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$ 5.13: �ù�.�`�h�%�w
ì�“ Inclination �w	s�8�‹�q Inner binary �w Arguments of periapse�w	s
�8�‹ : 
$ 5.12�› Secular�¯�”�Å�p�‹ Nbody �¯�”�Å�p�‹�ù�.�`�s�T�l�h�‹�w�z Secular�¯�”�Å�p�x
�ù�.�`�s�T�l�h�U Nbody �¯�”�Å�p�x�ù�.�`�h�‹�w�z Secular�¯�”�Å�p�x�ù�.�`�h�U Nbody �¯�”
�Å�p�x�ù�.�`�s�T�l�h�‹�w�z Secular�¯�”�Å�p�‹ Nbody �¯�”�Å�p�‹�ù�.�`�h�‹�w�z�w 4 �m�t
ü�¨
�`�h�‹�w�›�Ô�b�{ Secular�¯�”�Å�p�x�ù�.�`�h�U Nbody �¯�”�Å�p�x�ù�.�`�s�T�l�h�‹�w (�(�<
$ ,
Secular = 1; Nbody = 0) �x gin ;0 ' 0� � 45� ; 134� � 228� ; 295� � 360� 
Ç�Ù�w�–�¬�t	B�¤�`�o�S
�“�z Secular�¯�”�Å�p�x�ù�.�`�s�T�l�h�U Nbody �¯�”�Å (�È	Í
$ , Secular = 0; Nbody = 1) �p�x
�ù�.�`�h�‹�w�x Secular�¯�”�Å�p�x�ù�.�`�h�U Nbody �¯�”�Å�p�x�ù�.�`�s�T�l�h�‹�w�q
S�0�t�z
i tot ;0 ' 85 � 95� 
Ç�Ù�w�–�¬�•�z gin ;0 ' 45� � 134� ; 228� � 295� 
Ç�Ù�w�–�¬�t���X�s�l�o�M�”�\
�q�U�˜�T�”�{
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$ 5.14: �ù�.�`�h�%�w
ì�“ Inclination �w	s�8�‹�q Inner binary �w Arguments of periapse�w	s�8
�‹ : �:�w	í�x Single average�t�w�ˆ�q�•�”�®�L�w�G�V�^ � SA(�Ü (5.11)) �›
¯�b�{
$ 5.13 �q�‰�7�z
Secular�¯�”�Å�p�‹ Nbody �¯�”�Å�p�‹�ù�.�`�s�T�l�h�‹�w�z Secular�¯�”�Å�p�x�ù�.�`�s�T�l�h�U
Nbody �¯�”�Å�p�x�ù�.�`�h�‹�w�z Secular�¯�”�Å�p�x�ù�.�`�h�U Nbody �¯�”�Å�p�x�ù�.�`�s�T�l
�h�‹�w�z Secular�¯�”�Å�p�‹ Nbody �¯�”�Å�p�‹�ù�.�`�h�‹�w�z�w 4 �m�t
ü�¨�`�h�‹�w�›�Ô�`�o�M
�”�{ 2 �m�w�¯�”�Å�p�A�L�U�Ÿ�s�l�h�‹�w (�È	Í
$�q�(�<
$ ) �p�x�z � SA �w�‹�U�G�V�M�\�q�U�˜�T�”�{
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�6�q�s�l�o�S�“�z 5.2.1
…�z5.2.2
…�‘�“�z�\�w�‘�O�s�%�p�x�z cosgin = 0 
Ç�Ù�p	s�8�‹�‘�“�‹�G�V

�s�m	ú�p�›	��”�\�q�U�D�ó�p�K�”�{�î�M�z
$ 5.15�w�È
$�‘�“�z cosgin = 0 
Ç�Ù�p Secular�¯�”�Å

�w	Ô�ù�t�x�G�V�s�m	ú�p�t�a�`�o�M�”�\�q�U�˜�T�”�{�`�h�U�l�o�z�\�w�%�t�S�M�o�x�z 5.2.2
…�w

�‘�O�t�z Octupole 	ü�ˆ�t�‘�”�è�¹�p Inner binary �w�m	ú�p�w�7�G�‹�U
ÿ�G�b�”�\�q�z�^�’�t�\�w


