#b2`p2/ BM i?2 ?B;? (62f>) bi�`bX h?2 F2v 72�im`2
Bb i?2 /2H�v iBK2 /Bbi`B#miBQMX h?2v �HbQ +QMbB/2` irQ /Bz2`2Mi /2H�v iBK2b, bi22T2` bHQT2
�M/ #m`bi BM i?2 }`bi Ryy Jv`- �M/ i?2v bm++22/ BM `2T`Q/m+BM; i?2 /2+`2�bBM; i`2M/- #mi
MQr Bi +QMi`�/B+ib iQ i?2 7�+i i?�i b:_"b �M/ aL2 A� #Qi? ?�p2 ?B;? 7`�+iBQMb Q7 Q++m`2M+2
BM 2�`Hv@ivT2 ;�H�tB2bX

lbBM; � QM2@xQM2 +?2KB+�H 2pQHmiBQM +Q/2- i?2v 7QHHQr i?2 +?2KB+�H 2pQHmiBQM Q7 i?2 JqX
AM 6B;X j8 r2 b?Qr i?2 `2bmHi Q7 i?2B` +?2KB+�H 2pQHmiBQM KQ/2HX h?2 HQr2` T�M2H b?Qrb i?�i
i?2 +QMbi�Mi /2H�v iBK2 KQ/2H T`2/B+ib i?2 /2+`2�b2 Q7 (1mf62) p�`v r2HH- r?2`2�b i?2 t−1

/2H�v iBK2 7�BHb iQ `2T`Q/m+2 i?2 i`2M/X h?Bb Bb #2+�mb2 i?2 t−1 /2H�v iBK2 Bb bBKBH�` iQ i?2
QM2 Q7 ivT2 A� aL2X h?2 B`QM T`Q/m+iBQM Bb /QKBM�i2/ #v ivT2 A� aL2 �7i2` ∼ :v`- r?B+?
�HbQ 7QHHQrb t−1 /2H�v iBK2X h?2`27Q`2 i?2 irQ +QMi`B#miBQMb +�M+2Hb rBi? 2�+? Qi?2`X

decreasing trend of [Eu/Fe] for −1<[Fe/H]<0 (Shen et al.
2015; van de Voort et al. 2015; Komiya & Shigeyama 2016;
Côté et al. 2017a; Hotokezaka et al. 2018; Naiman et al. 2018).
The latter studies represent a wide variety of GCE approaches
including simple one-zone models, semianalytic models of
galaxy formation, and cosmological hydrodynamic zoom-in
simulations.

When assuming that all NS–NS mergers occur within
100Myr following the formation of the massive star progeni-
tors, Matteucci et al. (2014), Cescutti et al. (2015), and Côté
et al. (2017a) showed that GCE predictions at [Fe/H]>−1 are
unaffected by the choice of delay time (see also the blue lines
in Figure 9 of Appendix A). However, when we use a long-
lasting DTD function in the form of t−1, our predictions at [Fe/
H]>−1 become affected by the choice of the minimum delay
time (see black lines in Figure 9). As described in Appendix A,
however, even with a minimum delay time of 1Myr, our GCE
predictions cannot reproduce the decreasing trend of [Eu/Fe]
when we use the DTD function.

To summarize, in order to recover the decreasing trend of
[Eu/Fe], it seems not sufficient to make NS–NS mergers
appear before SNeIa, they also need to reach an equilibrium in
the production of Eu. Because [Eu/Fe] and [α/Fe] both start to
decrease at [Fe/H]∼−1, this equilibrium must be reached
within the first few hundred Myr. Although in this section we
assumed NS–NS mergers to be the only r-process site, the
equilibrium requirement would be the same for any other site.
It can also be applied in the context of multiple r-process sites
(see Section 5.5). We refer to Hotokezaka et al. (2018) for a
discussion on the impact of the minimum delay time of SNeIa,
as it could help generating a decreasing trend if that minimum
delay time is set to 400Myr or 1 Gyr.

3.3. Confirmation from Our Study

To support the conclusion made in Section 3.2, we tested the
t−1 DTD function using the benchmark Milky Way model of
Matteucci et al. (2014), which is based on the two-infall model
originally described in Chiappini et al. (1997). We refer to
Simonetti et al. (2019) for more details on this new
implementation. In this multizone framework, which relaxes
the instantaneous recycling approximation, the halo and thick
disk form on a relatively short timescale (1–2 Gyr) by accretion
of primordial gas. This represents the first-infall event, while
the thin disk forms on a much longer timescale by means of a
second independent episode of gas accretion. The thin disk is
assumed to form inside-out with a timescale of 7 Gyr for the
solar neighborhood. In this work, we only focus on the
thin disk.

The model predicts at all times the gas fraction and its
chemical composition. It takes into account the enrichment
from stars of all masses ending their lives as white dwarfs and
SNe of all types (II, Ia, Ib, and Ic), in addition to the
nucleosynthesis occurring in novae and compact binary
mergers. The adopted yields are taken from Karakas (2010)
and Doherty et al. (2014a, 2014b) for asymptotic giant branch
(AGB) and super-AGB stars, from Nomoto et al. (2013) for
massive stars, from Iwamoto et al. (1999) for SNeIa, from José
& Hernanz (1998) for novae, and from Korobkin et al. (2012)
for NS–NS mergers. The SNIa rate is computed following the
formalism of Greggio (2005). The rate of NS–NS mergers is
calculated by convolving its DTD function with the star
formation history of the Milky Way, which is generated

following a Kennicutt–Schmidt law with a threshold in the gas
surface density (Kennicutt 1998). The fraction of NS–NS
binaries that eventually merge has been tuned to reproduce the
current rate derived in Abbott et al. (2017b).
The bottom panel of Figure 3 shows the predictions of this

model when a constant delay time (black solid line) and a t−1

DTD function (black dashed line) are used to calculate the rate
of NS–NS mergers. As in previous studies (see Section 3.2),
the long-lasting DTD function generates a flat trend for [Eu/
Fe] and does not reproduce the decreasing trend of the Galactic
disk (cyan dots). The little loop at [Fe/H]∼−0.5 is caused by
the second-infall episode that introduces primordial gas in the
galaxy that momentarily dilutes the Fe concentration relative to
H. The top panel Figure 3 shows the evolution of [O/Fe] as a
comparison baseline for the decreasing trend of [Eu/Fe].
Throughout this study, we also use the GCE code OMEGA

(Côté et al. 2017b) in order to explore different DTD functions
for NS–NS mergers (see Section 5.3), and to compare with the
results of the GCE code of Matteucci et al. (2014; see orange
lines in Figure 3). It consists of a classical one-zone model that
adopts homogeneous mixing but relaxes the instantaneous
recycling approximation. SNeIa are distributed in time
following a DTD function in the form of t−1 that is multiplied
by the fraction of white dwarfs (see Côté et al. 2016 and Ritter
et al. 2018a for more details.) Yields for low- and intermediate-
mass stars, massive stars, SNeIa, and NS–NS mergers are
taken from Ritter et al. (2018b), Nomoto et al. (2013), Iwamoto

Figure 3. Predicted evolution of oxygen ([O/Fe]) and europium ([Eu/Fe])
abundances as a function of iron abundances ([Fe/H]) in the Galactic disk,
using NS–NS mergers and the chemical evolution model of Côté et al. (2017b;
OMEGA, orange lines) and Matteucci et al. (2014; black lines, see Section 3.3).
The solid line shows the predictions when we assume that NS–NS mergers all
occur after a constant delay time of 1 Myr following the formation of the binary
systems, while the dashed line shows the predictions when we assume a delay-
time distribution function in the form of t−1 to distribute NS–NS mergers as a
function of time. Data derived from spectroscopy (cyan dots) are from Bensby
et al. (2014) for [O/Fe] and from Battistini & Bensby (2016) for [Eu/Fe]. The
dotted black lines mark the solar values (Asplund et al. 2009).
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6B;m`2 j8, h?2 +?2KB+�H 2pQHmiBQM Q7 i?2 Jq rBi? i?2B` KQ/2HX h?2 iQT T�M2H b?Qrb i?2
2pQHmiBQM Q7 Qtv;2M �#mM/�M+2X h?2 #QiiQK T�M2H b?Qrb i?2 2pQHmiBQM Q7 1m rBi? /Bz2`2Mi
/2H�v iBK2 /Bbi`B#miBQMX *QMbi�Mi /2H�v iBK2 K�i+?2b r2HH rBi? i?2 Q#b2`p�iBQM- r?2`2�b i?2
mbm�H t−1 /2H�v iBK2 7�BHb iQ `2T`Q/m+2 i?2 /2+`2�bBM; i`2M/ BM i?Bb (62f>) `2;BK2X h?Bb };m`2
Bb i�F2M 7`QK 6B;X j Q7 *Ƭiû 2i �HX UkyRNVX

h?2v �HbQ i2bi MQM@bi�M/�`/ /2H�v iBK2 /Bbi`B#miBQMbX h?2 `2bmHib �`2 b?QrM BM 6B;X jeX
h?2v +QMbB/2` irQ ivT2b Q7 2tQiB+ /2H�v iBK2 /Bbi`B#miBQMb, UBV bi22T2` Ut−1.5V bHQT2- �M/ UBBV
#QQbi URy- Ryy iBK2bV BM i?2 }`bi Ryy Jv`X h?2 #QiiQK T�M2H b?Qrb i?2 ?B;?2bi #QQbiBM; 7�+iQ`
KQ/2H K�i+?2b i?2 #2bi rBi? i?2 Q#b2`p�iBQMX AM i?Bb KQ/2H �#Qmi Ny W Q7 1m T`Q/m+iBQM
?�TT2Mb #27Q`2 i?2 QMb2i Q7 ivT2@A� +QMi`B#miBQMX

dR



RyX9 *QMbi`�BMBM; � bm#@;`B/ KBtBM; T�`�K2i2` #v `@T`Q+2bb 2H2@
K2Mi �#mM/�M+2 Q7 bi�`b BM /r�`7 ;�H�tB2b U>B`�B �M/ a�BiQ?
kyRdV

h?2v BMp2biB;�i2/ i?2 2z2+i Q7 i?2 KBtBM; KQ/2H BM i?2B` aS> bBKmH�iBQMX aS> bBKmH�iBQM Bb �
G�;`�M;2 K2i?Q/- BM r?B+? r2 `2T`2b2Mi +QMiBMmQmb }2H/ UHBF2 /2MbBivV rBi? T�`iB+H2bX lbm�HHv
BM aS> bBKmH�iBQM T�`iB+H2b /Q MQi 2t+?�M;2 K�bb rBi? 2�+? Qi?2`- #mi Bi ?�b #22M TQBMi2/
Qmi i?�i �//BiBQM�H KBtBM; Bb `2[mB`2/ iQ `2T`Q/m+2 i?2 Q#b2`p�iBQM�H 2H2K2Mi�H /Bbi`B#miBQM
UT�`iB+mH�`Hv α 2H2K2Mib, U_2p�x 2i �HX kyReVVX h?2v ?�p2 mb2/ #�`BmK U"�V BMbi2�/ Q7 α iQ
/2i2`KBM2 � T�`�K2i2` i?�i +QMi`QH i?2 2{+B2M+v Q7 i?2 K�bb 2t+?�M;2 #2ir22M T�`iB+H2bX
h?`Qm;? i?2 +QKT�`BbQM Q7 ("�f62) /Bbi`B#miBQM #2ir22M i?2 bBKmH�i2/ bi�`b �M/ i?2 Q#b2`p2/
bi�`b- i?2v ?�p2 +QM+Hm/2/ i?�i i?2 KBtBM; T�`�K2i2` Cd b?QmH/ #2 H�`;2` i?�M yXyRX qBi?
i?Bb T�`�K2i2` Bi i�F2b ∼ 40 Jv` iQ KBt i?2 ;�H�tv r2HHX q2 �`2 ;BpBM; � 7m`i?2` 2tTH�M�iBQMX

h?2v BKTH2K2Mi � M2r KQ/2H iQ BM+Hm/2 bm#@;`B/ im`#mH2Mi K2i�H /BzmbBQM BM i?2B` aS>
bBKmH�iBQMX h?2 2[m�iBQM Bb �b 7QHHQrb, ǳh?2 ii? K2i�H- Zi- /Bzmb2b iQ bm``QmM/BM; ;�b
T�`iB+H2b rBi? i?2 2[m�iBQM

dZi

dt
= ∇(D∇Zi)

D = Cd|Sij|h2

r?2`2 Cd Bb i?2 b+�HBM; 7�+iQ` 7Q` K2i�H /BzmbBQM- Sij Bb i?2 i`�+2@7`22 b?2�` i2MbQ`- �M/
h Bb i?2 bKQQi?BM; H2M;i? Q7 aS>XǴ qBi? i?2 T�`�K2i2` Cd i?2v +�M K�MBTmH�i2 i?2 27@
}+B2M+v Q7 bm#@;`B/ KBtBM;X h?2v ?�p2 i2bi2/ }p2 /Bz2`2Mi /BzmbBQM T�`�K2i2`b, Cd =
0.0(no mixing implemented), 10−4, 10−3, 10−2, 10−1X

h?2v T`2T�`2 �M BbQH�i2/ /r�`7 ;�H�tv rBi? 7× 108M⊙ �b i?2 BMBiB�H +QM/BiBQMX h?2 }M�H
bi2HH�` K�bb Bb 5× 106M⊙- +Q``2bTQM/BM; iQ i?2 bi2HH�` K�bb2b Q7 /r�`7 ;�H�tB2bX

AM 6B;XRyX9 r2 b?Qr i?2 THQib i�F2M 7`QK i?2B` T�T2`X h?2 H27i T�M2H b?Qrb i?2 J;
UivTB+�H α 2H2K2MiV �#mM/�M+2b- �M/ i?2 `B;?i T�M2H b?Qrb i?2 "� UivTB+�H `@T`Q+2bb 2H2K2MiV
�#mM/�M+2bX 6`QK i?2 J; /Bbi`B#miBQM Bi Bb /B{+mHi iQ 7�pQ` �Mv Q7 i?2 KQ/2Hb, i?2 Q#b2`p2/
J; �#mM/�M+2 b+�ii2` BM /r�`7 ;�H�tB2b Bb bBKBH�` iQ i?2 KQ/2Hb U+V- U/V �M/ U2V- #mi i?2
Q#b2`p�iBQM�H 2``Q` U∼ yX8/2tV Bb �H`2�/v 2MQm;? iQ 2tTH�BM i?2 b+�ii2`X h?2 "� /Bbi`B#miBQM
Bb KQ`2 BM7Q`K�Mi QM i?2 KBtBM; T�`�K2i2`X h?2v 7Q+mb QM r?2i?2` i?2 KQ/2Hb T`Q/m+2
bi�`b rBi? ("�f62)≥ 1X P#b2`p�iBQM�HHv 2t+2Ti 7Q` _2i AA i?2`2 �`2 MQ bi�`b BM /r�`7 ;�H�tB2b
rBi? ("�f62)≥ 1X h?2 bi2HH�` K�bb Q7 _2i AA Bb [mBi2 bK�HH +QKT�`2/ iQ i?2 bBKmH�i2/ ;�H�tv-
�M/ i?2v B;MQ`2 _2i AAX h?2 `B;?i T�M2H b?Qrb i?�i BM KQ/2Hb U+V- U/V- U2V i?2`2 �`2 bQK2
bi�`b rBi? ("�f62)≥ 1X U�V �M/ U#V- r?B+? �`2 Cd > 0.01- KQ/2Hb �`2 7�pQ`2/ Qp2` Cd < 0.01
KQ/2HbX

hrQ Qi?2` `2T`2b2Mi�iBQMb Q7 i?2 KBtBM; T�`�K2i2` Cd 2tBbiX PM2 Bb i?2 /BzmbBQM +Q2{@
+B2Mi D(kpc2Myr−1)X h?2 7�pQ`2/ Cd = 0.01, 0.1 +Q``2bTQM/b iQ D = 2×10−4kpc2Myr−1, 2×
10−5kpc2Myr−1X h?2 Qi?2` Bb i?2 KBtBM; iBK2b+�H2X h?2v 2biBK�i2/ i?2 KBtBM; iBK2b+�H2
Q7 Cd = 0.01, 0.1 KQ/2Hb iQ #2 ≤ 10Myr,∼ 40Myr- `2bT2+iBp2HvX h?2b2 �`2 b?Q`i2` i?�M i?2
/vM�KB+�H iBK2 Q7 i?2B` bBKmH�i2/ ;�H�tv U∼ 100MyrV- bm;;2biBM; i?�i i?2 KBtBM; i�F2 TH�+2
#27Q`2 i?2 ivTB+�H bi�` 7Q`K�iBQM Q++m`b BM i?2 ;�H�tvX

h?2B` `2bmHib- ǳ"� /Bbi`B#miBQM Bb KQ`2 BM7Q`K�Mi i?�M α 2H2K2Mi /Bbi`B#miBQM QM i?2 KBt@
BM; BM i?2 ;�H�tvǴ- Bb M�im`�H �M/ BMi2`2biBM;X Ai Bb M�im`�H #2+�mb2 "� Bb QMHv T`Q/m+2/ BM

dk



`�`2 Q++�bBQM- #mi α 2H2K2Mib �`2 T`Q/m+2/ BM �HKQbi �HH +Q`2@+QHH�Tb2 bmT2`MQp�2 U**aL2VX
**aL2 Bb MQi `�`2 BM /r�`7 ;�H�tB2b U≥ 1000 iBK2bV- �M/ i?2 bT`2�/ BM bT�iB�H TQbBiBQMb M�i@
m`�HHv ?QKQ;2MBx2b i?2 α 2H2K2Mi /Bbi`B#miBQMX PM i?2 Qi?2` ?�M/- ivTB+�HHv "� Bb T`Q/m+2/
BM `�`2 2p2Mib U∼ 10 iBK2bV- �M/ i?2 MmK#2` Q7 2p2Mib Bb MQi 2MQm;? iQ r2HH b�KTH2 i?2
Qp2`�HH ;�H�tvX h?Bb bm;;2bib i?�i i?2 `@T`Q+2bb 2H2K2Mi /Bbi`B#miBQM Bb mb27mH iQ BMp2biB;�i2
i?2 K2i�H KBtBM; BM ;�H�tB2bX

