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AEVeY\ it we has no zero on real| t axis,
4N it hos zeros in COMPLEX t plane.
T e \ quantum A
e path
- Quantum path picks up these zeros
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> We have to com,;/ex}f(y t1me vmriab/e in order to ca{cu/me Partic{e Froo/uctéan corrgct(y?



Z, Bog,o[.iu bov Coe{{icientSV

First, lec's brie“y review how to calculate Po«rticlc number from mode function.

Assume that w. is asymptotically constant at infinite past X future. W
. . $ e y hst.
We can unu‘uely define positive X hegative freqrueﬂcy modes ‘M
HEreo\{ter, ’Fk omcl 9 o(ev\ote a posttive «frez;uency moole in infinite past w\p‘ future, t

rz;Pecti ve /\/

I+ an mitial state 1S a vacuum state,

State vacuum (Fos‘itive freq. mode)

f. Fe
levo(ves accoro({ni to EoM

;(j/& = oA 9y (5k g: < 9, — olefmea/ ’7}/ o(iagonc\;kgafionimf Hamiltonian

Bogoliubov transformation
This gives particle number density as ne=[6.1*
. —id - . P )
i and gk can be eaér(y Jer(ved as @ 7{2;’1&, where [ly ﬂ’i’}; Wy, and -1 WH«,QJ, re;pective(y.
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T}'\e main prob{e‘m 15 ) "\OW to Coxlcﬂa-re (or “f’er,Xf,m“,tg,),,{k"’

P WKB Approximation (axwﬂp’e of a method lwif;muf' time complexificatioﬂ)
Subsﬁwting the ansatz
~ ' 1
et 1'[ W, (t) dt’
’ Zwk('(] P s '
into EoM, we find that We must satisfy

P o LW 3 (W)
\A/k'(/uk Z[Wk Z(W“))

‘ L\A (i)k/wx <<L“Jk
1f w. varies 5(0wly (ol most acf.:o\lyaficv\“,v), this teri 15 perturbation

Then, this equoation con Le regm’olecl as o recurrence relation Wrt. the time Ai”crentm‘ order

™7 m)yr\2
) ® _L k 2 Wk“ (0
k =Wy — w5 ) where We = wi .
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But tl’\is 15 o Jivergenf gxpansiin, Umd f’r\en N lwi«ﬂ\(“r order is NOT wecesso\ri’y Mmore accurate.

[t requires time comPchhCicahon to obtain « better qyproximafion.’



5. Leaﬁscl’betz— tl'\imblé m\(f Stokes phenomeno.n

2-1. Picard-Lefschetz theory 1405121, 15003435
This is originally a theory about contour of pat}w integral | but it 15 useful also for particle production.

T his theory tells us how (o take an appropriate contour for calculating the d-dimensional mteclral
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We hove to ctxoo;e a 0(07»10\1"1 IV such flmf the infegm[ converges.
_ \U in other word
RelSE)]— 0 [Iz]= % in D)

14 d=1, this 1s & contour

% How to make such a domain D7
Stare from o critical point Za such that
95
02 |z-24
We want to increase the real pare of S(z) {from here.
Re[S(2)) monotonically increases along the gradient flow 2(1) defined as

= O 14 0(“, +his 15 a saddle point

dz _ 35S
dc = 92 but we can't start zld from z=z, since %:0 theve ..
- complex conjugate of %52
Exercise ——

‘ Pl’ove Hmt Re [5(2)] 'monoromm{(y NCreases omo( fqn[S(z)] 1S constant 0\{01\@ z('(),

Hint © use Cauchy-RiQW\omn e%mafian;.

| |
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We can choose o corrdinate 2 such that wgmdientﬁow o)
x'= Re(z‘) direction is along the grodient flow around z=zq, -

x
Then, Re[S(z)] 15 exPahden( around z=2, a$

Re[$(2)] = RelSlza)] + [le= k) +(xd- 3P ]~ [(y'= y )t (ydoyd)] + O[(2-24)°)

ihCI’EO\W REARS mfo*ng zl»r)

Then, we can start grodient Flows from a point on (d-1)-dim. sphere such that

d-1 -1
A YA e
@ Lefschetz-thimble

Ly
: : Q!
F Jo ! set of gmo(ieﬂt HUWS starting from a point on E’j?}? Sm ¢r+0

This is Lefschetz- thimbles!



But all Le‘FSChetz—thime/eS don't necessarily contribute to the origino\{ imfegral.
How to determine \n/thA Lefschetz-thimbles are relevant ?