ÿ�G�U Secular�Ì���‘�“�y�M�Ì���p�I�\�”
•�ˆ�t�‘�“�H
M�^�•�o�M�”�\�q�U�˜�T�”�{

	N�à�› ein �w
¢���Ó�é�¿�Ä�t�`�h	Ô�ù 	N�à�› 1 � ein �w�0
:�Ó�é�¿�Ä�t�`�h	Ô�ù


$ 5.15: Inner binary �w�m	ú�p�q Arguments of periapse�w�Ì��
��= : Secular�¯�”�Å�p�x�ù�.�`
�h�U�z Nbody �¯�”�Å�p�x�ù�.�`�s�T�l�h�%�w	Ô�ù�{�\�w�%�w	s�8	Ú�E�x�z gin ;0 = 20:8� ; i tot ;0 =
73:0� ; ein ;0 = 0 :36; eout ;0 = 0 :58 �p�K�“�z Inner binary �w�í�”
z�x q = 0 :16 �p�K�l�h�{�‡�h�z
Octupole �ò�w�G�V�^�›
¯�b�Í�å�Ý�”�»�w�‹ (�Ü (3.69)) �x j� oct j = 0 :0091�q�G�V�M�‹�p�K�“�z�^�’
�t Single average�w�G�V�^�›
¯�b�Í�å�Ý�”�»�w�‹�x � SA = 0 :021�q�G�V�s�‹�p�K�l�h�{�b�s�˜�j�z
�\�w�%�x Octupole �ò�w�è�¹�q Secular�Ì���‘�“�y�M�Ì���p�I�\�”
•�ˆ�w�è�¹�U�G�V�M�q�ß�Q�’�•
�”�{ 5.3 
…�w
$ 5.9 �w�‘�O�t�z Secular�Ì���‘�“�y�M�Ì���p�I�\�”
•�ˆ�w�è�¹�p�z Nbody �¯�”�Å�p
�x Secular�¯�”�Å�w	Ô�ù�‘�“ Inner binary �w�m	ú�p�w�7�G�‹�U	–�^�X�s�l�o�M�”�\�q�U�˜�T�”�{�‡
�h�z�\�w�%�p�x Secular�¯�”�Å�w	Ô�ù�z Rotation 	Ý�6�q�s�l�o�S�“�z Octupole �ò�w�è�¹�t�‘�”�m
	ú�p�w
ÿ
ï�t�‘�l�o cosgin = 0 
Ç�Ù�p�G�V�s�m	ú�p�t�a�`�o�M�”�\�q�U�˜�T�” (5.2.2
…�›�€	° )�{

�Ž	Í�‘�“�z Secular�¯�”�Å�p�x�ù�.�`�h�U�z Nbody �¯�”�Å�p�x�ù�.�`�s�T�l�h�%�U gin ;0 ' 0� �

45� ; 134� � 228� ; 295� � 360� 
Ç�Ù�w�–�¬�t	B�¤�`�o�M�”�w�x�z�\�w�–�¬�w�%�x Rotation 	Ý�6�p

�K�“ cosgin = 0 
Ç�Ù�p	s�8�‹�‘�“�‹�G�V�s�m	ú�p�›	��”�\�q�U�D�ó�p�K�”�h�Š�z Octupole �ò�w�è

�¹�t�‘�“�m	ú�p�w�7�G�‹�U�G�V�X�s�”�q�z�ù�.�U	î
C�^�•�”�h�Š�p�K�”�{�C�Q�o�z�\�w�‘�O�s�%

�p�T�m Secular�Ì���‘�“�‹�y�M
•�ˆ�t�‘�”�®�L�›�_
u�‹�”�Í�å�Ý�”�» � SA �w�‹�U�G�V�M	Ô�ù�z 5.3


…�w
$ 5.9 �w�‘�O�t Secular�Ì���‘�“�‹�y�M
•�ˆ�U Octupole �ò�t�‘�”�m	ú�p�w
ÿ
ï�›�H�Q�o�`�‡

�O�q�M�O�\�q�U�Ì�’�T�q�s�l�h�{

�Í�t�z
$ 5.16�q
$ 5.17�x Secular�¯�”�Å�p�x�ù�.�`�s�T�l�h�U�z Nbody �¯�”�Å�p�x�ù�.�`�h

�‹�w�p�K�” (5.13�q
$ 5.14�w�È	Í
$�w��
U )�{
$ 5.16�w�%�x gin ;0 = 98:1� ; i tot ;0 = 55:4� ; ein ;0 =

0:96; eout ;0 = 0 :12 �p�K�“�z Inner binary �w�í�”
z�x q = 0 :15 �p�K�l�h�{�‡�h�z Octupole �ò�w�G