dj



As shown in the bottom panel of Figure 7, it is possible to
recover a decreasing trend for [Eu/Fe] using a steep power law
in the form of t−1.5 (black solid line, see also Côté et al. 2017a
and Hotokezaka et al. 2018). This could be in agreement with
the t−1.5 DTD function derived by D’Avanzo (2015) for short
GRBs, although the recent analysis of Fong et al. (2017) rather
points toward a function in the form of t−1. We note that some
of our population synthesis models do predict DTD functions
steeper than t−1 (see thick blue line in Figure 4), although the
majority are consistent with a t−1 distribution. We note that the
presence of a third object interacting with an NS–NS binary

could potentially help to concentrate NS–NS mergers at shorter
coalescence timescales (Bonetti et al. 2018).
Alternatively, if a strong burst of mergers is assumed before

the onset of SNeIa, followed by a power law in the form of
t−1, the decreasing trend of [Eu/Fe] can also be recovered (see
orange lines in Figure 7). This type of DTD function for NS–
NS mergers has been seen in the population synthesis
predictions of Dominik et al. (2012), as shown in the lower
left panel of their Figure 8. When we use the DTD functions
predicted by Dominik et al. (2012), the decreasing trend of
[Eu/Fe] has been recovered with the GCE code OMEGA (Côté
et al. 2017b), as shown with the black solid line in Figure 5 of
Mishenina et al. (2017).
Figure 8 shows the difference between the observed

chemical evolution trend of [Eu/Fe] and the trends predicted
using the different DTD functions explored in Figure 7. The
steep power law (t−1.5) and the DTD with the strongest burst
( fb=100) provide the best fit and generate trends that are
consistent within 25% with the median trend observed at [Fe/
H]>−0.75. Overall, the more bulk of Eu is released at an
early time, the better the fit (see middle panel of Figure 7).
With the DTD functions explored in this section, more than

half of all NS–NS mergers produced by a stellar population will
have occurred by ∼100Myr (see middle panel of Figure 7).
This is because in order to generate a decreasing trend with
chemical evolution models, the bulk of Eu must be released
before the onset of the Fe production by SNeIa. However, this
significant difference between NS–NS mergers and SNeIa is
currently inconsistent with their similar fraction of occurrence
in early-type galaxies (see Section 2.3.1). Furthermore,
assuming the DTD functions explored in this section are
representative of the real ones, detecting the first gravitational
wave signal of an NS–NS merger in an early-type galaxy
becomes even more improbable, although not impossible (see
Section 2.4.1).

5.4. Rare Classes of Core-collapse Supernovae

Rare classes of CCSNe, such as MRSNe, would naturally
explain how Eu can be present in the atmosphere of the most

Figure 7. Impact of using different DTD functions for NS–NS mergers on the
predicted chemical evolution of Eu. Top panel: four different DTD functions
(black and orange lines) in a simple stellar population of 1 Me. When they ar
integrated, all four DTD functions produce the same number of NS–NS
mergers. The gray solid line represents the DTD function used for SNeIa.
Middle panel: cumulated fraction of NS–NS mergers and SNeIa as a function
of time in a stellar population. The dotted horizontal line marks the moment
when 50% of the events have occurred. Bottom panel: predicted chemical
evolution of [Eu/Fe] as a function of [Fe/H] using the different DTD functions
presented in the top panel. For DTD functions with bursts, fb is the
enhancement factor of the burst relative to the value given by the background
power-law distribution. Cyan dots are stellar abundance data for disk stars
taken from Battistini & Bensby (2016). The dotted black lines mark the solar
values (Asplund et al. 2009).

Figure 8. Difference between the [Eu/Fe] trends observed in the Galactic disk
and predicted using different DTD functions for NS–NS mergers, as presented
in Figure 7. For the comparison, we split the [Fe/H] axis into bins with
constant intervals of 0.105. The dots represent the central value of these bins.
For each bin, we calculated the median value of all data present in that bin, and
subtracted the predictions made by our code (see Section 5.3). We interpolated
our predictions between the time steps in order to recover the values at the
central [Fe/H] bin points.
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irQ T�M2Hb b?Qr i?2 iBK2 2pQHmiBQMb Q7 2p2Mi `�i2 �M/ +mKmH�iBp2 2p2Mi `�i2X h?2 #QiiQK
T�M2H b?Qrb i?2 2pQHmiBQM Q7 1m �#mM/�M+2 rBi? /Bz2`2Mi /2H�v iBK2 /Bbi`B#miBQMbX h?2
KQ/2H rBi? i?2 ?B;?2`b #QQbiBM; 7�+iQ` `2T`Q/m+2b i?2 2pQHmiBQM Q7 1m �#mM/�M+2 #2biX h?2
};m`2 Bb i�F2M 7`QK 6B;X d Q7 *Ƭiû 2i �HX UkyRNVX

d9



3. Results

Figure 1 shows [Mg/Fe] as a function of [Fe/H]. Computed
scatters of [Mg/Fe] lie within the observed scatters at
[Fe/H]<−2 when we implement the metal mixing
(Figures 1(a)–(d)). On the other hand, model d0000 has several
stars with [Mg/Fe]>1 or [Mg/Fe]<−1 at [Fe/H]−2.5
(red hatched area in Figure 1(f)). These stars have not been
reported in the observation. In the SPH scheme, the abundance
of metals in each SPH particle cannot diffuse to the
surrounding gas particles if we do not implement metal
mixing. Model d0000 forms these stars with an artificial effect.
These results indicate that we need to implement the metal

mixing model in SPH simulations when we discuss the scatters
of elemental abundance ratios.
However, it is difficult to constrain the efficiency of metal

mixing when only using the [Mg/Fe] ratio. All models with
metal mixing show a smaller dispersion of [Mg/Fe] than that of
the observation at [Fe/H]<−2. Models d0010 and d0001
seem to reproduce the sub-solar [Mg/Fe] ratio seen in
[Fe/H]>−2, but the statistical and observational errors of
these stars typically have over 0.5 dex. We cannot conclude
that models d0010 and d0001 are superior to models d1000 and
d0100.
In the case of [Ba/Fe], the metal mixing is expected to be

more important than [Mg/Fe] because [Ba/Fe] shows large
scatters in [Fe/H]−3. Figure 2 shows [Ba/Fe] as a function
of [Fe/H]. As shown in Figure 2, the difference of the
efficiency of metal mixing alters the scatters of [Ba/Fe]
significantly. Models with Cd�0.001 produce stars with
[Ba/Fe]>1 (Figures 2(c)–(e)). These stars are located in the
red hatched area in Figure 2(f), i.e., they are not reported in the
observation. On the other hand, models d1000 and d0100 do
not have stars with [Ba/Fe]>1 due to efficient metal mixing.
This result is consistent with the observation that shows no
stars with [Ba/Fe]>1 at [Fe/H]<−2.5.
The value of Cd controls the fraction of stars that highly

deviate from the average value of metallicity. Models with the
higher value of Cd form a larger fraction of stars around
average values of metallicity in each epoch. This effect can be

Figure 1. Stellar [Mg/Fe] as a function of [Fe/H]. Panels (a), (b), (c), (d), and (e) represent the results of models d1000, d0100, d0010, d0001, and d0000,
respectively. Panel (f) represents observational data. The red hatched area shows the region that there are no stars with Mg. Color contours show computed stellar
abundances in the logarithm of a mass fraction in each grid. The black dots represent the observed abundances of the Milky Way. The colored dots represent the
observed abundances of the Local Group dwarf galaxies (green: Carina, blue: Draco, purple: LeoI, magenta: Sculptor, ocher: Ursa Minor, orange: Bootes, dark green:
LeoIV, grass green: Ursa Major II, sky-blue: Coma Berenices, red-purple: Sextans, and red: Reticulum II). We compile all observed data using the SAGA database
(Suda et al. 2008, 2011, 2014; Yamada et al. 2013).

Table 1
Adopted Value of the Scaling Factor for Metal Diffusion

Model Cd

d1000 0.1
d0100 0.01
d0010 0.001
d0001 0.0001
d0000 K

Note. The first column shows the name of models. The second column shows
the value of the scaling factor for metal diffusion.
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seen in Figure 2. Ba abundance first appears at [Fe/H]∼−3 in
models with high values of Cd (Figures 2(a), (b), and (c)). This
metallicity reflects the average value of [Fe/H] at the time the
first NSM occurs. Note that the different ranges of [Fe/H]
between Figures 1 and 2 reflect the delayed production of Ba
due to the long merger times of NSMs.

4. Discussion

In the last section, we show that the value of Cd0.01 is
necessary to prevent the formation of stars with [Ba/Fe]1 in
dSphs. This result suggests that the formation of these stars,
which does not occur in the Local Group dSphs, is strongly
related to the efficiency of metal mixing. When NSMs occur
in a galaxy, some surrounding gas will have the value of
[Ba/Fe]1. This gas mixes into gas with a lower r-process
abundance. Stars with a high r-process abundance are only
formed when gas with a high r-process abundance remains in a
galaxy. This means that the timescale of metal mixing plays a
critical role in forming these stars.

Here we compute the average time that the gas with
[Ba/Fe]>1 becomes less than [Ba/Fe]<0 (hereafter we
define this time as tmix). We find that models d1000 and d0100
have tmix10 and ;40Myr, respectively.6 These values are
smaller than the dynamical time of the system (∼100Myr),
which determines the early star formation rate in a galaxy

(Hirai et al. 2017). On the other hand, models d0010 and d0001
have tmix;360Myr and 1.6 Gyr, respectively. These results
suggest that the r-process elements are mixed on a shorter
timescale than the timescale of SF in galaxies.
Stars with high r-process abundance are only formed in

ultrafaint dwarf galaxies with an initial gas mass with ∼106M☉
(Ji et al. 2016). In these galaxies, even if all metals are mixed in
a whole galaxy, the gas mass is not enough to prevent the
formation of r-process enhanced stars. These results imply that
r-process enhanced stars in the MW halo originate from
ultrafaint dwarf galaxies accreted to the MW halo.
In this letter, we adopt the isolated dwarf galaxy model.

According to the cosmological hydrodynamic simulations of
Jeon et al. (2017), the lowest metallicity stars are formed in
external enriched halos that are accreted later in the main halo.
If we consider a fully cosmological structure formation, lower-
metallicity stars formed by external enrichment would be seen
such as in Figures 2(a), (b), and (c). We expect that these
external enriched stars have a low [Ba/Fe] value, as well as a
low [Fe/H] value, because both Fe and Ba will be diluted in the
ISM when they reach the subhalo around the main halo. These
stars may account for observed stars with [Fe/H]<−3.5 and
[Ba/Fe]<0.0 plotted in Figure 2.
The diffusion coefficient inferred from the Ba abundance is

consistent with the theoretical and experimental values. If we
assume a Kolmogorov constant as 1.41, the value of Cd is
0.0324 (e.g., Meneveau & Katz 2000). In the case of a
turbulent mixing layer and a turbulent channel flow, optimal
values of Cd are 0.0225 and 0.01, respectively (Horiuti 1987).

Figure 2. Stellar [Ba/Fe] as a function of [Fe/H]. Panels (a), (b), (c), (d), and (e) represent the results of models d1000, d0100, d0010, d0001, and d0000, respectively.
Panel (f) represents observational data. The red hatched area shows the region in which there are no stars with Ba in dSphs except for the Reticulum II ultrafaint dwarf.
The symbols are the same as in Figure 1. We correct the observational value of [Ba/Eu] to be −0.89 for all stars with [Fe/H]>−2.75. We compile all observed data
using the SAGA database (Suda et al. 2008, 2011, 2014; Yamada et al. 2013).

6 We cannot compute times less than 10 Myr because the time interval of the
snapshots in this simulation is 10 Myr.
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6B;m`2 jd, h?2 J;- "� �M/ 62 �#mM/�M+2 T�ii2`Mb Q7 /r�`7 ;�H�tv BM i?2B` bBKmH�iBQM rBi?
/Bz2`2Mi KBtBM; +Q2{+B2MibX h?2 /Bz2`2M+2 Q7 irQ T�M2Hb Bb i?2 2H2K2Mib, i?2 H27i T�M2H
b?Qrb i?2 J; UivTB+�H α 2H2K2MiV �#mM/�M+2- r?BH2 i?2 `B;?i T�M2H b?Qrb i?2 "� UivTB+�H
`@T`Q+2bb 2H2K2MiVX AM �HH bBt T�M2Hb i?2 J;f"� �#mM/�M+2b Q7 Q#b2`p2/ bi�`b �`2 THQii2/ BM
i?2 #�+F;`QmM/X AM U�V iQ U2V i?2v Qp2`THQi i?2 bBKmH�i2/ J;f"� �#mM/�M+2 /Bbi`B#miBQMX
U�V Bb i?2 KQbi 2{+B2Mi KBtBM; KQ/2H UCd = 0.1V- U#V Bb Cd = 0.01 KQ/2H- U+V Bb Cd = 0.001
KQ/2H- U/V Bb Cd = 0.0001 KQ/2H- �M/ U2V Bb MQ KBtBM; KQ/2H UCd = 0VX h?2 `2/ b?�/2/
`2;BQM BM U7V b?Qrb i?2 `2;BQM i?�i MQ Q#b2`p2/ bi�`b 2tBbiX q?2M i?2v THQi "� �#mM/�M+2
Q7 bi�`b rBi? (62f>)> −2.75- i?2v +�H+mH�i2 i?2 "� �#mM/�M+2 7`QK 1m �#mM/�M+2 �bbmKBM;
("�f1m)= −0.89- iQ �pQB/ i?2 +QMi�KBM�iBQM 7`QK i?2 b@T`Q+2bbX h?2 };m`2b �`2 i�F2M 7`QK
6B;X R �M/ 6B;X k BM >B`�B �M/ a�BiQ? UkyRdVX

d8



RR JQiBp�iBQM
Pm` Tm`TQb2 Bb iQ BMp2biB;�i2 r?�i r2 +�M H2�`M �#Qmi i?2 ?Qbi ;�H�tv �M/ i?2 Q`B;BM Q7
`@T`Q+2bb 2H2K2Mib- 7`QK i?2 (1mf62) @ (62f>) b+�ii2` THQi Q7 l6.bX h?2 Qp2`�HH �#mM/�M+2
Q7 1m Bb +QMbBbi2Mi iQ � b+2M�`BQ BM r?B+? � `�`2- T`QHB}+ 2p2Mi 2M`B+?2b i?2 ;�H�tv rBi? `@
T`Q+2bb 2H2K2MibX >Qr2p2`- i?2 /Bp2`bBiv BM i?2 T`Q;2MBiQ` bvbi2K Q` i?2 2MpB`QMK2Mi Bb biBHH
MQi BMp2biB;�i2/ BM /2i�BHX 6Q` BMbi�M+2- bBM+2 #BM�`v M2mi`QM@bi�`b `2+2Bp2 � FB+F r?2M i?2v
�`2 #Q`MX h?2`27Q`2 i?2 K2`;2` +�M ?�TT2M �i i?2 QmibFB`i Q7 i?2 ;�H�tvX

S�`iB+mH�`Hv A r�Mi iQ bim/v i?2 2z2+i Q7 2tTHQbBQM TQbBiBQM �M/ i?2 bi�` 7Q`K�iBQM ?BbiQ`v
Q7 i?2 ;�H�tvX a+B2MiB}+ iQTB+b i?�i r2 +�M �//`2bb rBi? i?Bb rQ`F �`2,

Ç q?�i Bb i?2 ivTB+�H bi�` 7Q`K�iBQM ?BbiQ`v Q7 l6.- r?B+? �`2 i?2 #mBH/BM; #HQ+Fb Q7
;�H�tB2b\

Ç r?�i Bb i?2 Q`B;BM Q7 `@T`Q+2bb 2H2K2Mib\ �`2 i?2v LaJ- Q` bQK2 `�`2 **aL2\

q2 rBHH �//`2bb iQ i?2b2 [m2biBQMb BM i?2 /Bb+mbbBQM b2+iBQMX

Rk J2i?Q/
RkXR +QbKQHQ;B+�H bBKmH�iBQM
q2 mb2 +QbKQHQ;B+�H bBKmH�iBQM iQ BMp2biB;�i2 i?2 KBtBM; Q7 `@T`Q+2bb 2H2K2Mib BM i?2 ;�H�tvX
h?2 #QtbBx2 Bb RXy +JT+f?X h?2 K�bb2b Q7 i?2 /�`F K�ii2` T�`iB+H2b �M/ i?2 ;�b T�`iB+H2b
�`2 Ryk J⊙ �M/ RN J⊙X h?2 bBKmH�iBQM Bb 2pQHp2/ iQ z ∼ 6- r?2M `2BQMBx�iBQM T`Q+22/b �M/
i?2 bi�` 7Q`K�iBQM BM l6. T`Q;2MBiQ`b [m2M+?X h?2 +Q/2 b2iiBM;b bm+? �b bi�` 7Q`K�iBQM �M/
722/#�+F KQ/2Hb �`2 i?2 b�K2 �b BM �m`B;� bBKmH�iBQM U:`�M/ 2i �HX kyRdVX h?2 /2i�BHb Q7
i?2 KQ/2H �`2 T`2b2Mi2/ BM i?2 T�T2`X Pm` Tm`TQb2 7Q` mbBM; i?2 +QbKQHQ;B+�H bBKmH�iBQM Bb
iQ b22 ?Qr i?2 `@T`Q+2bb 2D2+i� KBt rBi? ;�b BM � ;�H�tvX

