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Abstract

As the precision of cosmological observations improves, discrepancies with the standard cos-
mological model have begun to emerge. Whether these discrepancies indicate the limitations of
the standard model or unknown systematic errors remains unresolved, highlighting the need for
independent cosmological analyses using different tracers and statistical measures. Traditionally,
cosmological analyses have focused on high-density peaks such as galaxies. However, in recent
years, voids, low-density regions in the large-scale structure, have gained attention as statistical
tools to constrain various cosmological models, including modified gravity and massive neutrinos.
Additionally, void statistics have been suggested to complement two-point correlation functions in
addressing parameter degeneracies in cosmological parameter estimation.

This study investigates the impact of observational effects on void statistics, with a focus on
the upcoming PFS galaxy survey at the Subaru Telescope scheduled in 2025. PFS is a wide-field
spectroscopic survey aiming to map the 3D distribution of [Oii] emission-line galaxies at redshifts
0.8 to 2.4, with the goal of constraining cosmological models. By modeling the relationship be-
tween dark matter and galaxy distributions, we constructed mock galaxy catalogs to simulate PFS
observations. The analysis revealed that void properties, such as size, ellipticity, and density pro-
files, are robust against uncertainties in galaxy distribution models, suggesting that void statistics
can alleviate degeneracies between cosmological and galaxy distribution models.

Additionally, the impact of different sampling algorithm, used to select galaxies that will be
observed, was evaluated. The results indicate that different sampling probabilities for each galaxies
have minimal impact on void statistics. However, a weighting procedure often used to remove ob-
servational effects from the 2 point statistics, could not entirely remove the effect of sampling from
the void properties, resulting in overestimation of the abundance of voids smaller than 30h−1Mpc
and increased the ellipticity of detected voids. Since the abundance of large voids were successfully
reproduced, void statistics could be a powerful tool to constrain dark energy properties and mod-
ified gravity theories (which affects the abundance of larger voids) while highlighting limitations
in current observational corrections.
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Part I

Introduction

1 Paradigm of cosmology

In modern cosmology, understanding the large-scale structure of the universe is crucial for constraining
cosmological models and parameters. The standard model of cosmology, known as �CDM, has been
highly successful in explaining many observations, such as the cosmic microwave background (CMB)
(Komatsu et al. 2009, Aghanim et al. 2020) type 1a Supernovae distance measurements(Riess et
al. 1998, Perlmutter et al. 1999) and the large-scale distribution of galaxies(Tegmark et al. 2004,
Eisenstein et al. 2005). However, recent observational results have revealed discrepancies that challenge
the standard model. Notably, tensions in measurements of the Hubble constant and deviations in
the growth rate of cosmic structures have driven the exploration of alternative cosmological models,
including modi�cations to general relativity and new theories of dark energy.

Cosmic voids, the vast under dense regions that dominate the large-scale structure, o�er unique
insights into the distribution of matter and the dynamics of cosmic expansion. Void statistics, in
particular, may have unique sensitivity to distinguishing between �CDM and alternative cosmological
models, as voids respond di�erently to changes in the underlying physics of gravity and dark energy
compared to high density peaks such as dark matter halos. While voids have been relatively under-
utilized in cosmological parameter estimation, recent advances in observational techniques, such as
spectroscopic surveys and upcoming emission line galaxy mapping projects, present a new opportunity
to use void statistics as a probe of the cosmic large-scale structure.

The goal of this thesis is to utilize cosmic void statistics to place constraints on cosmological
parameters. Speci�cally, we aim to use data from the Subaru Prime Focus Spectrograph (PFS) to
make theoretical predictions and compare them with observational data. By doing so, we hope to test
models of dark energy and gravity on large scales, contributing to our understanding of the universe's
expansion history and the nature of cosmic voids.