�V�^�›
¯�b�Í�å�Ý�”�»�w�‹�x j� oct j = 0 :0034�q
$ 5.15�t
z�±�`�o	–�^�s�‹�p�K�“�z�^�’�t Single

average�w�G�V�^�›
¯�b�Í�å�Ý�”�»�w�‹�x � SA = 0 :038�q�G�V�s�‹�p�K�l�h�{

�‡�h�z 5.17�w�%�x gin ;0 = 88:8� ; i tot ;0 = 92:3� ; ein ;0 = 0 :26; eout ;0 = 0 :59 �p�K�“�z Inner binary �w

�í�”
z�x q = 0 :58 �p�K�l�h�{�‡�h�z Octupole �ò�w�G�V�^�›
¯�b�Í�å�Ý�”�»�w�‹�x j� oct j = 0 :0041
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�q
$ 5.15 �t
z�±�`�o	–�^�s�‹�p�K�“�z�^�’�t Single average�w�G�V�^�›
¯�b�Í�å�Ý�”�»�w�‹�x

� SA = 0 :026�q�G�V�s�‹�p�K�l�h�{�\�•�’ 2 �m�w�%�x Secular�Ì���‘�“�y�M�Ì���p�I�\�”
•�ˆ�w�è

�¹�U�G�V�M�U�z
$ 5.15�w�%�‘�“�‹ Octupole �ò�w�è�¹�x	–�^�M�\�q�U�˜�T�”�{�î�M�z
$ 5.16�q
$

5.17�‘�“�z�\�w 2 �m�w�%�x Secular�¯�”�Å�p�x Libration 	Ý�6�p�K�“�z Octupole �ò�w�è�¹�t�‘�”�m

	ú�p�w
ÿ
ï�w�è�¹�x	–�^�M (5.2.2
…�›�€	° )�{ Nbody �¯�”�Å�p�x gin �x
M�v�^�•�h�‹�w�ˆ�p�x�s�X


¶�o�w�‹�›	��l�o�S�“�z�m	ú�p�U�G�V�s�‹�›	��l�o�M�”�\�q�U�˜�T�”�{�\�•�x 5.3 
…�w
$ 5.8 �q�‰

�7�t�z Secular�Ì���‘�“�y�M�Ì���p�I�\�”
•�ˆ�w�è�¹�t�‘�”�‹�w�i�q�ß�Q�’�•�”�{

�Ž	Í�‘�“�z Secular�¯�”�Å�p�x�ù�.�`�s�T�l�h�U Nbody �¯�”�Å�p�ù�.�`�h�‹�w�p�x�z � SA �w�‹

�U�G�V�X�z Secular�Ì���‘�“�y�M�Ì���p�I�\�”
•�ˆ�w�è�¹�t�‘�l�o�z Libration 	Ý�6�U�H�•�o gin �U

�Ú�™�w�‹�›	��”�\�q�U�p�V�”�‘�O�t�s�l�o�M�”�\�q�U�Ì�’�T�q�s�l�h�{�^�’�t�z�f�•�t�‘�l�o�m	ú

�p�U�G�V�s�‹�›	��”�\�q�U�p�V�”�‘�O�t�s�“�z�\�•�U�ù�.�›� 
C�`�o�M�”�\�q�U�Ì�’�T�q�s�l�h�{

	N�à�› ein �w
¢���Ó�é�¿�Ä�t�`�h	Ô�ù 	N�à�› 1 � ein �w�0
:�Ó�é�¿�Ä�t�`�h	Ô�ù


$ 5.16: Inner binary �w�m	ú�p�q Arguments of periapse�w�Ì��
��= : Secular�¯�”�Å�p�x�ù�.�`�s
�T�l�h�U�z Nbody �¯�”�Å�p�x�ù�.�`�h�%�w	Ô�ù�{�\�w�%�p�x�z gin ;0 = 98:1� ; i tot ;0 = 55:4� ; ein ;0 =
0:96; eout ;0 = 0 :12 �p�K�“�z Inner binary �w�í�”
z�x q = 0 :15 �p�K�l�h�{ Octupole �ò�w�G�V�^�›