6B`bi r2 `mM � MQM@xQQK bBKmH�iBQM Q7 2 × (256)3 T�`iB+H2bX h?2 BMBiB�H +QM/BiBQMb �`2
+`2�i2/ rBi? JlHiB@a+�H2 AMBiB�H *QM/BiBQM ;2M2`�iQ` KmbB+ U>�?M �M/ �#2H kyRRVX h?2
#Qt bBx2 Bb UR +QKQpBM; JT+fhV3X qBi? i?Bb HQr@`2bQHmiBQM bBKmH�iBQM- r2 +�M B/2MiB7v bQK2
?�HQb mbBM; 7`B2M/@Q7@7`B2M/ �H;Q`Bi?KX q2 b2H2+i ?�HQb iQ xQQK@BM �M/ BMp2biB;�i2 #v i?2
bi2HH�` K�bb �M/ i?2 ?�HQ K�bbX 6B`bi- i?2 ?�HQ K�bb �i z = 8 b?QmH/ #2 �`QmM/ 108 M⊙
Ua�7�`x�/2? 2i �HX kyR3#VX a2+QM/- bm#bi�MiB�H �KQmMi Q7 bi�` 7Q`K�iBQM Q++m`b bQ i?�i i?2
TQbbB#BHBiv Q7 ?QbiBM; QM2 #BM�`v M2mi`QM bi�`b Bb MQi iQQ bK�HHX q2 B/2MiB7v i?`22 ?�HQb i?�i
b�iBb7v i?2b2 +QM/BiBQMbX AM 6B;X j3 r2 b?Qr i?2 T`QD2+iBQM THQib Q7 K2i�HHB+BiB2b �M/ bi�`
7Q`K�iBQM ?BbiQ`B2bX hvTB+�H (62f>) Q7 i?`22 ?�HQb �`2 (62f>) = −2.35,−2.49- �M/ −2.64X
h?2b2 �`2 +QMbBbi2Mi iQ i?2 p�Hm2b Q7 l6.b, _2i AA U@kXe8, aBKQM 2i �HX UkyR8VV �M/ hm+ AAA
U@kX9k, aBKQM 2i �HX UkyRdVV- bm;;2biBM; i?�i Qm` bBKmH�i2/ ;�H�tB2b `2�bQM�#Hv `2b2K#H2 i?2
Q#b2`p2/ l6.bX

RkXk `@T`Q+2bb T`Q/m+iBQM i`2�iK2Mi
q2 /Q MQi bBKmH�i2 i?2 2pQHmiBQM Q7 i?2 T`Q;2MBiQ` bvbi2K HBF2 i?2 LaJX q?�i r2 /Q Bb
bQK2i?BM; HBF2 ǳ#m##H2 T�BMiBM;ǴX �i � iBK2 r?2M UBV i?2 ;�H�tv ?�b bQK2 bi2HH�` K�bb-

de



�M/ UBBV i?2 ;�H�tv 7Q`Kb bm#bi�MiB�H �KQmMi Q7 bi�`bX h?2 }`bi +QM/BiBQM Bb M2+2bb�`v iQ
T`Q/m+2 #BM�`v M2mi`QM@bi�`b- �M/ i?2 b2+QM/ +QM/BiBQM Bb M2+2bb�`v #2+�mb2 r?�i r2 r�Mi
iQ BMp2biB;�i2 Bb ?Qr i?2 2H2K2Mib �`2 +�Tim`2/ #v i?2 bi�`bX A �bbmK2 i?�i 2×10−4M⊙ Q7 1m
Bb T`Q/m+2/ #v QM2 LaJX h?Bb Bb +QMbBbi2Mi iQ i?2 b+2M�`BQ i?�i yXy8 J⊙ Q7 `@T`Q+2bb 2H2K2Mib
�`2 T`Q/m+2/- �M/ i?2 �#mM/�M+2 T�ii2`M Bb i?2 b�K2 �b i?2 bQH�` `@T`Q+2bb �#mM/�M+2 T�ii2`M
bi�`iBM; �i K�bb MmK#2` A = 90 U�`MQmH/YydVX

� #BM�`v M2mi`QM bi�` `2+2Bp2 � FB+F r?2M i?2v �`2 #Q`M U"2MB�KBMB 2i �HX kyReVX Ai �HbQ
?�b bQK2 iBK2 #2ir22M i?2 7Q`K�iBQM �M/ K2`;2`X h?2`27Q`2 r2 2tT2+i bQK2 Q7 i?2 K2`;2`
?�TT2Mb QmibB/2 i?2 bi�`@7Q`KBM; `2;BQMX q2 KQ/2H bm+? 2tTHQbBQM �i Qz@+2Mi2` Q7 i?2 ;�H�tvX
q2 TB+F mT K�Mv TQBMib BMbB/2 �M/ QmibB/2 i?2 pB`B�H `�/BmbX PM2 TQBMi BM i?2 +2Mi2`- �M/ ke
TQBMib QM 2�+? bT?2`2 rBi? `�/Bmb (yXR- yX8- RXy- RX8- kXy- kX8- jXy- 8Xy) iBK2b pB`B�H `�/BmbX A7 r2
2tT`2bb i?2 ǳke TQBMibǴ rBi? TQH�` +QQ`/BM�i2b- (θ,φ) = (0, 0), (π/4, i), (π/2, i), (3π/4, i), (π, 0)
rBi? i `mMb 2p2`v π/4 7`QK y iQ 7π/4X AM i?2 bBKmH�iBQM r2 /BbiBM;mBb? i?2 2D2+i� 7`QK /Bz2`@
2Mi TQBMibX aBM+2 i?2 FBM2K�iB+ 2z2+i Q7 2�+? LaJ Bb bK�HH- r2 +�M BMp2biB;�i2 K�Mv KQ/2Hb
�i QM2 bBKmH�iBQMX

q2 T`2T�`2 i?`22 /Bz2`2Mi ;�H�tB2b rBi? /Bz2`2Mi bi�` 7Q`K�iBQM ?BbiQ`B2b Uh�#H2 k �M/
6B;X j3VX h?2 /BHmiBQM Q7 `@T`Q+2bb `B+? 2D2+i� BMiQ i?2 AaJ Bb /`Bp2M K�BMHv #v bi�` 7Q`K�iBQM
�M/ 722/#�+FX h?2`27Q`2 i?2 iBKBM; Q7 bi�` 7Q`K�iBQM �M/ LaJ Bb +`m+B�HX h?Bb iBKBM; Bb
+?Qb2M bQ i?�i UBV i?2 ;�H�tv �H`2�/v 7Q`Kb bQK2 bi�`b- i?2`27Q`2 i?2 7Q`K�iBQM Q7 � #BM�`v
M2mi`QM bi�`b Bb TQbbB#H2- �M/ UBBV i?2 ;�H�tv biBHH 7Q`K bi�`b bQ i?�i i?2 2D2+i� 7`QK LaJ
+�M #2 +�Tim`2/ #v bi�`bX q2 T`2T�`2 7Qm` ;`QmTb Q7 KQ/2Hb rBi? /Bz2`2Mi bi�` 7Q`K�iBQM
/m`�iBQMbX hrQ Q7 i?2K �`2 QM ?�HQ R, HQM; bi�` 7Q`K�iBQM Ui?�i i?2 `@T`Q+2bb 2D2+i� Bb
/2TQbBi2/ �i i?2 H27i ?Q`BxQMi�H bQHB/ HBM2 Q7 6B;X j3V- �M/ b?Q`i bi�` 7Q`K�iBQM Ui?�i i?2
`@T`Q+2bb 2D2+i� Bb /2TQbBi2/ �i i?2 ?Q`BxQMi�H /�b?2/ HBM2 Q7 6B;X j3VX h?2 Qi?2` irQ �`2 i?2
KQ/2Hb QM ?�HQ k �M/ jX 6Q` �HH i?2 ;�H�tB2b i?2 bi�` 7Q`K�iBQM Bb [m2M+?2/ #v i?2 2M/ Q7 i?2
bBKmH�iBQM Uz = 6.6VX h?Bb [m2M+? Bb i?2 `2bmHi Q7 ?2�iBM; �M/ 2p�TQ`�iBQM Q7 ?v/`Q;2M ;�b
#v i?2 2ti2`M�H `�/B�iBQM }2H/X h?Bb Bb � +QKKQM 72�im`2 Q7 l6. T`Q;2MBiQ`bX

q2 KQ/2H i?2 /BHmiBQM Q7 LaJ 2D2+i� QM � ;�H�+iB+ b+�H2X hm`#mH2Mi KQiBQM Q7 AaJ /`Bp2M
#v ;�b BM@7�HH �M/ bi2HH�` 722/#�+F Bb i?2 /QKBM�Mi /`Bp2` Q7 i?2 KBtBM;X h?2`27Q`2 r2 QMHv
M22/ iQ bBKmH�i2 7`QK i?2 2M/ Q7 i?2 ǳbMQrTHQm;? T?�b2Ǵ UJQ 2i �HX kyRyVX >2`2 r2 2tTH�BM
?Qr r2 +�H+mH�i2 i?2 `�/BmbX 6B`bi r2 +�H+mH�i2 i?2 `�/Bmb �M/ p2HQ+Biv Q7 � b?Q+F2/ b?2HH BM
i?2 b2H7@bBKBH�` T?�b2 �b � 7mM+iBQM Q7 t- �bbmKBM; i?�i i?2 2tTHQbBQM 2M2`;v E Bb 1051 2`;X
h?2M r2 �bbmK2 i?�i i?2 b2H7@bBKBH�` T?�b2 2M/b r?2M Rf9 Q7 i?2 BMD2+i2/ 2M2`;v Bb `�/B�i2/
�r�vX h?2 b?2HH `�/Bmb �M/ p2HQ+Biv �i i?2 2M/TQBMi �`2,

rsh = 23×
(

n

1cm−3

)−19/45

×
(

E

1051erg

)13/45

pc UdkV

�M/
vsh = 200×

(
n

1cm−3

)2/15

×
(

E

1051erg

)1/45

km s−1, UdjV

r?2`2 i?2 n `2T`2b2Mib i?2 MmK#2` /2MbBiv Q7 ?v/`Q;2M �iQKb BM cm−3X PM+2 i?2 `�/B�iBp2
+QQHBM; #2+QK2b BKTQ`i�Mi- i?2 b?2HH +�MMQi `2+2Bp2 i?2 T`2bbm`2 bmTTQ`iX h?2M i?2 b?2HH
#2+QK2 ǳKQK2MimK@/`Bp2M bMQrTHQm;? T?�b2ǴX AM i?Bb +�b2 i?2 KQK2MimK Bb +QMb2`p2/-
i?2`27Q`2 i?2 p2HQ+Biv b+�H2b �b v ∝ r−3X q2 �bbmK2 i?�i i?2 KQK2MimK@/`Bp2M bMQrTHQm;?

dd



2M/b r?2M i?2 p2HQ+Biv Q7 i?2 b?2HH #2+QK2b +QKT�`�#H2 iQ i?2 im`#mH2Mi p2HQ+Biv Q7 i?2
�K#B2Mi ;�b U∼ 10km s−1X h?2M i?2 }M�H `�/Bmb Bb

rsp = rsh ×
(

vsh
10km s−1

)1/3

. Ud9V

PM 2�+? 2tTHQbBQM TQBMi- r2 /2}M2 � ǳLaJ #m##H2Ǵ rBi? i?2 `�/Bmb rspX 6Q` i?2 +2HHb
rBi?BM rsp- r2 /Bbi`B#mi2 `@T`Q+2bb 2H2K2Mib T`QTQ`iBQM�H iQ Bib +2HH pQHmK2X h?Bb i`2�iK2Mi Bb
2z2+iBp2Hv �bbmKBM; i?�i i?2 /2Mb2 `2;BQM Bb H2bb HBF2Hv iQ #2 2M`B+?2/ rBi? `@T`Q+2bb 2H2K2MibX

q2 �HbQ `�M irQ Qi?2` bBKmH�iBQMb rBi? /Bz2`2Mi 2tTHQbBQM 2M2`;B2b, 1050, 1052 2`; �M/
+?2+F2/ i?�i i?2 [m�HBi�iBp2 `2bmHi /B/ MQi +?�M;2X h?Bb Bb +QMbBbi2Mi iQ i?2 `2bmHi Q7 a�@
7�`x�/2? �M/ a+�MM�TB2+Q UkyRdVX �b A T`2b2Mi2/ #27Q`2- i?2 K�BM T?vbB+�H T`Q+2bb 7Q` i?2
KBtBM; Q7 2D2+i� BMiQ i?2 AaJ Bb � H�`;2@b+�H2 im`#mH2M+2 #v bi�` 7Q`K�iBQM �M/ FBM2K�iB+
;�H�tv 2pQHmiBQMX h?2 2t�+i bBx2 Q7 i?2 rsp Bb MQi BKTQ`i�Mi 7Q` �#mM/�M+2 T�ii2`MX

bi2HH�` K�bb �7i2` LaJUM⊙V a6 /m`�iBQMUJv`V
>�HQ R R8yyy jj8
>�HQ k 9yyy k8y
>�HQ j R8yy R9k
>�HQ R- H�i2 8yyy N8
_2i AA keyy @

h�#H2 k, >�HQ bi�` 7Q`K�iBQM T`QT2`iB2bX h?2 bi2HH�` K�bb Q7 _2i AA Bb i?2 Q#b2`p2/ p�Hm2 �i
T`2b2Mi U"2+?iQH 2i �HX kyR8VX

d3



6B;m`2 j3, hQT T�M2Hb �`2 i?2 T`QD2+iBQM THQib Q7 ;�b K2i�HHB+Biv /Bbi`B#miBQMb �M/ bi�` 7Q`K�@
iBQM ?BbiQ`B2bX h?`22 ?�HQb �`2 T`2b2Mi2/ 7`QK H27i iQ `B;?iX q2 +�HH i?2K >�HQ R- >�HQ k- �M/
>�HQ jX h?2 /2MbBiv@r2B;?i2/ K2i�HHB+Biv Bb i?2 p�Hm2 BM HQ;- MQ`K�HBx2/ iQ aQH�` K2i�HHB+BivX
h?2 #QiiQK iB+Fb b?Qr i?2 /Bbi�M+2b 7`QK 2�+? ;�H�+iB+ +2Mi`2 BM T?vbB+�H FT+X h?2 #QiiQK
T�M2Hb �`2 i?2 bi�` 7Q`K�iBQM ?BbiQ`v Q7 bBKmH�i2/ ;�H�tB2bX 1�+? T�M2H ?�b irQ bQHB/ p2`iB+�H
HBM2bX h?2 H27i QM2 Bb i?2 KQK2Mi Q7 `@T`Q+2bb 2H2K2Mib /2TQbBiBQM- �M/ i?2 `B;?i QM2 Bb i?2
2M/ Q7 bi�` 7Q`K�iBQMX PMHv i?2 H27i #QiiQK T�M2H +QMi�BMb � /�b?2/ p2`iB+�H HBM2X h?Bb Bb
i?2 KQK2Mi Q7 `@T`Q+2bb 2H2K2Mib /2TQbBiBQM BM ǳH�i2Ǵ bBKmH�iBQMX

dN



Rj _2bmHi
q2 +QKT�`2 i?2 1m �#mM/�M+2b Q7 bi�`b BM i?2 bBKmH�i2/ ;�H�tB2b rBi? i?Qb2 Q7 i?2 irQ
`@T`Q+2bb 2M`B+?2/ l6.b- _2i AA �M/ hm+ AAAX

RjXR LaJ 2tTHQbBQM bBi2
AM 6B;X jN r2 b?Qr i?2 `2H�iBQM #2ir22M i?2 Qp2`�HH 1m �#mM/�M+2 �M/ i?2 /Bbi�M+2 Q7
LaJ 7`QK i?2 +2Mi2`X q2 +�M b22 �M /2+`2�bBM; i`2M/ QmibB/2 i?2 pB`B�H `�/Bmb UR > rvirVX
h?Bb Bb M�im`�H #2+�mb2 i?2 pB`B�H `�/Bmb Bb i?2 ivTB+�H /Bbi�M+2 i?�i i?2 ;`�pBiv 7`QK i?2
;�H�tv #2+QK2b M2;HB;B#H2X h?2 `2bmHiBM; (1mf>) BM i?Bb `2;BQM /2T2M/b bi`QM;Hv QM i?2 bi�`
7Q`K�iBQM /m`�iBQMX >�HQR- BM r?B+? bi�` 7Q`K�iBQM +QMiBMm2b 7Q` jj8 Jv`- i?2 (1mf>) i�BH
2ti2M/b iQ `2H�iBp2Hv H�`;2 `�/BmbX h?2 Qi?2` ?�HQb- BM r?B+? bi�` 7Q`K�iBQM [m2M+? rBi?BM
b?Q`i2` T2`BQ/ Q7 iBK2 U! 250 Jv`V- i?2 ?�HQ +QMi�BMb bK�HH2` �KQmMi Q7 1m- �M/ Q7i2M
M2;HB;B#H2X 6Q` /Bbi�M+2 b?Q`i2` i?�M i?2 pB`B�H `�/Bmb UR ≤ 0.5rvirV- r2 QMHv b22 � r2�F
/2T2M/2M+2 Q7 (1mf>) QM i?2 `�/BmbX �HH i?2 ?�HQb �`2 2M`B+?2/ iQ (1mf>) = −0.5 ∼ −1.0X
h?Bb Bb +QMbBbi2Mi iQ i?2 1m �#mM/�M+2 Q7 _2i AA U−0.82 B7 r2 QMHv BM+Hm/2 bi�`b rBi? /2i2+iBQM-
�M/ −0.93 B7 r2 BM+Hm/2 �HH i?2 bi�`b BM _2i AA UCB 2i �HX kyReVVX aBM+2 i?2 `@T`Q+2bb 2M`B+?K2Mi
Q7 l6.b �`2 � biQ+?�biB+ 2p2Mi U#2+�mb2 i?2 bi2HH�` K�bb Bb MQi bQ H�`;2 iQ �HHQr KmHiBTH2
`@T`Q+2bb 2p2MibV- (1mf>) /Q2b MQi +Q``2H�i2 rBi? i?2 bi2HH�` K�bb- #mi Bi +Q``2H�i2b rBi? i?2
/BHmiBQM K�bb Q7 i?2 ?�HQX