This thesis is organized as follows. We begin by introducing the theoretical framework of general
relativity and its role in cosmology, followed by a review of cosmic voids and their signi�cance in
large-scale structure. Next, we present the observational data and methods, especially focusing on
the PFS observation. We then explore the application of void statistics in constraining cosmological
models and the possible systematics on the constraints.
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Part II

Background cosmology
In this chapter, we will explore the basic concepts of cosmology that underpin the study of voids in the
universe. This chapter will begin with a brief overview of general relativity, leading to the derivation
of the Friedmann equations, which describe the expansion of the universe. We will then discuss the
standard cosmological model, the �CDM model, which serves as the cornerstone of modern cosmology.

Next, we will look into alternative cosmological models, along with the tensions pointed out be-
tween the observation and the �CDM model. This chapter will provide the necessary context for the
subsequent chapters, where we will delve into structure formation and the role of voids in cosmological
analysis.

2 General relativity and cosmology

2.1 Fundamentals of general relativity

The essence of General relativity (GR) is to transform gravity from being a force to being a property of
space{time. In his theory, the space{time may be curved, and the interval between two events would
take a general form,

ds2 = g�� dx� dx�

with the metric tensor g�� containing the information about the space-time curvature. GR equates
the energy-momentum tensorTij to a tensor obtained from gij , which is equal to connecting the
distribution of matter and the curvature of space-time. Under general relativity, mass, energy and
momentum conservation law could be written in a covariant form

T k
i ;k = 0 (1)

The covariant conservation law should reduce to Poisson's equation

r 2 = 4 �G� (2)

under the Newtonian limit, and therefore, the energy-momentum tensor could be described using the
metric as

Gik � Rik �
1
2

gik R � � gik =
8�G
c4 Tik (3)

with R�� the Ricci tensor and R the Ricci scalar. This equation is called theEinstein equation.
Einstein added the cosmological constant � to ensure that static cosmological solutions could be
obtained. However, in the standard model �CDM, � is thought to be the driver of the accelerated
expansion of the universe observed today.

2.2 FLRW Metric and the expanding universe

In principle, it is quite di�cult to calculate the analytical solution of the Einstein equation. However,
an assertion calledThe Cosmological Principle, enables us to derive a simple solution.

The Cosmological Principle is the assertion that, on su�ciently large scales (beyond those traced
by the large-scale structure of the distribution of galaxies),the Universe is both homogeneous and
isotropic. Homogeneity is the property of being identical everywhere in space, while isotropy is the
property of looking the same in every direction. Although homogeneity and isotropy are not self-
evident features of the universe, we have quite good observational evidence that the universe does have
these features.
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The most general space{time metric describing a universe in which the Cosmological Principle is
obeyed is of the form

ds2 = ( cdt)2 � a(t)2
�

dr2

1 � Kr 2 + r 2(d� + sin 2 �d 2)
�

(4)

r , � and  are the comoving coordinates,t is the proper time, a(t) is called the cosmic scale factor
or the expansion parameterrepresenting the homogeneous expansion, the curvature parameterK is a
constant which can be scaled in such a way that it takes only the values 1; 0 or � 1. The metric(4) is
called the Friedmann-Robertson-Walker metric.

As universe expands overtime, distance between distant galaxies also increases. The proper distance
dp at time t is related to that of the present time t0 by

dp (t0) =
a0

a
dp (t)

where a0 is the value of a(t) at t = t0. As a(t) increases, the two objects will move away with a
velocity,

v =
_a
a

dp

This linear relation between the proper distance and the recession velocity is called theHubble law,
and the quantity

H (t) =
_a
a

is called the Hubble parameter, corresponding to the expansion rate.
Next, let's look at how light emitted at t0 from a distant galaxy will be observed in the expanding

universe. We de�ne the redshift of the distant galaxy, by the quantity

z =
� 0 � � e

� e
(5)

where � 0 is the wavelength of radiation observed at timet0 and � e is the wavelength of the radiation
emitted by the source at time te. If we assume that the source is moving with the expansion of the
universe at comoving coordinater , the light travel time and the comoving coordinate will have the
following relation Z t 0

t e

cdt
a(t)

=
Z r

0

dr
(1 � Kr 2)1=2

= f (r ) (6)

Becauser is constant over time, equation 6 imply that

�t 0

a0
=

�t
a

If we assume,�t = 1=� e and �t 0 = 1=� 0, we will have � ea = � 0a0. Therefore, the redshift z and the
scale factora(t) will have the following relation.