¯�b�Í�å�Ý�”�»�w�‹�x j� oct j = 0 :0034�q
$ 5.15�t
z�±�`�o	–�^�s�‹�p�K�“�z�^�’�t Single average
�w�G�V�^�›
¯�b�Í�å�Ý�”�»�w�‹�x � SA = 0 :038�q�G�V�s�‹�p�K�l�h�{�\�w�%�p�x�z Secular�¯�”�Å
�p�x Libration 	Ý�6�p�K�“�z Octupole �ò�w�è�¹�t�‘�”�m	ú�p�w
ÿ
ï�w�è�¹�x	–�^�M (5.2.2
…�›�€
	° )�{ Nbody �¯�”�Å�p�x�z Secular�Ì���‘�“�y�M�Ì���p�I�\�”
•�ˆ�w�è�¹�t�‘�“ Libration 	Ý�6�U�H
�•�o gin �U�Ú�™�w�‹�›	��”�\�q�U�p�V�”�‘�O�t�s�l�o�S�“�z�f�•�t�‘�l�o�m	ú�p�U�G�V�s�‹�›	��l
�o�M�”�\�q�U�˜�T�”�{

5.5.2 �Õ�Ì���ù�.�›�ß�€�`�h�í�”
z
ü
Í�w�'��

�Š
…�p�x�z 5.5.1 
…�w�A�L�›�~�‡�Q�z Secular�¯�”�Å�q Nbody �¯�”�Å�w 2 �m�w�A�L�›�;�M�o�z

3:0 � 107 �å�Ž	Í�T�Z�o�•�l�X�“�q�ù�.�b�”�‹�w�›�ß�€�`�h�z KL �;�Ï�t�‘�”�ù�.�w�‘�“	Ä�I�s�í

�”
z q 
ü
Í�›�'���b�”�{�‡�c�z 5.5.1
…�w�A�L�‘�“ Secular�¯�”�Å�U�%�p�s�–�¬�t�S�Z�”�Õ�Ì���ù

�.�›�›���`�z�f�w�A�L�›�i�t Secular�¯�”�Å�U�%�p�s�–�¬�Ž�t�S�Z�”�Õ�Ì���ù�.�›�'���b�”�{�7�™

�t�z�'���^�•�h�Õ�Ì���ù�.�q Nbody �¯�”�Å�t�S�Z�” 3:0 � 107 �å�‡�p�t�I�V�h�ù�.�›�ù�˜�d�”�\

�q�p�z�Õ�Ì���ù�.�›�ß�€�`�h�í�”
z
ü
Í�›�'���b�”�{

�s�S�z�Š
…�p�x�z Nbody �¯�”�Å�t�S�M�o�x 3:0 � 107 �å�Ž�º�t�ù�.�`�h�‹�w �z Secular�¯�”�Å�t�m
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	N�à�› ein �w
¢���Ó�é�¿�Ä�t�`�h	Ô�ù 	N�à�› 1 � ein �w�0
:�Ó�é�¿�Ä�t�`�h	Ô�ù


$ 5.17: Inner binary �w�m	ú�p�q Arguments of periapse�w�Ì��
��= : Secular�¯�”�Å�p�x�ù�.�`�s
�T�l�h�U�z Nbody �¯�”�Å�p�x�ù�.�`�h�%�w	Ô�ù�{�\�w�%�p�x�z gin ;0 = 88:8� ; i tot ;0 = 92:3� ; ein ;0 =
0:26; eout ;0 = 0 :59 �p�K�“�z Inner binary �w�í�”
z�x q = 0 :58 �p�K�l�h�{ Octupole �ò�w�G�V�^�›

¯�b�Í�å�Ý�”�»�w�‹�x j� oct j = 0 :0041�q
$ 5.15�t
z�±�`�o	–�^�s�‹�p�K�“�z�^�’�t Single average
�w�G�V�^�›
¯�b�Í�å�Ý�”�»�w�‹�x � SA = 0 :026�q�G�V�s�‹�p�K�l�h�{
$ 5.16�w�%�q�‰�7�z�\�w�%
�p�x Secular�¯�”�Å�t�S�M�o Libration 	Ý�6�p�K�“�z Octupole �ò�w�è�¹�t�‘�”�m	ú�p�w
ÿ
ï�w�è�¹
�x	–�^�M�{ Nbody �¯�”�Å�p�x�z Secular�Ì���‘�“�y�M�Ì���p�I�\�”
•�ˆ�w�è�¹�t�‘�“ Libration 	Ý
�6�U�H�•�o gin �U�Ú�™�w�‹�›	��”�\�q�U�p�V�”�‘�O�t�s�”�\�q�p�m	ú�p�U�G�V�s�‹�›	��l�o�M�”�\
�q�U�˜�T�”�{

�M�o�x�t�m�M�o 3:0 � 107 �å�Ž	Í�T�m 1:0 � 109 �å�Ž�º�t�ù�.�`�h�‹�w�t�m�M�o�w�ˆ�ß�€�b�”�{�\