�MQi?2` `@T`Q+2bb 2M`B+?2/ l6.- hm+ AAA Bb H2bb 2M`B+?2/ rBi? 1m, (1mf>) ∼ −2.0 UJ�`@
b?�HH 2i �HX kyR3VX h?Bb +�M #2 2tTH�BM2/ #v 2Bi?2` UBV LaJ ?�TT2Mb �`QmM/ Q` QmibB/2 i?2
pB`B�H `�/Bmb- Q` UBBV i?2 /BHmiBQM ;�b K�bb Bb H�`;2X A rBHH /Bb+mbb 2�+? b+2M�`BQ BM im`MX 6Q`
i?2 }`bi b+2M�`BQ- Bi Bb bm;;2bi2/ 7`QK 6B;X jN i?�i i?2 LaJ /Bbi�M+2 7`QK i?2 ;�H�+iB+ +2Mi2`
b?QmH/ #2 �`QmM/ pB`B�H `�/BmbX aBM+2 i?2 ivTB+�H pB`B�H `�/Bmb Bb R FT+- Bi Bb TQbbB#H2 i?�i
i?2 "La Bb FB+F2/ Qmi rBi? p2HQ+Biv k8FKfb U∼ 2b+�T2 p2HQ+Biv Q7 i?2 ;�H�tvV �M/ i`�p2H 7Q`
KQ`2 i?�M 9y Jv`- 2tTHQ/BM; �`QmM/ i?2 pB`B�H `�/Bmb BM i?2 2M/X 6Q` i?2 b2+QM/ b+2M�`BQ-
r2 M22/ Ry iBK2b KQ`2 ;�b iQ 2tTH�BM i?2 (1mf>) Q7 hm+ AAAX h?Bb K2�Mb ivTB+�HHv i?2 l6.
T`Q;2MBiQ` ?�HQ b?QmH/ #2 KQ`2 K�bbBp2 #v Ry iBK2b- `2bmHiBM; BM 109M⊙ �i z = 8X h?Bb Bb
iQQ K�bbBp2 �b � l6. T`Q;2MBiQ` Ua�7�`x�/2? 2i �HX kyR3#VX h?2`27Q`2 r2 �`;m2 i?�i i?2 }`bi
b+2M�`BQ Bb 7�pQ`2/ Qp2` i?2 b2+QM/ b+2M�`BQX

qBi? i?2 b?Q`i2` bi�` 7Q`K�iBQM ?�HQb- ?�HQk �M/ j- i?2 K2�M (1mf62) Q7 hm+ AAA +�M #2
`2T`Q/m+2/ BM bQK2 Q7 Qm` KQ/2HbX >Qr2p2`- i?2 bK�HH b+�ii2` Q7 i?2 (1mf62) /Bbi`B#miBQM
+�MMQi #2 `2T`Q/m+2/X h?Bb Bb � +QMb2[m2M+2 Q7 BM+QKTH2i2 KBtBM; Q7 `@T`Q+2bb 2H2K2MibX
qBi? i?2B` b?Q`i bi�` 7Q`K�iBQM /m`�iBQM- i?2 `@T`Q+2bb 2H2K2Mib +�MMQi #2 KBt2/ r2HH #27Q`2
i?2 1m �#mM/�M+2b �`2 HQ+F2/ BM bi�`bX q2 7m`i?2` /Bb+mbb i?Bb TQBMiX

RjXk ai�` 7Q`K�iBQM /m`�iBQM
ai�`b BM i?2 irQ `@T`Q+2bb 2M`B+?2/ l6.b ?�p2 [mBi2 � bBKBH�` (1mf62) p�Hm2b rBi?BM 2�+?
;�H�tvX q2 �HbQ M22/ iQ `2T`Q/m+2 i?2 i`2M/X >2`2 r2 2tTH�BM ?Qr i?2 /m`�iBQM Q7 bi�`
7Q`K�iBQM TH�vb � `QH2X

AM 6B;X 9R r2 +QKT�`2 i?2 1m �#mM/�M+2b Q7 bi�`b BM >�HQ RX h?2 H27i T�M2H Bb i?2 2�`Hv
2tTHQbBQM- BM r?B+? i?2 bi�` 7Q`K�iBQM +QMiBMm2b 7Q` jj8 Jv` �7i2` i?2 `@T`Q+2bb 2H2K2Mi
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6B;m`2 jN, h?2 `2H�iBQM #2ir22M `@T`Q+2bb 2H2K2Mi `2i�BMK2Mi 7`�+iBQM �M/ i?2 /Bbi�M+2 Q7
2tTHQbBQM bBi2 7`QK i?2 +2Mi2`X PM 2�+? `�/Bmb p�Hm2b #2ir22M d8 T2`+2MiBH2 �M/ k8 T2`+2MiBH2
�`2 +QHQ`2/X

BMD2+iBQMX h?2 `B;?i T�M2H Bb i?2 H�i2 2tTHQbBQM- BM r?B+? i?2 bi�` 7Q`K�iBQM [m2M+?2b N8 Jv`
�7i2` i?2 LaJX h?2 /Bbi`B#miBQM BM i?2 H27i T�M2H b?Qrb i?�i i?2 (1mf62) Q7 bi�` T�`iB+H2 Bb
bBKBH�` iQ 2�+? Qi?2`X h?Bb Bb � +QMb2[m2M+2 Q7 HQM; bi�` 7Q`K�iBQM �7i2` i?2 `@T`Q+2bb 2H2K2Mi
BMD2+iBQM, bBM+2 i?2`2 Bb 2MQm;? iBK2 iQ KBt i?2 ;�H�tv- i?2 (1mf62) Bb �HKQbi i?2 b�K2 �KQM;
bi�`bX h?2 `B;?i T�M2H Bb i?2 QTTQbBi2 2t�KTH2X h?2 (1mf62) /Bbi`B#mi2b BM � rB/2 `�M;2 rBi?
KQ`2 i?�M R /2t Q7 b+�ii2`X h?2 H�`;2 b+�ii2` BM 1m �#mM/�M+2 +�M #2 2tTH�BM2/ #v i?2 b?Q`i
KBtBM; iBK2, i?2`2 Bb MQi 2MQm;? iBK2 iQ KBt- i?2`27Q`2 bi�`b /Bbi`B#mi2 BM � rB/2 `�M;2 Q7
1m �#mM/�M+2bX

h?2 TQBMib QM i?2 };m`2 �HbQ b?Qr i?2 7Q`K�iBQM 2TQ+?b Q7 i?2 bi�` T�`iB+H2bX "Qi? BM
6B;bX 9y �M/ 9R- r2 b22 i?2 2pQHmiBQM 7`QK HQr (62f>) iQ ?B;? (62f>) �b iBK2 2H�Tb2bX h?2`2 Bb
�HbQ � bHB;?i /QrMr�`/ iBHiX h?Bb Bb i?2 +QMb2[m2M+2 Q7 +QMbi�Mi 1m �#mM/�M+2 �M/ BM+`2�bBM;
62 �#mM/�M+2- �b B`QM T`Q/m+iBQM #v bi�`b T`Q+22/b Qp2` iBK2X

h?2 �M�HvbBb �#Qp2 +H�`B}2b i?�i i?2 /BHmiBQM Q7 `@T`Q+2bb 2H2K2Mib +`BiB+�HHv �z2+ib bi2HH�`
1m �#mM/�M+2bX >2`2 r2 2tTH�BM i?2 bi2HH�` 722/#�+F i`2�iK2Mi BM Qm` bBKmH�iBQMX q?2M aL2
?�TT2M- i?2v BMD2+i KQK2MimK BMiQ i?2 AaJ Q7 i?2 ;�H�tvX h?2 KQK2MimK +�mb2b ;�H�+iB+
rBM/b r?B+? biB` i?2 AaJ- ?2HTBM; LaJ 2D2+i� iQ /BHmi2X am+? bi2HH�` FBM2iB+ 722/#�+F Bb
KQ/2H2/ #v 2D2+iBM; ǳrBM/ T�`iB+H2bǴ BM `�M/QK /B`2+iBQMb UaT`BM;2H �M/ >2`M[mBbi kyyjVX
qBM/ T�`iB+H2b +�``v 9y W Q7 i?2 K2i�Hb 2D2+i2/ #v i?2 aL2- �M/ i?2 `2K�BMBM; K2i�Hb �`2
/B`2+iHv /Bbi`B#mi2/ iQ M2�`#v ;�b +2HHb UoQ;2Hb#2`;2` 2i �HX kyRjVX h?2 rBM/ T�`iB+H2b i`�p2H
mMiBH i?2v `2�+? iQ � ;�b +2HH rBi? ρg < 0.05ρth- Q` i?2B` �;2 2t+22/b i?2 K�tBKmK i`�p2H
iBK2X 6BM�HHv i?2 rBM/ T�`iB+H2 /2TQbBib Bib K�bb �M/ Qi?2` T`QT2`iB2b r?2M i?2v /Bb�TT2�`X

aL2@/`Bp2M KBtBM; Bb 2{+B2Mi BM i?2 +2Mi2` Q7 2�+? ;�H�tv- r?2`2 bi�` 7Q`K�iBQM K�BMHv
i�F2 TH�+2X �HbQ BM i?2 QmibFB`i Q7 � ;�H�tv- `@T`Q+2bb 2D2+i� 2p2Mim�HHv /BHmi2b BMiQ i?2
bm``QmM/BM; ?v/`Q;2M ;�b #v ;�b �++`2iBQM �M/ ;�H�tv K2`;2`b- #mi HQM;2` iBK2 Bb `2[mB`2/X
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6B;m`2 9y, (1mf62) @ (62f>) �#mM/�M+2b Q7 bi�` T�`iB+H2b BM ?�HQ R- +QKT�`2/ iQ i?2 Q#b2`p2/
bi2HH�` �#mM/�M+2b Q7 hm+ AAAX G27i T�M2H, h?2 LaJ Q++m`b �i i?2 +2Mi2` Q7 i?2 ;�H�tv r?2`2
i?2 K�BM bi�` 7Q`K�iBQM Q++m`bX _B;?i T�M2H, h?2 LaJ Q++m`b �i �`QmM/ i?2 pB`B�H `�/Bmb Q7
i?2 ;�H�tvX h?2 K2�M (1mf62) BM i?2 `B;?i T�M2H Bb +HQb2` iQ i?2 Q#b2`p2/ p�Hm2 Q7 hm+ AAAX

AM Q`/2` 7Q` i?2 KQ/2H T`2/B+iBQM iQ #2 +QMbBbi2Mi rBi? i?2 Q#b2`p2/ 1m /Bbi`B#miBQM Q7 bi�`b
BM l6.bX

AM 6B;X 9k r2 b?Qr i?2 /BzmbBQM +Q2{+B2Mib Q7 ?�HQ RX h?Bb Bb Q#i�BM2/ #v }iiBM; i?2 1m
�#mM/�M+2 Q7 ;�b +2HHb rBi? � j@/BK2MbBQM�H :�mbbB�M 7mM+iBQMX "v i?2 }iiBM; r2 Q#i�BM i?2
T�`�K2i2` σ BM :�mbbB�M �i 2�+? bM�Tb?QiX h?2M i?2 /BzmbBQM +Q2{+B2Mi D +�M #2 +�H+mH�i2/
#v � `2H�iBQM 2Dt = σX h?2 2biBK�i2/ /BzmbBQM +Q2{+B2Mib �`2, BM i?2 +2Mi2` Q7 i?2 l6.
T`Q;2MBiQ` D ≃ 1 × 10−3 kpc2 Myr−1 ≃ 3 × 1026 cm2 s−1- �M/ BM i?2 QmibFB`i Q7 i?2 ;�H�tv
D ≃ 2 × 10−4 kpc2 Myr−1 ≃ 6 × 1025 cm2 s−1X qBi?BM k8y Jv`b- i?2 `@T`Q+2bb 2H2K2Mib
/2TQbBi2/ BM i?2 +2Mi2` Q7 � ;�H�tv Bb KBt2/ rBi? i?2 ;�b BM i?2 +2Mi`�H 8yW Q7 l6.- r?B+?
BM+Hm/2b Bib bi�`@7Q`KBM; `2;BQM r2HH BMbB/2X

h?2 /BzmbBQM +Q2{+B2Mi D Bb Q7 ;`2�i BKTQ`i�M+2 �M/ i?2`2 �`2 � HQi Q7 rQ`Fb QM i?2
T�`�K2i2`X E�`HbbQM Ukyy8V �`;m2/ i?�i- rBi? ?Bb biQ+?�biB+ K2i�H T`Q/m+iBQM KQ/2H- D ≃
7× 10−4 kpc2 Myr−1 #2bi `2T`Q/m+2b i?2 K2i�HHB+Biv /Bbi`B#miBQM 7mM+iBQM Q7 HQr@K�bb bi�`b
BM i?2 JqX >B`�B �M/ a�BiQ? UkyRdV BKTH2K2Mi � bm#@;`B/ /BzmbBQM `2+BT2 BM i?2B` aS>
bBKmH�iBQM- �M/ bim/B2/ i?2 2{+B2M+v Q7 KBtBM;X "v i?2 +QKT�`BbQM Q7 #�`BmK �#mM/�M+2b
Q7 bi�`b BM i?2B` bBKmH�i2/ ;�H�tB2b �M/ BM i?2 Jq Q` BM /r�`7 ;�H�tB2b- i?2v }M/ i?�i D >
2× 10−5 kpc2 Myr−1 Bb `2[mB`2/X CB 2i �HX UkyR8V mb2 2.4× 10−3 kpc2 Myr−1 �b i?2B` }/m+B�H
p�Hm2 Q7 i?2 2z2+iBp2 /BzmbBQM +Q2{+B2MiX Pm` /2`Bp2/ /BzmbBQM +Q2{+B2Mi Bb +QMbBbi2Mi iQ �HH
i?2b2 p�Hm2b BM i?2 HBi2`�im`2X

R9 .Bb+mbbBQMb
R9XR ai�` 7Q`K�iBQM ?BbiQ`B2b Q7 i?2 l6.b
Pm` `2bmHib bm;;2bi i?�i i?2 KBtBM; 2{+B2M+v Q7 LaJ 2D2+i� BMiQ i?2 AaJ Bb BKTQ`i�Mi 7Q`
i?2 1m �#mM/�M+2 /Bbi`B#miBQMX h?2 2{+B2M+v Bb /2i2`KBM2/ #v i?2 iBKBM; Q7 i?2 LaJ �M/
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6B;m`2 9R, (1mf62) @ (62f>) �#mM/�M+2b Q7 bi�` T�`iB+H2b BM ?�HQ R- +QKT�`2/ iQ i?2 Q#b2`p2/
bi2HH�` �#mM/�M+2b Q7 _2i AAX AM #Qi? T�M2Hb LaJ Q++m`b �i i?2 +2Mi2` Q7 i?2 ;�H�tvX G27i
T�M2H, h?2 LaJ Q++m`b �i i?2 2�`Hv bi�;2b Q7 bi�` 7Q`K�iBQMX h?2 bBKmH�i2/ bi�` T�`iB+H2
?�p2 bBKBH�` (1mf62) iQ 2�+? Qi?2`- +QMbBbi2Mi iQ i?2 Q#b2`p�iBQM Q7 bi�`b BM _2i AAX _B;?i
T�M2H, h?2 LaJ Q++m`b �i H�i2 bi�;2b Q7 bi�` 7Q`K�iBQMX Ai b?Qrb � bB;MB}+�MiHv H�`;2 b+�ii2`
Q7 (1mf62) �KQM; i?2 K2K#2` bi�`b- r?B+? Bb BM+QMbBbi2Mi rBi? i?2 Q#b2`p�iBQMb Q7 _2i AAX

bi�` 7Q`K�iBQM BM i?2 ;�H�tvX h?2 1m �#mM/�M+2 b+�ii2` �KQM; bi�`b BM l6.b +�M #2 mb2/
iQ BM72` i?2 bi�` 7Q`K�iBQM ?BbiQ`B2b Q7 i?2 l6.bX �bbmKBM; � +QMiBMmQmb bi�` 7Q`K�iBQM- i?2
/m`�iBQM b?QmH/ #2 HQM;2` i?�M jyy Jv`X h?Bb Bb HQM; +QKT�`2/ iQ i?2 ivTB+�H 7`22@7�HH iBK2
tff =

√
3π

32Gρ ≃ 70 MyrX AM Q`/2` 7Q` i?2 ;�b iQ #2 KBt2/ bm{+B2MiHv- i?2 #BM�`v M2mi`QM@bi�`b
b?QmH/ #2 7Q`K2/ 2�`Hv BM i?2 ?BbiQ`v- �M/ i?2 #BM�`v K2`;2b rBi? b?Q`i /2H�v iBK2- �M/ bi�`
7Q`K�iBQM +QMiBMm2b 7Q` � HQM; iBK2X

am+? /B{+mHiB2b H2�/ mb iQ +QMbB/2` KmHiBTH2- b2T�`�i2/ bi�` 7Q`K�iBQM b+2M�`BQX >Qr2p2`-
r2 /Q MQi ?�p2 2MQm;? Q#b2`p�iBQM iQ K�F2 �Mv /2+BbBp2 �`;mK2MiX Ai Bb BMi2`2biBM; iQ
Q#b2`p�iBQM�HHv +QM}`K i?2 2tBbi2M+2 Q7 ǳ}`bi@;2M2`�iBQMǴ bi�`b BM `@T`Q+2bb 2M`B+?2/ l6.b-
r?B+? /Q MQi +QMi�BM 1m �i �HHX h?2 7`�+iBQM Q7 i?2 1m@H2bb bi�`b i2HH mb i?2 iBKBM; Q7 LaJ
BM Bib bi�` 7Q`K�iBQM ?BbiQ`vX