1 + z =
a0

a
(7)

Equation 7 shows that we can observe the expansion of the universe by observing how much the
wavelength of the emitted light shifted red-wards.
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2.3 Friedmann model

In case where universe can be described as homogeneous and isotropic perfect 
uid with rest-mass en-
ergy density �c 2 and pressurep, the solutions of the Einstein equations are theFriedmann cosmological
equations.

•a
a

= �
4
3

�G
�

� + 3
p
c2

�
+

� c2

a
; (8)

�
_a
a

� 2

=
8
3

�G� �
Kc2

a2 +
� c2

3
(9)

From equation 9, one can derive the curvature as

K
a2 =

1
c2

�
_a
a

� 2 �
� + � �

� c
� 1

�
(10)

Here, we de�ned the critical density as

� c =
3

8�G

�
_a
a

� 2

and the energy density of cosmological constant as

� � =
� c2

8�G

The space is closed (K = 1), 
at ( K = 0) or open(K = � 1) according to whether thedensity parameter


( t) =
�
� c

is greater than, equal to, or less than unity.
In many cases of physical interest, the appropriate equation of state could be, described exactly or

approximately, in the form
p = w�c 2

with a constant parameter w depending on the di�erent feature of the component.
In the �CDM model, the energy budget is composed of 3 components; Radiation, matter and

cosmological constant, which is associated with dark energy in the context of �CDM. The case with
w = 0 represents a pressure-less dust material. This is also a good approximation to the behavior
of non-relativistic matter including both baryonic matter and cold dark matter(CDM). At the other
extreme, a 
uid of relativistic particles in thermal equilibrium has an equation of state of the type
p = �c 2=3 with w = 1=3. A 
uid with an equation of state of this type is called a radiation, though it
may comprise relativistic particles of any form. The equation of state of cosmological constant have
the parameter w = � 1.

If we assume thatw is constant over time, the scale dependents of density could be described using
the current density of di�erent components � 0w and current scale factora0 as,

�a 3(1+ w) = const: = � 0w a3(1+ w)
0

Using the equation of state and the adiabatic equation, equation 9 can be rewritten as,

�
_a
a

� 2

=
8�G

3

� � a0

a

� 3
� M0 +

� a0

a

� 4
� 
 0 + � �0 +

� a0

a

� 2
� K0

�
(11)
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Here we de�ned the curvature density as

� K0 = �
3Kc2

8�Ga 2
0

Using current Hubble parameter H0 and the current density parameter 
 w0 = � w0=� c0, equation 11
can be simpli�ed as

H = H0

q
(1 + z)3
 M0 + (1 + z)4
 
 0 + 
 �0 + (1 + z)2
 K0 (12)

Based on the current observations, density parameters of the �CDM model are constrained around

ˆ Matter density 
 M0 ' 0:31 :with DM density parameter 
 DM0 ' 0:25

and the baryonic density parameter 
 b0 ' 0:06

ˆ Dark energy density 
 �0 ' 0:69

ˆ Radiation density 
 M0 ' 8:4 � 10� 5

ˆ Curvature density 
 K0 ' 0

3 Challenges in � CDM and Alternative Cosmological Models

3.1 � CDM model

The �CDM model, often referred to as the standard model of cosmology, is built upon two essential
components: The cosmological constant �, corresponding to dark energy, and CDM (Cold Dark Mat-
ter), which refers to non-relativistic matter that interacts primarily through gravity. This model has
successfully explained many cosmological phenomena and is widely accepted as the leading theory of
the universe's large-scale behavior.

Dark energy comprises about 69% of the total energy density of the universe, and its e�ect has
been observed through measurements of distant supernovae. The model assumes that dark energy's
in
uence remains constant over time, continuing to push galaxies apart at an increasing rate.