A ’AUWy1WGVO(7 gradient £low Z(1) such that
25(3)

A\E)i

Opposite sign

dz
dt
15 very usewfu( for criteria. We define a ‘con)ugo«ﬁon' of Leﬁsc;\etz»d\wb/e Ja as

Koiset of downward gradient flows

stakt{na from « point on an infinitesimal SPAerg {!‘Q"j;)l+.<.+(zj°l-(ﬁ;'l)1:_ ¢ (¢ > +0)

Then, we can reconstruct the i)]tégra{ domain by the Fo(lowmi criterig s

=
I_et Na be {he ntersection ﬂumbek betweeﬂ o anc{ thc orfgiyml Jommr\ Do

counting by the {allowing manner,

Bl K“\(- ol
K_“,a‘ Rl D +'ﬁL/\\
‘ 0

\,\ = Na=+| _U = Pe = Na=-|
T

To
Wifh ’CLC same direction as Ka = +1

widv the Jir’ection oFPoﬂ‘fe to KC\ -~ -~

LTher\, tl’le ihfegm! domain is reconstruct as Do—»éml\

This construction method for integral domain D is called as Picard-Lefschetz Jc;\eo:»y.

3-2. S+okes Phenomnon 0911.4692 , 1001.2933

In o certain situation, the structure of Lefschetz-thimbles suo(olenh/ c}mnges as the argument of Sfz) varies.
FO" exo\'mple, consider the Airy W[metioﬂ

; 3
Aw(/\)=2—, dz 6%—-)@ ——Sfz)=— ‘é’*)\ 4 critical pointst 2=0, T3\

= ' Mg 5 Imz
When A changes from +0 <0 -0, )+\\
the structure of |efschets-thimbles 7 sudden -
suolclen(y ct\omgcs as shown in the right figure. / /r/-i'{”d‘:)e — Rez
This is the Stokes Pkehomenon. /// ? /
7. 9J_
Sﬁnce Lewcjch6tz~t'n1'ml>'es correspongf to the ithgra( /\ >0 )\< 0

o{omam, tkeir dewcormaﬁon means tke chav\gve of asyMPfofic '(orms.
Actually, when x =+,

2., YR A
Aile) ~ 22 A (o) ~ G2 Ex)
2R, B

ianc’ hence, P“Hidﬁ producfian!

« "
IY‘ pur case, tl\e change mf Mymptonc iorms means tl\e change onc VA Cuumn ng\fe'/



4 Lefschetz-thimble inspired approach 1901.1222¢

Let's consider a two-level problems with two adiabatic states [$:(t) such that

FHo lda(0) = E.(0)19:(4)) T
A f tuvme’in
KHO\N"(OHM\'A ' adiabatic energy E_< E4 /J,__J_._\QE_
¥t

A physical state [¥(£)) is expanded by [P:(¢)) as
[¢ (%)) :jzg, c,(t) 6'18"“)14)3-(’()), where Eﬂf}’[:o{tl E; ().

({substﬁme into the 5cf'vrbr/inger equation

+14(¢)

G =250 e ™ cztt)  where 5l)=<htalf 19 0) AW =f:vdf'[E+(f)*E_(f)],
The transition probability from |9_(-)> to [#(+@)) (= produced parcicle number) is derived as
CJ*“)’JZ&(’( S0 e c_v) &j:dt P9 with coeo) =1, co-) =0,
™~ We can apply Picard-Lefschets theory!
Assuming that C-(t)~ | (€ c.(e) < 1), we con take
Flt)=—iald +In 5k) if we also neglect 51, it is DDP method (Dykhne (962, Davis & Pechukas (376)
Around each critical point ta, Flt) is expanded as 7

Flt) = Fltad) '_E;Lh)_,rze”%w) + 0(r?) where ¢A=o\rg(F/'(t.)), G e

f@(m;;im« integroﬁce a(onﬂ o (¢,+29:0)

" ]
& (4— 00) n ; n, 619“ F{f')/—l— Ba: interference among Lefschecz-thimbles

(F (4]




5 §f0’<€5 Phemmcmn m;Pwec/ approach [(004.2509 , [405.0%02

Smce the WKB approximation is o o(:vergent expansion, there is an otha{ order tp be fnmcateo(

We can find this from the Stokes pheﬂomeﬂon!

Berry 1990 showed that truncating the WKB approximation at the optimal order, we obtain

) _ch
B (4) ~ }i‘ Erfel- Ol(f)) € Fkl for the detailed derivation, see $A.2 in 1903.08842
where
t
YiﬁgUIOh‘t F.lt)= 21J dt’wk({’) t, criticol point 1n ¢he upper half -plone
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natural time evolution patameter 3 e e y
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¥ . 9 line s Pak
amplivade F= 1] dt wnlt) l L
&'ox(o’ng Stokw {ine
border on which Stokes phenomenon occurs
\Z this means
% ) we'iwtt mode ‘Fuwction has O(i'Herent My'mptofic forms
— g Ret on each side of Stokes Line.
~ iR = )

« \/

Po\rtic(e proo(uch‘on main[\/ occurs around Stokes lines!

If there are sevem/ crifica/ points t,t;, -, then resultant parﬁc/e numl;er 15

‘ (0)
(P DI F““{
Re ¢q
where Qm ’=J dt w, (¢) < interference among Stokes lines

Ke:, ta 1 a-th critical roin’(

o .

Fk,fx ::1j dt welt) — Pwﬂcle ‘proo(uctio% around a-th Stokes line
fa
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Tal(uyo\ Shmvmzab gave me }\15 great master 1116515 It l’ea”y e/peu{ me to understaho( Picaro('Le‘(sc‘\e’cZ theory,