R9Xk L�i�H FB+F Q7 M2mi`QM@bi�` #BM�`B2b
Pm` �M�HvbBb ?�p2 b?QrM i?�i i?2 ?B;? 1m �#mM/�M+2 BM _2i AA bi�`b +�M #2 `2T`Q/m+2/ B7
�M LaJ Q++m`b �i i?2 +2Mi2` Q7 i?2 T`Q;2MBiQ`X A7 � #BM�`v M2mi`QM bi�`b `2+2Bp2 � bK�HH FB+F
�i Bib 7Q`K�iBQM- bm+? +2Mi`�H 2tTHQbBQM ?�TT2Mb �7i2` i?2 /2H�v iBK2X �HbQ- B7 i?2 /2H�v iBK2
Bb [mBi2 bK�HH- LaJ ?�TT2Mb M2�` i?2 +2Mi2`X 6Q` hm+ AAA- 2tTHQbBQM �i i?2 QmibFB`i #2ii2`
2tTH�BMb i?2 bi2HH�` 1m �#mM/�M+2X h?Bb +Q``2bTQM/b iQ � +�b2 rBi? K2/BmK FB+F- +QKT�`�#H2
iQ i?2 pB`B�H `�/Bmb Q7 i?2 ;�H�tv- �M/ i?2 #BM�`v M2mi`QM bi�`b Q`#Bib �i �`QmM/ pB`B�H `�/BmbX
Ai Bb BMi2`2biBM; i?�i i?2 p2HQ+Biv /Bbi`B#miBQM ?�b irQ TQTmH�iBQMb, ?B;? FB+F �M/ HQr FB+F
U"2MB�KBMB 2i �HX kyReVX

hvTB+�H M�i�H FB+F Q7 2�+? M2mi`QM bi�` Bb i?2 Q`/2` Q7 Ryy FKfbX h?Bb Bb H�`;2` i?�M i?2
2b+�T2 p2HQ+Biv Q7 � ivTB+�H l6. T`Q;2MBiQ`X h?2`27Q`2 � ;QQ/ 7`�+iBQM Q7 #BM�`v M2mi`QM
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6B;m`2 9k, h?2 /BzmbBQM +Q2{+B2Mib +�H+mH�i2/ #v i?2 /BHmiBQM Q7 `@T`Q+2bb 2H2K2MibX q2
}i i?2 `@T`Q+2bb 2H2K2Mi�H �#mM/�M+2 BM 2�+? ;�b +2HH rBi? � i?`22@/BK2MbBQM�H :�mbbB�M iQ
2biBK�i2 i?2 +Q2{+B2MibX h?2 /2i�BHb �`2 /2b+`B#2/ BM i?2 K�BM i2tiX h?2 ?Q`BxQMi�H /�b?2/
HBM2b �`2 i?2 �p2`�;2 p�Hm2b Q7 i?2 +Q2{+B2Mib K2�bm`2/ �i /Bz2`2Mi KQK2MibX

bi�`b +�M 2b+�T2 7`QK i?2 Q`B;BM�H ?�HQ #27Q`2 i?2v K2`;2X q2 +�H+mH�i2 i?2 7`�+iBQM Q7
#BM�`v M2mi`QM bi�`b i?�i +QMi`B#mi2 iQ i?2 2M`B+?K2Mi Q7 i?2 l6. T`Q;2MBiQ`X >2`2 r2
�bbmK2 i?2 pB`B�H `�/Bmb Q7 i?2 l6. T`Q;2MBiQ` Bb R FT+ �M/ i?2 #BM�`v FB+F p2HQ+Biv 7QHHQrb
i?2 J�tr2HH@"QHixK�MM /Bbi`B#miBQM rBi? � p2HQ+Biv /BbT2`bBQM σX 6Q` i?2 /2H�v iBK2 r2
�bbmK2 � t−1 /Bbi`B#miBQM 7`QK tmin = 10 Jv` iQ tmax = 10 :v`X 6B;X 9j b?Qrb i?2 BMM2`
2tTHQbBQM 7`�+iBQM �b � 7mM+iBQM Q7 i?2 p2HQ+Biv /BbT2`bBQM σX AM ;2M2`�H- i?2 BMM2` 2tTHQbBQM
7`�+iBQM Bb �+im�HHv HQrX h?Bb BMM2` 2tTHQbBQM 7`�+iBQM +�M #2 mb2/ iQ +QMbi`�BM i?2 FB+F
p2HQ+Biv /Bbi`B#miBQMX >Qr2p2`- MQi2 i?�i i?2`2 �`2 � 72r 7�+iQ`b i?�i r2 ?�p2 iQ K�F2 +`m/2
�bbmKTiBQMbX Pm` /Bb+mbbBQM Bb #�b2/ �bbmKTiBQMb #2HQrX UBV .2�/ bi�`b +Q``2+iBQM, bBM+2
i?2 bi2HH�` TQTmH�iBQM BM l6.b r2 Q#b2`p2 iQ/�v Bb p2`v QH/- QMHv HQr@K�bb UH2bb i?�M yX3
M⊙V bi�`b bm`pBp2X �bbmKBM; i?�i i?2 AJ6 Bb i?2 QM2 T`QTQb2/ #v *?�#`B2` U*?�#`B2` kyyRV-
i?2 K�bb 7`�+iBQM Q7 +m``2MiHv bm`pBpBM; bi�`b Bb je W Q7 �HH i?2 bi�`bX h?2 bm`pBpBM; 7`�+iBQM
Bb MQi b2MbBiBp2 BM i?2 `�M;2 7`QK yXe J⊙ iQ RXy J⊙X UBBV LQ iB/�H bi`BTTBM;, i?2 l6.b r2
Q#b2`p2 iQ/�v /Q MQi HQb2 i?2B` K�bb #v iB/�H bi`BTTBM;X h?2`2 �`2 R9 l6.b 7Q` r?B+? i?2
bi2HH�` 1m �#mM/�M+2 Bb Q#b2`p2/ UaBKQM kyRNVX qBi? i?2 irQ +Q``2+iBQMb �#Qp2- i?2 iQi�H
BMBiB�H bi2HH�` K�bb Q7 R9 l6.b Bb 2.3× 105M⊙X qBi? � ivTB+�H 7Q`K�iBQM `�i2 UR T2` 105M⊙V
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Q7 K2`;BM; M2mi`QM@bi�` #BM�`B2b- r2 ?�p2 kXj K2`;BM; M2mi`QM@bi�` #BM�`B2b QM �p2`�;2X LQi2
i?�i r2 ?�p2 MQi �TTHB2/ i?2 FB+F@Qmi 2z2+i, Bi Bb �H`2�/v +QMbBbi2Mi iQ i?2 MmK#2` Q7 `@T`Q+2bb
2M`B+?2/ l6.X q2 +�M /2/m+2 i?�i KQbi K2`;BM; #BM�`v M2mi`QM@bi�`b 2tTHQ/2 rBi?BM i?2
;�H�tv i?2v �`2 7Q`K2/X >B;? p2HQ+Biv /BbT2`bBQM KQ/2H Bb /Bb7�pQ`2/ rBi? i?Bb �`;mK2MiX hQ
K�F2 i?2 σ > 100 FKfb KQ/2H +QKT�iB#H2- h?2 l6. T`Q;2MBiQ` b?QmH/ HQb2 Bib K�bb KQ`2
i?�M Ny W QM �p2`�;2X

AM K2i�H 2M`B+?K2Mi #v aL2- 2ti2`M�H 2M`B+?K2Mi +�M #2 BKTQ`i�MiX >Qr2p2`- 7Q` #BM�`v
M2mi`QM bi�`b Q` `@T`Q+2bb 2H2K2Mib bm+? b+2M�`BQ Bb mMHBF2HvX AM Qm` +QbKQHQ;B+�H bBKmH�iBQM-
i?2 ivTB+�H T?vbB+�H /Bbi�M+2 #2ir22M � T�B` Q7 bi�`@7Q`KBM; ;�H�tB2b Bb ∼ 60 FT+ �i z ∼ 11-
�M/ i?2 bBx2 Q7 2�+? l6. T`Q;2MBiQ` Bb ∼ 2 FT+X h?2M i?2 bm++2bb `�i2 Bb ∼ 10−4 B7 r2 QMHv
+QMbB/2` i?2 /B`2+iBQM Q7 i?2 BMBiB�H p2HQ+Biv U#2+�mb2 bQHB/ �M;H2 Q7 i?2 M2B;?#Q`BM; ;�H�tv Bb
π/(60)2VX AM �//BiBQM r2 ?�p2 i?2 i?B`/ �tBb, BM Q`/2` 7Q` i?2 LaJ Q7 2ti2`M�HHv 7Q`K2/ #BM�`v
M2mi`QM@bi�`b iQ ?�TT2M- r2 ?�p2 iQ }M2@imM2 i?2 2tTHQbBQM KQK2MiX � `Qm;? 2biBK�i2 Q7
`�i2 7Q` i?2 K2`;2` iQ Q++m` BMbB/2 � ;�H�tv UmM/2` i?2 �bbmKTiBQM i?�i i?2 p2HQ+Biv p2+iQ`
Bb T2`72+iV Bb Uk FT+VfUey FT+V = 1/30X JmHiBTHvBM; i?2b2 7�+iQ`b- Bi Bb [mBi2 `�`2 7Q` l6.
T`Q;2MBiQ`b iQ 2tT2`B2M+2 �M ǳ2ti2`M�HǴ `@T`Q+2bb 2M`B+?K2MiX

R9Xj LaJb Q` **aL2\
AM i?Bb rQ`F r2 ?�p2 �bbmK2/ i?�i LaJb �`2 i?2 QMHv `@T`Q+2bb 2M`B+?K2Mi bQm`+2bX >Qr@
2p2`- i?2Q`2iB+�HHv Qi?2` Q`B;BMb �`2 �HbQ +QMbB/2`2/, K�;M2iQ@`Qi�iBQM�H aL2 �M/ +QHH�Tb�`b
UqQQbH2v RNNjc aB2;2H 2i �HX kyRNc LBb?BKm`� 2i �HX kyR8VX h?2b2 �`2 `�`2 ivT2b Q7 **aL2X
aBM+2 i?2 HB72iBK2 Q7 � K�bbBp2 bi�` Bb b?Q`i- i?2B` /2H�v iBK2 Bb �HbQ b?Q`iX h?Bb Bb � +QMbTB+@
mQmb /Bz2`2M+2, LaJ +�M Q++m` �i � /Bbi�Mi TH�+2 7`QK Bib 7Q`K�iBQM- #mi i?2b2 `�`2 **aL2
KQbiHv Q++m` �i i?2 TH�+2 Q7 Bib #B`i?X

:�H�+iB+ +?2KB+�H 2pQHmiBQM rQ`Fb bm;;2bi i?�i i?2 K�BM `@T`Q+2bb Q`B;BM b?QmH/ #2 bQK2
FBM/ Q7 `�`2 **aL2X AM p�M /2 oQQ`i 2i �HX UkyRNV- i?2 �mi?Q`b �`;m2 i?�i i?2 KQ/2H BM r?B+?
QMHv LaJb �`2 i?2 `@T`Q+2bb Q`B;BM Bb BM+QKT�iB#H2 rBi? i?2 Q#b2`p�iBQMX h?2 TQBMi Bb i?2
#2?�pBQ` Q7 (1mf62) �i HQr@(62f>) `2;BK2X aBM+2 LaJb `2[mB`2 [mBi2 � HQM; iBK2 �7i2` i?2
7Q`K�iBQM- i?2v +�MMQi +QMi`B#mi2 iQ i?2 1m 2M`B+?K2Mi Q7 HQr@(62f>) bi�`bX �Mv `@T`Q+2bb
bQm`+2 rBi? MQ /2H�v iBK2 +�M #2 i?2 +�M/B/�i2 bQm`+2 Q7 :�H�+iB+ 1m 2M`B+?K2MiX

hm+ AAA Bb �M l6. KQ/2`�i2Hv 2M`B+?2/ rBi? 1mX AM Qm` KQ/2Hb i?2 KQ/2H i?�i +�mb2
LaJ �i i?2 TQBMi rBi? i?2 Qzb2i Q7 � pB`B�H `�/Bmb U6B;X jNVX �HH KQ/2Hb Q7 +2Mi`�H 2tTHQbBQM
r�b /Bb7�pQ`2/X 6Q` i?2 HQr 1m �#mM/�M+2 i?`22 BMi2`T`2i�iBQMb �`2 TQbbB#H2X UBV 1tTHQbBQM
?�TT2Mb �i QmibB/2 i?2 ;�H�tv- �b BM Qm` KQ/2HX h?2 iQi�H �KQmMi Q7 1m +�Tim`2/ BM bi�`b
Bb bK�HHX UBBV h?2 ?�HQ K�bb Bb H�`;2- i?2`27Q`2 i?2 (1mf>)- r?B+? Bb /2i2`KBM2/ #v 1m K�bb
Qp2` > K�bb- Bb HQrX UBBBV h?2 1m vB2H/ BM QM2 LaJ Bb bK�HHX q2 ?2`2 �`;m2 i?�i i?2 }`bi
b+2M�`BQ Bb i?2 KQbi HBF2Hv QM2X 6Q` b+2M�`BQ UBBV- i?2 ?v/`Q;2M K�bb b?QmH/ #2 4 × 107M⊙
iQ Q#i�BM (1mf>) ≃ −2.0X �bbmKBM; i?2 1m Bb /BHmi2/ iQ jy W Q7 ?v/`Q;2M rBi?BM pB`B�H
`�/Bmb Ui?Bb Bb i?2 ivTB+�H p�Hm2 BM Qm` bBKmH�iBQMV- �M/ i?2 +QbKB+ #�`vQM 7`�+iBQM Bb �#Qmi
Rf5 ∼ 6- i?2 ?�HQ K�bb b?QmH/ #2 �#Qmi 8 × 108M⊙X h?Bb Bb iQQ K�bbBp2 +QKT�`2/ iQ i?2
T`2/B+i2/ K�bb `�M;2 Q7 l6. T`Q;2MBiQ`b Ua�7�`x�/2? 2i �HX kyR3#VX h?2 2biBK�i2 QM i?2
KBtBM; K�bb Bb /2;2M2`�i2 rBi? i?2 1m vB2H/ 7`QK 2�+? 2p2MiX A7 r2 +QK#BM2 #Qi? i?2 UBBV
�M/ UBBBV �`;mK2Mib- Bi Bb TQbbB#H2 iQ 2tTH�BM i?2 1m �#mM/�M+2 Q7 hm+ AAAX hQ `2D2+i bm+?
TQbbB#BHBiv r2 M22/ � HQi Q7 l6. Q#b2`p�iBQMb �i `2H�iBp2Hv HQr (1mf>)X aBM+2 i?2 ?v/`Q;2M
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6B;m`2 9j, h?2 7`�+iBQMb Q7 LaJ i?�i ?�TT2Mb BMbB/2 pB`B�H `�/BmbX "Hm2 �M/ Q`�M;2 +m`p2b
`2T`2b2Mi irQ /Bz2`2Mi ?�HQb rBi? /Bz2`2Mi 2b+�T2 p2HQ+BiB2bX 6Q` i?Bb +�H+mH�iBQM r2 �bbmK2
i?�i i?2 p2HQ+Biv /Bbi`B#miBQM 7QHHQrb J�tr2HH@"QHixK�MM /Bbi`B#miBQMX h?2 ?Q`BxQMi�H �tBb
Bb i?2 p2HQ+Biv /BbT2`bBQM Q7 i?2 p2HQ+Biv /Bbi`B#miBQMX h?2 ?Q`BxQMi�H bQHB/ HBM2 Bb i?2 ǳ8W
bB;MB}+�M+2 H2p2HǴX h?Bb 7`�+iBQM +Q``2bTQM/b iQ i?2 H2p2H #2HQr r?B+? i?2 BMM2` 2tTHQbBQM
7`�+iBQMb �`2 BM+QKT�iB#H2 rBi? i?2 Q#b2`p�iBQM �i 8 W bB;MB}+�M+2 H2p2HX �Mv #BM�`v M2mi`QM
bi�` bvbi2K Bb FB+F2/ �i H2�bi ∼ 10 FKfb U"2MB�KBMB 2i �HX kyReV #2+�mb2 i?2 BMbi�Mi K�bb@HQbb
pB� M2mi`BMQ FB+Fb i?2 #BM�`v M2mi`QM@bi�` bvbi2K rBi? i?Bb bT22/X

/BHmiBQM K�bb `�M;2 Q7 l6. T`Q;2MBiQ`b Bb M�``Qr- � rB/2` /Bbi`B#miBQM Q7 (1mf>) +�M #2 mb2/
�b i?2 T`QQ7 Q7 QmibFB`i 2tTHQbBQMX 6Q` b+2M�`BQ UBBBV- r2 ?�p2 B@T`Q+2bb BM K�;M2iQ@`Q`�iBQM�H
aL2 UJ_aL2V ULBb?BKm`� 2i �HX kyRd#V �b � +�M/B/�i2 7Q` bK�HH@vB2H/ 2p2MiX AM i?Bb 2p2Mi i?2
M2mi`QM `B+?M2bb Bb KQ/2`�i2- i?2`27Q`2 2H2K2Mi�H �#mM/�M+2b /Q MQi 7QHHQr i?2 7mHH T�ii2`M
Q7 `@T`Q+2bb 2H2K2MibX aBM+2 i?2 Mm+H2mb Q7 1m Bb K�bbBp2 BM `@T`Q+2bb T�i?- i?2 T`Q/m+iBQM Q7
1m Bb bK�HH2` i?�M i?2 p�Hm2b mbm�HHv �bbmK2/X >Qr2p2`- bi�`b BM hm+ AAA �`2 H�Mi?�MB/2@`B+?
UCB 2i �HX kyRN�V- bm;;2biBM; i?�i i?2 Q`B;BM Q7 `@T`Q+2bb 2H2K2Mib BM hm+ AAA b?QmH/ ?�p2 [mBi2
M2mi`QM@`B+? 2MpB`QMK2MiX aBM+2 r2 /Q MQi FMQr �Mv bm+? � M2mi`QM@`B+? #mi HQr `@T`Q+2bb
vB2H/ 2p2Mi- i?Bb b+2M�`BQ Bb �HbQ mMHBF2HvX