Cold dark matter (CDM) is another critical element, making up about 26% of the universe's energy
density. CDM is a non-relativistic matter and does not interact with electromagnetic forces, making it
invisible to direct observation. Nevertheless, its gravitational e�ects play a fundamental role in shaping
the universe, particularly in the formation of galaxies and large-scale structures such as galaxy clusters
and cosmic �laments.

In addition to dark energy and dark matter, the �CDM model includes ordinary baryonic matter,
which accounts for only about 5% of the universe's energy density.

The �CDM model assumes that the universe is spatially 
at, meaning that the total energy density
is equal to the critical density required for 
atness. This 
at geometry is consistent with precise
measurements of the cosmic microwave background (CMB), and other Large-scale observations.

A major success of the �CDM model is its ability to explain a wide range of observations, from
the CMB to the large-scale distribution of galaxies. Measurements of the CMB, particularly from
the Planck satellite, align closely with �CDM predictions. The model also matches the large-scale
structure of the universe, as well as the accelerating expansion observed in distant supernovae.

3.2 Tensions in � CDM and Alternative Cosmological Models

The �CDM model has been highly successful in explaining a wide range of cosmological observations
including CMB measurements, Large-scale structure observation and distance measurements of cosmic
candles such as supernovae and Cepheid's. However, recent advancements in cosmological observations
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and the precise measurement of cosmological parameters have begun to reveal anomalies between
observations and the standard model.

The most signi�cant tension appears in the Hubble constant H0 describing the present expansion
rate of the Universe. The Hubble tension shows a mismatch between the Planck Collaboration results
obtained from the CMB anisotropies and the direct local distance ladder measurements based on type
Ia supernovae by about 5� (Figure 1).

Figure 1: 68% con�dence level constraint onH0(left) and S8(right) from di�erent cosmological probes
(Abdalla et al. 2022)

Second is the tension on the matter clustering amplitudeS8 � � 8
p


 m =0:3, derived from the
matter density parameter 
 m and � 8, which corresponds to the amplitude of matter 
uctuation on an
8h� 1Mpc comoving scale (This term will be explained more precisely on chapter 3). In this case the
discrepancy between Planck satellite measurements and low-redshift probes, such as weak gravitational
lensing and galaxy clustering, is at the level of 2� 3� (Figure 1).

Also, there are some anomalies in the small-scale structure, such as cusp-core problem (Moore
1994) and missing satellite problem (Moore et al. 1999, Brooks et al. 2013). With cold dark matter,
simulations of dark matter halos predict steeper density pro�le and more satellite galaxies within a
halo.

These observational tensions may reveal some unknown systematic errors in the cosmological mea-
surements or, alternatively, the requirement to modify the standard model of cosmology. This has
led to the proposal of many alternatives to the �CDM model, including physics beyond the standard
model of particle physics. Here are some examples of the alternative cosmological models proposed.

Dynamical Dark Energy Models (Quintessence) Unlike �CDM, which assumes that dark en-
ergy is a constant, dynamical dark energy models propose that dark energy evolves over time. These
models introduce a scalar �eld � , often called quintessence, whose energy density evolves as the uni-
verse evolves. In this model, dark energy is explained by a slowly evolving scalar �eld that can vary
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in space and time. The general Lagrangian form of quintessence models could be written as

L =
Z

d4x
p

� g
�

�
1
2

@� @� � + V (� ) + m(� ) m
� m

�
(13)

We can see that the dark energy scalar� can interact with dark matter �eld  m through its mass
m(� ). Group of theories with constant m(� ) = 0 is called the uncoupled dark energyand theories with
non-zero mass are calledcoupled dark energy. The exact function of potential V (� ) and m(� ) di�ers
between theories, making up a group of coupled dark energy models. One example is the Ratra{Peebles
self-interaction potential, (see Ratra and Peebles 1988)

V (� ) = V0

�
�

M p

� � �

(14)

with M p the Planck mass. A commonly assumed functional form for the massm(� ) is

m(� ) = m0 exp
�

� � (� )
�

M p

�
(15)

(see Pettorino et al. 2012) As time evolves, the scalar �eld rolls down the potential, resulting in the
decrease of scaler mass. This corresponds to an in
ow of energy from the dark matter to the dark
energy, which agrees with the accelerated expansion we observe in the late universe. Dynamical dark
energy models can help resolve the tension in the Hubble parameter by e�ecting the expansion rate of
the universe di�erently at early and late times.