�\�p�z�€�ß�t Secular�¯�”�Å�z Nbody �¯�”�Å�p�ù�.�`�h
¶�o�w�%�w�ù�.�Ì��
ü
Í�›
$ 5.18�t�Ô�b�{

1:0 � 109 �å�‡�p�w�³�Û�á�è�”�³�ã�ï�›�æ�l�h Secular�¯�”�Å�w�A�L�p�x�z���X�w�%�U 3:0 � 107 �å

�Ž	Í�T�Z�o�ù�.�`�o�M�”�\�q�U�˜�T�”�{
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$ 5.18: Secular�¯�”�Å�q Nbody �¯�”�Å�›�;�M�h�-�‰�p�z�7	4�$�t�ù�.�`�h
¶�o�w�%�w�ù�.�Ì��

ü
Í : 
h	í�w�Î�µ�Ä�¬�å�Ü�x Secular�¯�”�Å�t�S�M�o 1:0 � 109 �å�Ž�º�t�ù�.�`�h
¶�o�w�%�w�ù�.
�Ì���w
:
ü
Í�›�z�¦�è�ï�´�w�Î�µ�Ä�¬�å�Ü�x Nbody �¯�”�Å�t�S�M�o 3:0 � 107 �å�Ž�º�t�ù�.�`�h

¶�o�w�%�w�ù�.�Ì���w
:
ü
Í�›�Ô�b�{ 1:0 � 109 �å�‡�p�w�³�Û�á�è�”�³�ã�ï�›�æ�l�h Secular�¯�”
�Å�w�A�L�p�x�z���X�w�%�U 3:0 � 107 �å�Ž	Í�T�Z�o�ù�.�`�o�M�”�\�q�U�˜�T�”�{

�%�p�s�–�¬�º�t�S�Z�”�Õ�Ì���ù�.�w
C�_

5.5.1
…�‘�“�z
ì�“ Inclination �q Arguments of periapse�w	s�8�‹�w
$�t�S�M�o�z i tot ;0 ' 90�

�w�–�¬�›	†�X gin ;0 ' 0� � 45� ; 134� � 228� ; 295� � 360� �w�–�¬�t�K�”�%�x�z Secular�¯�”�Å�p�x

�ù�.�b�”�U�z Nbody �¯�”�Å�p�x�ù�.�`�s�M�D�ó
Q�U�ô�M�\�q�U�Ì�’�T�q�s�l�h (
$ 5.13, 
$ 5.14)�{

�`�h�U�l�o�z�Š�Z�€�p�x�z Secular�¯�”�Å�w�A�L�U�%�p�s�–�¬�x 88� < i tot ;0 < 92� �w�–�¬�q�z

45� < g in ;0 < 134� ; 228� < g in ;0 < 295� �w�–�¬�p�K�”�q�A�æ�n�Z�z Secular�¯�”�Å�p 3:0 � 107

�å�Ž	Í�T�m 1:0 � 109 �å�Ž�º�t�ù�.�`�h�%�w�O�j�z 88� < i tot ;0 < 92� �w�–�¬�q�z 45� < g in ;0 <

134� ; 228� < g in ;0 < 295� �w�–�¬�w�%�w�ˆ�U�î�M�t�I�\�”�ù�.�p�K�”�q�b�”�{�s�S�z�\�w Secular

�¯�”�Å�w�A�L�U�%�p�s�–�¬�x�z Secular�¯�”�Å�p�ù�.�`�h�U Nbody �¯�”�Å�p�ù�.�`�s�T�l�h�%�w

�O�j�%�p�s�–�¬�w
c�“�º�t�K�”�‹�w�w�Â�ù R error
S1N0 �q Secular�¯�”�Å�q Nbody �¯�”�Å�w�†�M�p�ù�.

�`�h�%�w�O�j�%�p�s�–�¬�Ž�t�K�”�‹�w�w�Â�ù R miss
S1N1 �U�q�‹�t�7	–�=�^�•�”�‘�O�t�>���`�h�{�7	–

�=�^�•�h�Â�ù�x�z R error
S1N0 = 0 :10�z R miss

S1N1 = 0 :43 �p�K�l�h�{

Secular� �̄”�Å�w�A�L�U�%�p�s�–�¬�t�S�Z�”�Õ�Ì���ù�. (�ù�.�Ì���U 3:0� 107 �å�Ž	Í�T�m 1:0� 109
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