Ai Bb BMi2`2biBM; iQ TQBMi Qmi i?�i r2 ?�p2 M2p2` /2i2+i2/ 1m BM bi�`b BM Qi?2` l6.b- #mi
bQK2 bi�`b +QMi�BM "� �M/ a`X h?2 Q`B;BMb +�M #2 b@T`Q+2bb Q` `@T`Q+2bb- #mi Bi Bb b?QrM i?�i
+QMbB/2`BM; i?2B` K2i�HHB+BiB2b i?2 b@T`Q+2bb +QMi`B#miBQM b?QmH/ #2 KBMQ`- H2�pBM; `@T`Q+2bb
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hBK2@H�; I Ryy Jv` hBK2@H�; = Ryy Jv`

_Irv
>B;? �#mM/�M+2-

H�`;2 b+�ii2`
>B;? �#mM/�M+2-

bK�HH b+�ii2`

_=rv
�HKQbi MQ

`@T`Q+2bb 2H2K2Mib
J2/BmK �#mM/�M+2-
K2/BmK@bK�HH b+�ii2`

h�#H2 j, � bmKK�`v Q7 i?2 `2H�iBQM #2ir22M 1m �#mM/�M+2 Q#b2`p�iBQM �M/ T`Q;2MBiQ` ?�HQ
T`QT2`iB2bX

�b i?2 QMHv bQm`+2 Q7 i?2b2 2H2K2Mib UCB 2i �HX kyRN#VX AM 6B;X jN r2 b?Qr i?�i B7 �M LaJ
?�TT2Mb QmibB/2 i?2 pB`B�H `�/Bmb- i?2 bi�`b BM l6.b +�M #2 2M`B+?2/ iQ � p2`v HQr H2p2HX h?2
bi�`b BM Qi?2` l6.b i?�i +QMi�BM "� �`2 ivTB+�HHv 2M`B+?2/ iQ ("�f>)∼ −4 UCB 2i �HX kyRN#VX
A7 r2 �bbmK2 i?�i �HH i?2 "� BM i?2b2 bi�`b +QK2 7`QK `@T`Q+2bb- i?2B` 1m �#mM/�M+2b b?QmH/
#2 (1mf>)∼ −3.1 U"m``Bb 2i �HX kyyyVX �Hi?Qm;? BM 6B;X jN i?2 `�M;2 Bb MQi b?QrM- i?Bb
(1mf>) ivTB+�HHv +Q``2bTQM/b iQ i?2 KQ/2Hb i?�i LaJ ?�TT2Mb �i i?2 TQBMi rBi? i?2 Qzb2i
Q7 3rvirX

AM bmKK�`v- i?2 KQ/2`�i2 1m 2M`B+?K2Mi Q7 hm+ AAA +�M #2 2tTH�BM2/ M�im`�HHv #2 �M
LaJ BM i?2 Qm`bFB`i Q7 i?2 T`Q;2MBiQ`X A7 r2 }M/ KQ`2 l6.b rBi? (1mf>) ∼ −3 r2 +�M #2
KQ`2 +QM}/2Mi i?�i i?2 Q`B;BM Q7 `@T`Q+2bb 2H2K2Mi BM i?2 l6.b �`2 LaJbX h?2v �`2 i?2
QMHv bQm`+2 i?�i �HHQr KQ/2`�i2 2M`B+?K2MiX

R9X9 Pi?2` BKTHB+�iBQMb
AM h�#H2 j r2 bmKK�`Bx2 Qm` �M�HvbBbX 6`QK i?2 1m �#mM/�M+2b Q7 bi�`b BM � l6.- r2
+�M BM72` i?2 iBK2 H�; #2ir22M i?2 LaJ �M/ ivTB+�H bi�` 7Q`K�iBQM BM i?2 ;�H�tv- �M/ i?2
/Bbi�M+2 Q7 i?2 2tTHQbBQM bBi2 7`QK i?2 +2Mi2`X h?2 iBK2@H�; #2ir22M LaJ �M/ ivTB+�H bi�`
7Q`K�iBQM /2i2`KBM2b i?2 b+�ii2` Q7 1m �#mM/�M+2X A7 i?2 iBK2@H�; Bb b?Q`i- bQ i?�i KQbi Q7
i?2 bi�`b �`2 7Q`K2/ #27Q`2 i?2 LaJ 2D2+i� /BHmiBQM- i?2 �#mM/�M+2 b+�ii2` Bb H�`;2X A7 i?2
bi�` 7Q`K�iBQM H�bib HQM;- bQ i?�i KQbi Q7 i?2 bi�`b �`2 7Q`K2/ �7i2` i?2 /BHmiBQM- i?2M i?2
�#mM/�M+2 b+�ii2` Bb bK�HHX h?2 /Bbi�M+2 Q7 i?2 2tTHQbBQM bBi2 7`QK i?2 +2Mi2` /2i2`KBM2b i?2
Qp2`�HH �#mM/�M+2 Q7 1mX h?2 +`BiB+�H `�/Bmb Bb �`QmM/ i?2 pB`B�H `�/BmbX � H�`;2` 2tTHQbBQM
2M2`;v H2�/b iQ H�`;2` KBtBM; K�bb- r?B+? K�F2b Qm` BMBiB�H +QM/BiBQM KQ`2 ?QKQ;2M2QmbX
>Qr2p2`- i?2 `�/Bmb Q7 i?2 bMQmTHQm;? #m##H2 QMHv /2T2M/b r2�FHv QM i?2 2M2`;vX h?2`27Q`2
�HbQ BM bm+? +�b2b i?2 /QKBM�Mi /BHmiBQM K2+?�MBbK Bb i?2 im`#mH2Mi KQiBQMb Q7 AaJX h?2
2tTHQbBQM 2M2`;v /Q MQi bB;MB}+�MiHv �z2+i i?2 `2bmHiX

G�biHv- r2 /Bb+mbb i?2 BKTHB+�iBQMb 7Q` `@T`Q+2bb 2M`B+?K2Mi BM ;HQ#mH�` +Hmbi2`b U:*bVX �i
H2�bi ?�H7 Q7 :*b +QMi�BM `@T`Q+2bb 2M`B+?2/ bi�`b U_Q2/2`2` kyRRVX h?2 KQ/2HBM; Q7 `@T`Q+2bb
2M`B+?K2Mi Q7 :*b Bb 7�` 7`QK +QKTH2i2X h?2 BKTQ`i�Mi T`Q#H2Kb �`2, i?2 Q`B;BM Q7 `@T`Q+2bb
2M`B+?K2Mi- �M/ i?2 p2`v bK�HH b+�ii2` Q7 1m �#mM/�M+2 U"2FFB �M/ hbmDBKQiQ kyRdVX q2
�`;m2 i?�i i?2 `@T`Q+2bb 2M`B+?K2Mi Q7 bi�`b BM :*b +�M TQbbB#Hv 2tTH�BM2/ #v QM2 Q7 Qm`
KQ/2Hb- �Hi?Qm;? i?2 l6.b r2 ?�p2 BMp2biB;�i2/ �`2 KQ`2 2ti2M/2/ bvbi2KbX AM � l6. rBi?
HQM; bi�` 7Q`K�iBQM- `@T`Q+2bb 2H2K2Mib �`2 KBt2/ r2HH rBi? i?2 ?v/`Q;2M ;�b BM i?2 ;�H�tvX
h?Bb Bb +QMbBbi2Mi iQ i?2 +?2KB+�H 72�im`2 Q7 bi�`b BM :*bX

Pm` +QM+HmbBQM 7Q` i?2 S�`i AAA Bb �b 7QHHQrb,
RX h?2 1m �#mM/�M+2 BM _2i AA �M/ hm+ AAA #Qi? +�M #2 2tTH�BM2/ #v � LaJ b+2M�`BQX
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kX h?2 l6. +�M #2 2M`B+?2/ iQ (1mf>) ∼ −0.5- B7 �M LaJ Q` �Mv FBM/b Q7 `@T`Q+2bb 2p2Mib
Q++m`b BMbB/2 i?2 pB`B�H `�/Bmb Q7 � l6. T`Q;2MBiQ`X *QMbB/2`BM; i?2 b?�HHQr TQi2MiB�H
r2HH Q7 l6. T`Q;2MBiQ`b- i?2 LaJ b?QmH/ ?�TT2M #27Q`2 i?2 +QbKB+ `2BQMBx�iBQMX

jX h?2 ?B;? 1m �#mM/�M+2 BM _2i AA Bb +QMbBbi2Mi iQ i?2 +2Mi`�H 2tTHQbBQM b+2M�`BQ- �M/
i?2 K2/BQ+`2 1m �#mM/�M+2 BM hm+ AAA Bb +QMbBbi2Mi iQ i?2 QmibFB`i U∼ pB`B�H `�/BmbV
2tTHQbBQM b+2M�`BQX "BM�`v M2mi`QM@bi�`b +�M ?�p2 BMBiB�H p2HQ+Biv Q7 � 72r i2Mb Q7 FKfb-
r?B+? Bb bBKBH�` iQ i?2 2b+�T2 p2HQ+Biv Q7 i?2 ;�H�tv �M/ Bb +QMbBbi2Mi iQ i?2 QmibFB`i
2tTHQbBQM b+2M�`BQX
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S�`i Ao
amKK�`v
AM i?Bb i?2bBb A BMp2biB;�i2/ i?2 /BHmiBQM Q7 ?2�pv 2H2K2Mib T`Q/m+2/ BM 2tTHQbBp2 2p2Mib BM
i?2 lMBp2`b2X Pm` rQ`F ?�b +H�`B}2/ i?�i BM?QKQ;2M2Biv Q7 K2i�HHB+Biv BM 2�+? ;�H�tv Bb H�`;2
B7 i?2 ;�H�tv ?�b M2p2` 7Q`K2/ bi�`bX q?2M r2 i`v iQ KQ/2H i?2 SQT AAA iQ SQT AA i`�MbBiBQM
�M�HviB+�HHv r2 ?�p2 iQ #2 �r�`2 Q7 i?Bb BM?QKQ;2M2Biv, r2 M22/ KQ`2 K2i�Hb iQ bm{+B2MiHv
2M`B+? M2B;?#Q`BM; ?�HQb i?�M BM M�Bp2 +�H+mH�iBQMX q2 ?�p2 #mBHi � KQ/2H iQ T`QT2`Hv i�F2
BM?QKQ;2M2Biv BMiQ �++QmMiX qBi? i?Bb KQ/2H r2 +�M 7m`i?2` bim/v i?2 +?2KB+�H 2pQHmiBQM
Q7 ;�H�tB2bX

h?`Qm;? i?2 ?v/`Q/vM�KB+�H KQ/2HBM; Q7 �M `@T`Q+2bb 2M`B+?2/ l6. r2 ?�p2 bm;;2bi2/
i?�i i?2 2H2K2Mi�H �#mM/�M+2 /Bbi`B#miBQM Q7 bi�`b BM � ;�H�tv +�M #2 mb2/ iQ BM72` i?2 bi�`
7Q`K�iBQM ?BbiQ`v Q7 i?2 l6. T`Q;2MBiQ`X aBM+2 `@T`Q+2bb /QKBM�MiHv Q++m`b BM `�`2 2p2Mib-
bK�HH bvbi2Kb bm+? �b l6.b �`2 �M B/2�H H�#Q`�iQ`v 7Q` /Bb2Mi�M;HBM; +QKTH2t +?2KB+�H
2pQHmiBQMX �M BMi2`2biBM; +QMM2+iBQM ?�b TQBMi2/ Qmi i?�i ivTB+�H (1mf62) Q7 ?B;?Hv `@T`Q+2bb
2M`B+?2/ bi�`b BM i?2 ?�HQ Bb bBKBH�` iQ i?2 QM2 Q7 _2i AA- � ?B;?Hv `@T`Q+2bb 2M`B+?2/ l6.X
h?Bb +QBM+B/2M+2 K�v bm;;2biBM; i?�i i?2 ?�HQ bi�`b �`2 Q`B;BM�i2/ 7`QK /Bb`mTi2/ /r�`7
;�H�tB2bX �HbQ- p2`v `2+2MiHv ǳ/vM�KB+�H i�;;BM;Ǵ Q7 ?�HQ bi�`b �`2 +QM/m+i2/ rBi? :�B�
._kX am+? /2i�BH2/ /vM�KB+�H BM7Q`K�iBQM +�M BM+`2�b2 i?2 b�KTH2 bBx2 Q7 b�i2HHBi2 ;�H�tB2bX
*?2KB+�H KQ/2HBM; Q7 b�i2HHBi2 U/r�`7- mHi`�7�BMi /r�`7V ;�H�tB2b �`2 BKTQ`i�Mi #2+�mb2 Bi Bb
[mBi2 T`QKBbBM; iQ ?�p2 M2r BM7Q`K�iBQM QM KmHiBTH2 }2H/b- BM+Hm/BM; i?2 2H2K2Mi bvMi?2bBb-
#v /B`2+iHv +QKT�`BM; i?2 `2bmHib iQ mT+QKBM; Q#b2`p�iBQMbX

Ai rQmH/ #2 BMi2`2biBM; B7 r2 +QmH/ bim/v i?2 2pQHmiBQM Q7 Qi?2` 2H2K2MibX h?2 Q`B;BM
Q7 *1JS@b bi�`b Bb T`Q#�#Hv i?2 �:" bi�`b- #mi i?2 Q`B;BM Q7 *1JS@` bi�`b Bb mMFMQrM-
bBM+2 r2 /Q MQi FMQr �Mv Mm+H2QbvMi?2bBb 2p2Mi i?�i T`Q/m+2b +�`#QM �M/ `@T`Q+2bb 2H2K2Mib
�i i?2 b�K2 iBK2X h?2 Q`B;BM K�v Dmbi #2 � +QBM+B/2M+2 Q7 +�`#QM@2M?�M+BM; �M/ `@T`Q+2bb
Mm+H2QbvMi?2bBb 2p2Mib- Q` i?2`2 K�v #2 bQK2 mMFMQrM �bi`QT?vbB+�H bBi2X am+? +QK#BM�iBQM
KQ/2HBM; +�M 7m`i?2` +QMbi`�BM i?2 +?2KB+�H 2pQHmiBQM Q7 i?2 lMBp2`b2X � T2`72+i +?2KB+�H
2pQHmiBQM KQ/2H b?QmH/ `2T`Q/m+2 i?2 �#mM/�M+2b Q7 �HH 2H2K2MibX P7 +Qm`b2 i?Bb Bb MQi?BM;
#mi � /`2�K 7`QK i?2 +m``2Mi bi�imb- #mi i?`Qm;? i?2 `2}M2K2Mi Q7 +?2KB+�H 2pQHmiBQM KQ/2Hb
r2 +QMiBMmQmbHv H2�`M �#Qmi i?2 T?vbB+b BM i?2 lMBp2`b2X AM i?Bb b2Mb2 i?2 ǳ/`2�KǴ +�M b2`p2
�b � ;mB/�M+2 7Q` mb iQ F22T ;QBM;X q2 biBHH ?�p2 [mBi2 � HQM; r�v iQ ;Q- #mi i?2 7mim`2 Bb
#`B;?i, i?2`2 �`2 � HQi Q7 Kvbi2`B2b r�BiBM; iQ #2 bQHp2/X

3N



R8 �+FMQrH2/;2K2Mi
A rQmH/ HBF2 iQ 2tT`2bb Kv /22T2bi ;`�iBim/2 iQ Kv bmT2`pBbQ` L�QFB uQb?B/� 7Q` ?Bb ;2M2`Qmb
bmTTQ`ibX >2 BMi`Q/m+2/ K2 iQ � p2`v BMi2`2biBM; �M/ biBKmH�iBM; `2b2�`+? iQTB+- ?2HT K2
H2�`M i?2 #�+F;`QmM/b iQ /Q `2b2�`+?- �M/ ;Bp2 K2 p2`v p�Hm�#H2 �/pB+2b iQ T`2b2Mi i?2 `2bmHib
BM � bQT?BbiB+�i2/ K�MM2`X >2 ?2HT K2 BKT`Qp2 Kv TQQ`Hv r`Bii2M /`�7i UHBF2 �#bi`�+ib Q7
+QM72`2M+2b Q` i?2 i2tib Q7 T�T2`bV iQ � bQT?BbiB+�i2/ b+B2M+2 i2tiX

Jv `2b2�`+? rQmH/ MQi ?�p2 #22M TQbbB#H2 rBi?Qmi i?2 ;`2�i2bi ?2HT 7`QK hBHK�M >�`irB;X
A rQmH/ HBF2 iQ +Q`/B�HHv i?�MF ?BKX >2 H2i K2 mb2 i?2 +Q/2 ?2 ?�b BKTH2K2Mi2/- �M/ T�iB2MiHv
F22T i2�+?BM; K2 ?Qr iQ mb2 i?2 +Q/2X A H2�`M2/ � HQi 7`QK BMMmK2`�#H2 /Bb+mbbBQMb A ?�/
rBi? ?BKX A �bF2/ bQ K�Mv [m2biBQMb- �M/ ?2 �Mbr2`b KQbi Q7 i?2K, ?2 Bb i?2 bQm`+2 Q7 KQbi
Q7 i?2 FMQrH2/;2 A ?�p2 �+[mB`2/X �HbQ ?2 ;�p2 K2 p2`v +QMbi`m+iBp2 �/pB+2 iQ �HH Q7 Kv
b+B2MiB}+ i?BM;b- BM+Hm/BM; T`2b2Mi�iBQMb �M/ i?Bb i?2bBbX A �HbQ H2�`M2/ � HQi Q7 MQM@b+B2MiB}+
i?BM;b i?`Qm;? i?2 /Bb+mbbBQMb, Bi r�b � p2`v ;QQ/ #`2�i?2` 7Q` K2 iQ ?2�` ?Bb biQ`B2bX

A �HbQ r�Mi iQ i?�MF a?B;2FB AMQm2 7Q` i2�+?BM; K2 ?Qr iQ `mM � +QbKQHQ;B+�H bBKmH�iBQM
rBi? �`2TQ- r?B+? K�/2 K2 TQbbB#H2 iQ r`Bi2 S�`i AAA Q7 i?Bb i?2bBbX >Bb i2+?MB+�H bmTTQ`i
?�b #22M 2bb2MiB�H 7Q` Kv rQ`F- �M/ i?2 bFBHHb ?2 H2i K2 �+[mB`2 rBHH �HbQ #2 p2`v mb27mH
i?`Qm;?Qmi Kv `2b2�`+?X

A r�Mi iQ i?�MF Kv +m``2Mi `QQKK�i2b, E�xmKB- h�BxQ- J�b�i�F�- EQDB`Q- umi�- *QMQ`-
a?BDB2- �M/ E�M� 7Q` p2`v 2MDQv�#H2 �iKQbT?2`2X h?2v ?2HT2/ K2 BM K�Mv KQK2Mib- 7Q`
BMbi�M+2 ?Qr iQ b?Qr };m`2b QM � T�T2` QM Pp2`H2�7- Q` iQ #mv � #Qt7mH Q7 Q`�M;2 �M/ b?�`2
rBi? mb iQ `2H�tX A �HbQ r�Mi iQ i?�MF Kv 7Q`K2` `QQKK�i2b, >B`QiQ- h�FmKB- CmMǶv�-
h�Fmv�- a�Fm- umiBM; 7Q` `2H�tBM; #mi biBKmH�iBM; �iKQbT?2`2 r2 ?�/ BM JR `QQKX aT2+B�H
i?�MFb iQ h�FmKB- r?Q Q7i2M H2i K2 bi�v �i ?Bb ?Qmb2 �M/ ?2HT K2 H2�`M T?vbB+bX

6BM�HHv- A r�Mi iQ i?�MF Kv 7�KBHv- 2bT2+B�HHv Kv T�`2Mib- iQ bmTTQ`i K2 i?`Qm;?Qmi Kv
HB72X qBi?Qmi i?2B` bmTTQ`i A rQmH/ MQi ?�p2 #22M �#H2 iQ rQ`F 7Q` i?2 biBKmH�iBM; rQ`H/ Q7
`2b2�`+? i?�i A HQp2X 1bT2+B�HHv A r�Mi iQ i?�MF Kv KQi?2`- umFBFQ- 7Q` T�iB2MiHv i2�+?BM;
K2 i?2 BKTQ`i�M+2 Q7 /BHB;2M+2 r?2M A H2�`M M2r i?BM;bX
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_272`2M+2b
>X �X �#iX LQ`K�H �M/ �#MQ`K�H #BM�`v 7`2[m2M+B2bX �MMm�H _2pB2r Q7 �bi`QMQKv �M/

�bi`QT?vbB+b- kR,j9jĜjdk- C�M RN3jX /QB, RyXRR9ef�MMm`2pX��XkRXyNyR3jXyykyR8X

"?�bF�` �;�`r�H- a�/2;? E?Q+?7�`- C�``2ii GX CQ?MbQM- 1v�H L2Bbi2BM- *H�m/BQ .�HH� o2+@
+?B�- �M/ J�`BQ GBpBQX l#B[mBiQmb b22/BM; Q7 bmT2`K�bbBp2 #H�+F ?QH2b #v /B`2+i +QH@
H�Tb2X JQMi?Hv LQiB+2b Q7 i?2 _Qv�H �bi`QMQKB+�H aQ+B2iv- 9k8,k389Ĝk3dR- P+i kyRkX /QB,
RyXRRRRfDXRje8@kNeeXkyRkXkRe8RXtX

�X �`2Mib2M- 1X ai�`F2M#m`;- JX .X a?2i`QM2- EX �X o2MM- úX .2T�;M2- �M/ �X qX J+@
*QMM�+?B2X "BM�`Biv �KQM; *1JS@MQ bi�`b, �M BM/B+�iBQM Q7 KmHiBTH2 7Q`K�iBQM T�i?r�vb\
�bi`QMQKv �M/ �bi`QT?vbB+b- ekR,�Ry3- C�M kyRNX /QB, RyXRy8Rfyyy9@ejeRfkyR3j9R9eX

C2MMB72` "�`M2b �M/ .�MB2H E�b2MX 1z2+i Q7 � >B;? PT�+Biv QM i?2 GB;?i *m`p2b Q7 _�/BQ�+@
iBp2Hv SQr2`2/ h`�MbB2Mib 7`QK *QKT�+i P#D2+i J2`;2`bX �bi`QT?vbB+�H CQm`M�H- dd8URV,
R3- a2T kyRjX /QB, RyXRy33fyyy9@ejdsfdd8fRfR3X

EX "2+?iQH 2i �HX 1B;?i L2r JBHFv q�v *QKT�MBQMb .Bb+Qp2`2/ BM 6B`bi@v2�` .�`F 1M@
2`;v am`p2v .�i�X �bi`QT?vbB+�H CQm`M�H- 3ydURV,8y- CmH kyR8X /QB, RyXRy33fyyy9@
ejdsf3ydfRf8yX

E2MDB "2FFB �M/ h�FmDB hbmDBKQiQX 6Q`K�iBQM Q7 :HQ#mH�` *Hmbi2`b rBi? AMi2`M�H �#mM/�M+2
aT`2�/b BM `@S`Q+2bb 1H2K2Mib, ai`QM; 1pB/2M+2 7Q` S`QHQM;2/ ai�` 6Q`K�iBQMX �bi`QT?vb@
B+�H CQm`M�H- 399URV,j9- CmH kyRdX /QB, RyXj39dfR8j3@9j8df��dd�2X

�M/`2B JX "2HQ#Q`Q/QpX Lm+H2�` *QKTQbBiBQM Q7 :�KK�@_�v "m`bi 6B`2#�HHbX �bi`QT?vbB+�H
CQm`M�H- 833UkV,NjRĜN99- J�v kyyjX /QB, RyXRy3efjd9kRdX

S�x "2MB�KBMB- E2Mi� >QiQF2x�F�- �M/ hbpB SB`�MX L�i�H EB+Fb �M/ hBK2 .2H�vb BM J2`;BM;
L2mi`QM ai�` "BM�`B2b, AKTHB+�iBQMb 7Q` `@T`Q+2bb Lm+H2QbvMi?2bBb BM lHi`�@7�BMi .r�`7b
�M/ BM i?2 JBHFv q�vX �bi`QT?vbB+�H CQm`M�H- 3kNURV,GRj- a2T kyReX /QB, RyXj39dfky9R@
3ky8f3kNfRfGRjX

:`2; GX Qi?2`b "`v�MX 1LwP, �M �/�TiBp2 J2b? _2}M2K2Mi *Q/2 7Q` �bi`QT?vbB+bX
�bi`QT?vbB+�H CQm`M�H amTTH2K2Mi a2`B2b- kRRUkV,RN- �T` kyR9X /QB, RyXRy33fyyed@
yy9NfkRRfkfRNX

.2#`� GX "m``Bb 2i �HX L2mi`QM@*�Tim`2 1H2K2Mib BM i?2 1�`Hv :�H�tv, AMbB;?ib 7`QK �
G�`;2 a�KTH2 Q7 J2i�H@TQQ` :B�MibX �bi`QT?vbB+�H CQm`M�H- 899URV,jykĜjRN- LQp kyyyX
/QB, RyXRy3efjRdRdkX

:BHH2b *?�#`B2`X h?2 :�H�+iB+ .BbF J�bb "m/;2iX AX ai2HH�` J�bb 6mM+iBQM �M/ .2MbBivX
�bi`QT?vbB+�H CQm`M�H- 889UkV,Rkd9ĜRk3R- CmM kyyRX /QB, RyXRy3efjkR9yRX

EX@CX *?2M- �X >2;2`- .X CX q?�H2M- hX CX JQ`Bv�- oX "`QKK- �M/ aX 1X qQQbH2vX GQr@2M2`;v
SQTmH�iBQM AAA bmT2`MQp�2 �M/ i?2 Q`B;BM Q7 2ti`2K2Hv K2i�H@TQQ` bi�`bX JQMi?Hv LQiB+2b
Q7 i?2 _Qv�H �bi`QMQKB+�H aQ+B2iv- 9ed,9djRĜ9dj3- CmM2 kyRdX /QB, RyXRyNjfKM`�bfbit9dyX
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:X *?B�FB- >X amb�- �M/ aX >B`�MQX J2i�H@TQQ` bi�` 7Q`K�iBQM i`B;;2`2/ #v i?2 722/#�+F
2z2+ib 7`QK SQT AAA bi�`bX JQMi?Hv LQiB+2b Q7 i?2 _Qv�H �bi`QMQKB+�H aQ+B2iv- 9d8,9jd3Ĝ
9jN8- �T`BH kyR3X /QB, RyXRyNjfKM`�bfbivy9yX

:2M *?B�FB- LQxQKm hQKBM�;�- �M/ h�F�v� LQx�r�X *H�bbB}+�iBQM Q7 2ti`2K2Hv K2i�H@TQQ`
bi�`b, �#b2Mi `2;BQM BM �U*V@(62f>) TH�M2 �M/ i?2 `QH2 Q7 /mbi +QQHBM;X JQMi?Hv LQiB+2b Q7
i?2 _Qv�H �bi`QMQKB+�H aQ+B2iv- 9dkURV,GRR8ĜGRRN- LQp kyRdX /QB, RyXRyNjfKM`�bHfbHtRejX

"2MQBi *Ƭiû- .2pBM qX aBHpB�- "`B�M qX PǶa?2�- "`BiiQM aKBi?- �M/ CQ?M >X qBb2X o�HB/�iBM;
a2KB@�M�HviB+ JQ/2Hb Q7 >B;?@`2/b?B7i :�H�tv 6Q`K�iBQM lbBM; _�/B�iBQM >v/`Q/vM�KB+�H
aBKmH�iBQMbX �bi`QT?vbB+�H CQm`M�H- 38NURV,ed- J�v kyR3X /QB, RyXj39dfR8j3@9j8df��#237X

"2MQBi *Ƭiû 2i �HX L2mi`QM ai�` J2`;2`b JB;?i LQi "2 i?2 PMHv aQm`+2 Q7 `@T`Q+2bb 1H2@
K2Mib BM i?2 JBHFv q�vX �bi`QT?vbB+�H CQm`M�H- 3d8UkV,Rye- �T` kyRNX /QB, RyXj39dfR8j3@
9j8df�#Ry/#X

CQ?M CX *Qr�M 2i �HX J�FBM; i?2 >2�pB2bi 1H2K2Mib BM i?2 lMBp2`b2, � _2pB2r Q7 i?2 _�TB/
L2mi`QM *�Tim`2 S`Q+2bbX �`sBp 2@T`BMib- �`iX �`sBp,RNyRXyR9Ry- C�M kyRNX

SX aX *QrT2`i?r�Bi2 2i �HX h?2 1H2+i`QK�;M2iB+ *QmMi2`T�`i Q7 i?2 "BM�`v L2mi`QM ai�`
J2`;2` GA:PfoB`;Q :qRdy3RdX AAX lo- PTiB+�H- �M/ L2�`@BM7`�`2/ GB;?i *m`p2b �M/
*QKT�`BbQM iQ EBHQMQp� JQ/2HbX �bi`QT?vbB+�H CQm`M�H G2ii2`b- 393UkV,GRd- P+i kyRdX /QB,
RyXj39dfky9R@3kRjf��37+dX

JX /2 "2MM�bbmiB- aX a�Hp�/Q`B- _X a+?M2B/2`- _X o�HB�Mi2- �M/ EX PKmF�BX GBKBib QM SQT@
mH�iBQM AAA bi�` 7Q`K�iBQM rBi? i?2 KQbi B`QM@TQQ` bi�`bX JQMi?Hv LQiB+2b Q7 i?2 _Qv�H
�bi`QMQKB+�H aQ+B2iv- 9e8URV,NkeĜN9y- 62# kyRdX /QB, RyXRyNjfKM`�bfbirke3dX

JX 1B+?H2`- �X �`+QM2b- �X E2HB+- PX EQ`Q#FBM- EX G�M;�MF2- hX J�`F2iBM- :X J�`iBM2x@
SBM2/Q- AX S�MQp- hX _�mb+?2`- aX _QbbrQ;- *X qBMi2H2`- LX hX wBMM2`- �M/ 6X EX h?B2H2@
K�MMX h?2 _QH2 Q7 6BbbBQM BM L2mi`QM ai�` J2`;2`b �M/ Aib AKT�+i QM i?2 `@S`Q+2bb S2�FbX
�bi`QT?vbB+�H CQm`M�H- 3y3URV,jy- CmH kyR8X /QB, RyXRy33fyyy9@ejdsf3y3fRfjyX

�X 1K2`B+F 2i �HX J2i�H JBtBM; �M/ 1D2+iBQM BM .r�`7 :�H�tB2b �`2 .2T2M/2Mi QM Lm@
+H2QbvMi?2iB+ aQm`+2X �bi`QT?vbB+�H CQm`M�H- 3eN,N9- .2+2K#2` kyR3X /QB, RyXj39dfR8j3@
9j8df��2+d/X

_Q#2`iQ :�HHBMQ- *H�m/BQ �`H�M/BMB- J�m`BxBQ "mbbQ- J�`B� Gm;�`Q- *H�m/B� h`�p�;HBQ- Pb@
+�` ai`�MB2`Q- �H2bb�M/`Q *?B2{- �M/ J�`+Q GBKQM;BX 1pQHmiBQM �M/ Lm+H2QbvMi?2bBb BM
GQr@J�bb �bvKTiQiB+ :B�Mi "`�M+? ai�`bX AAX L2mi`QM *�Tim`2 �M/ i?2 a@S`Q+2bbX �bi`Q@
T?vbB+�H CQm`M�H- 9NdURV,j33Ĝ9yj- �T` RNN3X /QB, RyXRy3efjy89jdX

a?2� :�``BbQM@EBKK2H- JB+?�2H "QvH�M@EQH+?BM- C�K2b aX "mHHQ+F- �M/ 1p�M LX EB`#vX hQQ
#B; iQ 7�BH BM i?2 GQ+�H :`QmTX JQMi?Hv LQiB+2b Q7 i?2 _Qv�H �bi`QMQKB+�H aQ+B2iv- 999URV,
kkkĜkje- P+i kyR9X /QB, RyXRyNjfKM`�bfbimR9ddX

aBKQM :HQp2`X h?2 6B`bi ai�`b- pQHmK2 jNe Q7 �bi`QT?vbB+b �M/ aT�+2 a+B2M+2 GB#`�`v- T�;2
RyjX kyRjX /QB, RyXRyydfNd3@j@e9k@jkjek@RnjX
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_Q#2`i CX CX :`�M/- 6�+mM/Q �X :ɾǶQK2x- 62/2`B+Q J�`BM�++B- _ɾǴm/B;2` S�FKQ`- oQHF2`
aT`BM;2H- .�pB/ CX _X *�KT#2HH- *�`HQb aX 6`2MF- �/`B�M C2MFBMb- �M/ aBKQM .X JX q?Bi2X
h?2 �m`B;� S`QD2+i, i?2 T`QT2`iB2b �M/ 7Q`K�iBQM K2+?�MBbKb Q7 /Bb+ ;�H�tB2b �+`Qbb
+QbKB+ iBK2X JQMi?Hv LQiB+2b Q7 i?2 _Qv�H �bi`QMQKB+�H aQ+B2iv- 9edURV,RdNĜkyd- J�v
kyRdX /QB, RyXRyNjfKM`�bfbitydRX

h?QK�b >X :`2B7 �M/ oQHF2` "`QKKX hrQ TQTmH�iBQMb Q7 K2i�H@7`22 bi�`b BM i?2 2�`Hv lMB@
p2`b2X JQMi?Hv LQiB+2b Q7 i?2 _Qv�H �bi`QMQKB+�H aQ+B2iv- jdjURV,Rk3ĜRj3- LQp kyyeX /QB,
RyXRRRRfDXRje8@kNeeXkyyeXRRyRdXtX

"`2M/�M 6X :`Bz2M 2i �HX h?2 *�i2`TBHH�` S`QD2+i, � G�`;2 amBi2 Q7 JBHFv q�v aBx2/ >�HQbX
�bi`QT?vbB+�H CQm`M�H- 3R3URV,Ry- 62# kyReX /QB, RyXj39dfyyy9@ejdsf3R3fRfRyX

PHBp2` >�?M �M/ hQK �#2HX JmHiB@b+�H2 BMBiB�H +QM/BiBQMb 7Q` +QbKQHQ;B+�H bBKmH�iBQMbX
JQMi?Hv LQiB+2b Q7 i?2 _Qv�H �bi`QMQKB+�H aQ+B2iv- 9R8UjV,kRyRĜkRkR- �m; kyRRX /QB,
RyXRRRRfDXRje8@kNeeXkyRRXR33kyXtX

hX hX >�Mb2M- CX .X aBKQM- CX GX J�`b?�HH- hX aX GB- .X *�`QHHQ- .X GX .2SQv- .X ZX L�;�b�r�-
_X �X "2`Mbi2BM- �X .`HB+�@q�;M2`- �M/ 6X "X �#/�HH�X �M `@T`Q+2bb 1M?�M+2/ ai�` BM i?2
.r�`7 :�H�tv hm+�M� AAAX �bi`QT?vbB+�H CQm`M�H- 3j3URV,99- J�` kyRdX /QB, RyXj39dfR8j3@
9j8df��ej9�X

hBHK�M >�`irB; �M/ L�QFB uQb?B/�X 6Q`K�iBQM Q7 *�`#QM@2M?�M+2/ J2i�H@TQQ` ai�`b �b �
*QMb2[m2M+2 Q7 AM?QKQ;2M2Qmb J2i�H JBtBM;X �bi`QT?vbB+�H CQm`M�H G2ii2`b- 3dyURV,Gj-
C�M kyRNX /QB, RyXj39dfky9R@3kRjf��73eeX

hBHK�M >�`irB;- oQHF2` "`QKK- _�H7 aX EH2bb2M- �M/ aBKQM *X PX :HQp2`X *QMbi`�BMBM; i?2
T`BKQ`/B�H BMBiB�H K�bb 7mM+iBQM rBi? bi2HH�` �`+?�2QHQ;vX JQMi?Hv LQiB+2b Q7 i?2 _Qv�H
�bi`QMQKB+�H aQ+B2iv- 99dU9V,j3NkĜjNy3- J�` kyR8X /QB, RyXRyNjfKM`�bfbimkd9yX

hBHK�M >�`irB; 2i �HX .2b+2M/�Mib Q7 i?2 }`bi bi�`b, i?2 /BbiBM+i +?2KB+�H bB;M�im`2 Q7 b2+QM/@
;2M2`�iBQM bi�`bX JQMi?Hv LQiB+2b Q7 i?2 _Qv�H �bi`QMQKB+�H aQ+B2iv- 9d3UkV,RdN8ĜR3Ry-
�m; kyR3X /QB, RyXRyNjfKM`�bfbivRRdeX

umi�F� >B`�B �M/ h�F�vmFB _X a�BiQ?X 1{+B2M+v Q7 J2i�H JBtBM; BM .r�`7 :�H�tB2bX �bi`Q@
T?vbB+�H CQm`M�H- 3j3UkV,Gkj- �T` kyRdX /QB, RyXj39dfky9R@3kRjf��edNNX

aX >B`�MQ- hX >QbQF�r�- LX uQb?B/�- EX PKmF�B- �M/ >X qX uQ`F2X S`BKQ`/B�H bi�` 7Q`K�iBQM
mM/2` i?2 BM~m2M+2 Q7 7�` mHi`�pBQH2i `�/B�iBQM, R89y +QbKQHQ;B+�H ?�HQ2b �M/ i?2 bi2HH�`
K�bb /Bbi`B#miBQMX JQMi?Hv LQiB+2b Q7 i?2 _Qv�H �bi`QMQKB+�H aQ+B2iv- 993URV,8e3Ĝ83d-
J�` kyR8X /QB, RyXRyNjfKM`�bfbipy99X

a?BM;Q >B`�MQ 2i �HX PM2 >mM/`2/ 6B`bi ai�`b, S`QiQbi2HH�` 1pQHmiBQM �M/ i?2 6BM�H J�bb2bX
�bi`QT?vbB+�H CQm`M�H- d3RUkV,ey- 62# kyR9X /QB, RyXRy33fyyy9@ejdsfd3RfkfeyX

_X �X >mHb2 �M/ CX >X h�vHQ`X .Bb+Qp2`v Q7 � TmHb�` BM � #BM�`v bvbi2KX �bi`QT?vbB+�H CQm`M�H
G2ii2`b- RN8,G8RĜG8j- C�M RNd8X /QB, RyXRy3efR3Rdy3X
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JB?Q LX Ab?B;�FB- LQxQKm hQKBM�;�- *?B�FB EQ#�v�b?B- �M/ E2MǶB+?B LQKQiQX 6�BMi SQT@
mH�iBQM AAA amT2`MQp�2 �b i?2 P`B;BM Q7 i?2 JQbi A`QM@TQQ` ai�`bX �bi`QT?vbB+�H CQm`M�H
G2ii2`b- dNkUkV,Gjk- a2T kyR9X /QB, RyXRy33fky9R@3ky8fdNkfkfGjkX

JX C2QM- �X >X S�rHBF- oX "`QKK- �M/ JX JBHQb�pHD2pBÉX _2+Qp2`v 7`QK SQTmH�iBQM AAA bmT2`@
MQp� 2tTHQbBQMb �M/ i?2 QMb2i Q7 b2+QM/@;2M2`�iBQM bi�` 7Q`K�iBQMX JQMi?Hv LQiB+2b Q7 i?2
_Qv�H �bi`QMQKB+�H aQ+B2iv- 999,jk33Ĝjjyy- LQp2K#2` kyR9X /QB, RyXRyNjfKM`�bfbimRN3yX

�X SX CB- �X 6`2#2H- �M/ oX "`QKKX S`2b2`pBM; +?2KB+�H bB;M�im`2b Q7 T`BKQ`/B�H bi�` 7Q`K�@
iBQM BM i?2 }`bi HQr@K�bb bi�`bX JQMi?Hv LQiB+2b Q7 i?2 _Qv�H �bi`QMQKB+�H aQ+B2iv- 989,
e8NĜed9- LQp2K#2` kyR8X /QB, RyXRyNjfKM`�bfbipky8kX

�H2t�M/2` SX CB- �MM� 6`2#2H- �MB`m/? *?BiB- �M/ CQb?m� .X aBKQMX _@T`Q+2bb 2M`B+?K2Mi
7`QK � bBM;H2 2p2Mi BM �M �M+B2Mi /r�`7 ;�H�tvX L�im`2- 8jRUd8NeV,eRyĜeRj- J�` kyReX /QB,
RyXRyj3fM�im`2Rd9k8X

�H2t�M/2` SX CB- J�`B� _X .`Qmi- �M/ h2`2b2 hX >�Mb2MX h?2 H�Mi?�MB/2 7`�+iBQM /Bbi`B#miBQM
BM K2i�H@TQQ` bi�`b, � i2bi Q7 M2mi`QM bi�` K2`;2`b �b i?2 /QKBM�Mi `@T`Q+2bb bBi2X �`sBp
2@T`BMib- �`iX �`sBp,RNy8XyR3R9- J�v kyRN�X

�H2t�M/2` SX CB 2i �HX *?2KB+�H �#mM/�M+2b BM i?2 lHi`�@7�BMi .r�`7 :�H�tB2b :`mb A �M/
h`B�M;mHmK AA, L2mi`QM@+�Tim`2 1H2K2Mib �b � .2}MBM; 62�im`2 Q7 i?2 6�BMi2bi .r�`7bX
�bi`QT?vbB+�H CQm`M�H- 3dyUkV,3j- C�M kyRN#X /QB, RyXj39dfR8j3@9j8df��7j##X

hX E�`HbbQMX aiQ+?�biB+ +?2KB+�H 2M`B+?K2Mi BM K2i�H@TQQ` bvbi2KbX AX h?2Q`vX �bi`QMQKv
�M/ �bi`QT?vbB+b- 9jNURV,NjĜRye- �m; kyy8X /QB, RyXRy8Rfyyy9@ejeR,kyy9RNj9X

a�`� Gm+�i2HHQ- ai2HBQb hb�M;�`B/2b- hBKQi?v *X "22`b- 1m;2MBQ *�``2ii�- _�z�2H2 :X :`�i@
iQM- �M/ a2�M :X _v�MX h?2 "BM�`v 6`2[m2M+v �KQM; *�`#QM@2M?�M+2/- b@S`Q+2bb@`B+?-
J2i�H@TQQ` ai�`bX �bi`QT?vbB+�H CQm`M�H- ek8UkV,3k8Ĝ3jk- CmM kyy8X /QB, RyXRy3ef9k3Ry9X

J�iiBb J�;;- _�H7 aX EH2bb2M- aBKQM *X PX :HQp2`- �M/ >�BMBM; GBX P#b2`p�iBQM�H +QMbi`�BMib
QM i?2 bm`pBp�H Q7 T`BbiBM2 bi�`bX JQMi?Hv LQiB+2b Q7 i?2 _Qv�H �bi`QMQKB+�H aQ+B2iv- 93d
URV,93eĜ9Ny- CmH kyRNX /QB, RyXRyNjfKM`�bfbixRkRyX

J�iiBb J�;; 2i �HX S`2/B+iBM; i?2 HQ+�iBQMb Q7 TQbbB#H2 HQM;@HBp2/ HQr@K�bb }`bi bi�`b, BK@
TQ`i�M+2 Q7 b�i2HHBi2 /r�`7 ;�H�tB2bX JQMi?Hv LQiB+2b Q7 i?2 _Qv�H �bi`QMQKB+�H aQ+B2iv-
9djU9V,8jy3Ĝ8jkj- 62# kyR3X /QB, RyXRyNjfKM`�bfbitkdkNX

.�M J�Qx- 6BHBTTQ J�MMm++B- �M/ hBKQi?v .X "`�M/iX h?2 /2H�v@iBK2 /Bbi`B#miBQM Q7 hvT2
A� bmT2`MQp�2 7`QK aHQ�M AAX JQMi?Hv LQiB+2b Q7 i?2 _Qv�H �bi`QMQKB+�H aQ+B2iv- 9keU9V,
jk3kĜjkN9- LQp kyRkX /QB, RyXRRRRfDXRje8@kNeeXkyRkXkR3dRXtX

CX J�`b?�HH 2i �HX *?2KB+�H �#mM/�M+2 �M�HvbBb Q7 hm+�M� AAA- i?2 a2+QM/ r@T`Q+2bb 1M@
?�M+2/ lHi`�@6�BMi .r�`7 :�H�tvX �`sBp 2@T`BMib- �`iX �`sBp,R3RkXyRykk- .2+ kyR3X

�X JB`BxxB 2i �HX amT2`MQp� M2mi`BMQb, T`Q/m+iBQM- Qb+BHH�iBQMb �M/ /2i2+iBQMX LmQpQ *BK2MiQ
_BpBbi� a2`B2- jNUR@kV,RĜRRk- C�M kyReX /QB, RyXRjNjfM+`fBkyRe@RyRky@3X
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>X JQ- 6X *X p�M /2M "Qb+?- �M/ aX q?Bi2X :�H�tv 6Q`K�iBQM �M/ 1pQHmiBQMX J�v kyRyX

>X CX JQ- a?m/2 J�Q- �M/ aBKQM .X JX q?Bi2X h?2 7Q`K�iBQM Q7 ;�H�+iB+ /Bb+bX JQMi?Hv
LQiB+2b Q7 i?2 _Qv�H �bi`QMQKB+�H aQ+B2iv- kN8UkV,jRNĜjje- �T` RNN3X /QB, RyXRy9efDXRje8@
3dRRXRNN3XyRkkdXtX

LX LBb?BKm`�- >X a�r�B- hX h�FBr�FB- aX u�K�/�- �M/ 6X EX h?B2H2K�MMX h?2 AMi2`K2/B@
�i2 `@T`Q+2bb BM *Q`2@+QHH�Tb2 amT2`MQp�2 .`Bp2M #v i?2 J�;M2iQ@`Qi�iBQM�H AMbi�#BHBivX
�bi`QT?vbB+�H CQm`M�H G2ii2`b- 3jeUkV,GkR- 62# kyRd�X /QB, RyXj39dfky9R@3kRjf��8/22X

LX LBb?BKm`�- >X a�r�B- hX h�FBr�FB- aX u�K�/�- �M/ 6X EX h?B2H2K�MMX h?2 AMi2`K2/B@
�i2 `@T`Q+2bb BM *Q`2@+QHH�Tb2 amT2`MQp�2 .`Bp2M #v i?2 J�;M2iQ@`Qi�iBQM�H AMbi�#BHBivX
�bi`QT?vbB+�H CQm`M�H- 3jeUkV,GkR- 62# kyRd#X /QB, RyXj39dfky9R@3kRjf��8/22X

LQ#mv� LBb?BKm`�- hQKQv� h�FBr�FB- �M/ 6`B2/`B+?@E�`H h?B2H2K�MMX h?2 `@T`Q+2bb Lm@
+H2QbvMi?2bBb BM i?2 o�`BQmb C2i@HBF2 1tTHQbBQMb Q7 J�;M2iQ`Qi�iBQM�H *Q`2@+QHH�Tb2 amT2`@
MQp�2X �bi`QT?vbB+�H CQm`M�H- 3RyUkV,RyN- a2T kyR8X /QB, RyXRy33fyyy9@ejdsf3RyfkfRyNX

E2MǶB+?B LQKQiQ- *?B�FB EQ#�v�b?B- �M/ LQxQKm hQKBM�;�X Lm+H2QbvMi?2bBb BM ai�`b �M/
i?2 *?2KB+�H 1M`B+?K2Mi Q7 :�H�tB2bX �MMm�H _2pB2r Q7 �bi`QMQKv �M/ �bi`QT?vbB+b- 8R
URV,98dĜ8yN- �m; kyRjX /QB, RyXRR9ef�MMm`2p@�bi`Q@y3k3Rk@R9yN8eX

CQ?M 1X LQ``Bb �M/ .�pB/ uQM;X h?2 JQbi J2i�H@TQQ` ai�`bX oX h?2 *1JS@MQ ai�`b BM j.
�M/ LQM@Gh1X �bi`QT?vbB+�H CQm`M�H- 3dNURV,jd- CmH kyRNX /QB, RyXj39dfR8j3@9j8df�#R739X

E�xmvmFB PKmF�BX S`QiQbi2HH�` *QHH�Tb2 rBi? o�`BQmb J2i�HHB+BiB2bX �bi`QT?vbB+�H CQm`M�H-
8j9UkV,3yNĜ3k9- J�v kyyyX /QB, RyXRy3efjy3ddeX

"`B�M qX PǶa?2� �M/ JB+?�2H GX LQ`K�MX SQTmH�iBQM AAA ai�` 6Q`K�iBQM BM � Λ*.J
lMBp2`b2X AAX 1z2+ib Q7 � S?QiQ/BbbQ+B�iBM; "�+F;`QmM/X �bi`QT?vbB+�H CQm`M�H- edjURV,
R9Ĝjj- C�M kyy3X /QB, RyXRy3ef8k9yyeX

oBMB+Bmb JX SH�++Q- �MM� 6`2#2H- hBKQi?v *X "22`b- �M/ _B+?�`/ CX ai�M+HBz2X *�`#QM@
2M?�M+2/ J2i�H@TQQ` ai�` 6`2[m2M+B2b BM i?2 :�H�tv, *Q``2+iBQMb 7Q` i?2 1z2+i Q7 1pQHm@
iBQM�`v ai�imb QM *�`#QM �#mM/�M+2bX �bi`QT?vbB+�H CQm`M�H- dNdURV,kR- .2+ kyR9X /QB,
RyXRy33fyyy9@ejdsfdNdfRfkRX

qBHHB�K >X S`2bb �M/ S�mH a+?2+?i2`X 6Q`K�iBQM Q7 :�H�tB2b �M/ *Hmbi2`b Q7 :�H�tB2b #v
a2H7@aBKBH�` :`�pBi�iBQM�H *QM/2Mb�iBQMX �bi`QT?vbB+�H CQm`M�H- R3d,9k8Ĝ9j3- 62# RNd9X
/QB, RyXRy3efR8ke8yX

up2b _2p�x- �H2tBb �`M�m/QM- J�ii?2r LB+?QHb- oBpB2M "QMpBM- �M/ S�b+�H2 C�#HQMF�X *QK@
Tmi�iBQM�H Bbbm2b BM +?2KQ@/vM�KB+�H KQ/2HHBM; Q7 i?2 7Q`K�iBQM �M/ 2pQHmiBQM Q7 ;�H�tB2bX
�bi`QMQKv �M/ �bi`QT?vbB+b- 833,�kR- �T` kyReX /QB, RyXRy8Rfyyy9@ejeRfkyR8ke9j3X

A�M lX _Q2/2`2`X S`BKQ`/B�H `@T`Q+2bb .BbT2`bBQM BM J2i�H@TQQ` :HQ#mH�` *Hmbi2`bX �bi`Q@
T?vbB+�H CQm`M�H- djkURV,GRd- J�v kyRRX /QB, RyXRy33fky9R@3ky8fdjkfRfGRdX

aX _QbbrQ; 2i �HX .2i2+i�#BHBiv Q7 +QKT�+i #BM�`v K2`;2` K�+`QMQp�2X *H�bbB+�H �M/ Zm�MimK
:`�pBiv- j9URyV,Ry9yyR- J�v kyRdX /QB, RyXRy33fRjeR@ej3kf��e3�NX
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JQ?�KK�/i�?2` a�7�`x�/2? �M/ 1p�M a+�MM�TB2+QX aBKmH�iBM; M2mi`QM bi�` K2`;2`b �b
`@T`Q+2bb bQm`+2b BM mHi`�7�BMi /r�`7 ;�H�tB2bX JQMi?Hv LQiB+2b Q7 i?2 _Qv�H �bi`QMQKB+�H
aQ+B2iv- 9dRUkV,ky33ĜkyNe- P+i kyRdX /QB, RyXRyNjfKM`�bfbitRdyeX

JQ?�KK�/i�?2` a�7�`x�/2?- _B+?�`/ a�`K2MiQ- �M/ 1p�M a+�MM�TB2+QX PM L2mi`QM ai�`
J2`;2`b �b i?2 aQm`+2 Q7 `@T`Q+2bb 1M?�M+2/ J2i�H SQQ` ai�`b BM i?2 JBHFv q�vX �`sBp
2@T`BMib- �`iX �`sBp,R3RkXykddN- .2+ kyR3�X

JQ?�KK�/i�?2` a�7�`x�/2?- _B+?�`/ a�`K2MiQ- �M/ 1p�M a+�MM�TB2+QX PM L2mi`QM ai�`
J2`;2`b �b i?2 aQm`+2 Q7 `@T`Q+2bb@2M?�M+2/ J2i�H@TQQ` ai�`b BM i?2 JBHFv q�vX �bi`Q@
T?vbB+�H CQm`M�H- 3deURV,k3- J�v kyRN�X /QB, RyXj39dfR8j3@9j8df�#Rj9RX

JQ?�KK�/i�?2` a�7�`x�/2? 2i �HX a2H2+iBM; mHi`�@7�BMi /r�`7 +�M/B/�i2 T`Q;2MBiQ`b BM +Qb@
KQHQ;B+�H L@#Q/v bBKmH�iBQMb �i ?B;? `2/b?B7ibX JQMi?Hv LQiB+2b Q7 i?2 _Qv�H �bi`QMQKB+�H
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