Modi�ed Gravity Models Modi�ed gravity models propose that instead of introducing dark en-
ergy, the apparent accelerated expansion of the universe can be explained by modifying Einstein's
general relativity. These models suggest that gravity behaves di�erently on cosmological scales than
it does locally. One example of modi�ed gravity models is thef (R) modi�ed gravity theory , in which
the Einstein equation 3 includes an additional function of the Ricci scalarR. In this model, the
Einstein-Hilbert action S will be modi�ed as

S =
Z

d4x
�

R + f (R)
16�G

�
+ L m (16)

We can see that if we substitutef (R) = � 2�, modi�ed gravity model reduces to general relativity.
In order for the modi�ed gravity model to be consistent with current measurements, the functional

form of f (R) needs to match the �CDM expansion in cosmological scales while evading the stringent
constraint in gravity models in the solar system scale. A function which surpass these requests was
proposed by (Hu and Sawicki 2007) as

f (R) = � m2 c1
�

R
m 2

� n

c2
�

R
m 2

� n
+ 1

(17)

where, m2 � H 2
0 
 m and c1; c2; n are the non-negative parameter which can be �tted to observation.

In case where we setc1=c2 = 6
 � =
 m , the modi�ed gravity will be consistent with the �CDM model
in cosmic scales.

If we assume,c2(R=m2)n � 1, the scalar �eld f R � df (R)=dR can be approximated as

f R ' � n
c1

c2
2

�
m2

R

� n +1

(18)

Using f R and f , the Einstein equation for the modi�ed gravity could be written as

f R R�� �
1
2

fg �� � r � r � f R + g�� � f R = 8 �GT �� (19)
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Here, � is the D'Alembert operator, de�ned as, � � g�� r � r � . Taking the trace and the time-time
component of the modi�ed Einstein equation, we can get the �rst order equation of motion of the
scalar �eld and the modi�ed Poisson function as

r 2�f R =
a2

3
[�R (f R ) � 8�G�� m ] (20)

and

r 2 =
16�G

3
a2�� m �

a2

6
�R (f R ) (21)

assuming a small perturbation �f R = f R � �f R , �R = R � �R and �� m = � m � �� m . Also,  corresponds
to the perturbed gravitational potential de�ned as  = �g00=g00 in analogy to the general relativity.

We can extract the analytic solution of equation 20 and equation 21 in the extremejf R j � j  j and
jf R j � j  j. In the �rst extreme, we can see from equation 20 that �R (f R ) ' 8�G�� m . Substituting
this to equation 21, we getr 2 = 4 �Ga 2�� m reducing to the normal Poisson equation. Therefore, we
can safely say that in overdense region with high space-time curvature, thef (R) modi�ed gravity is
consistent with the general relativity.

In the other extreme, the interaction range of the �fth force ( � 1
2 r 2�f R ) will be � =

p
3df R =dR. In

a scale smaller than this interaction range, we can say that the gravitational attraction will be enforced
by 4=3 compared to the GR case.

Primordial non-gaussianity Models including Primordial non-gaussianity (PNG) deals with the
statistical properties of the initial density 
uctuations that eventually led to the formation of large-scale
structures in the universe. In the standard �CDM framework, the primordial 
uctuations generated
during in
ation are assumed to follow a Gaussian distribution, meaning that the 
uctuations are
random and have no higher-order correlations beyond the two-point correlation (which de�nes the
power spectrum). PNG refers to deviations from this Gaussian assumption, implying that there could
be higher-order correlations between the initial 
uctuations.

Most models of cosmic in
ation predict that the primordial 
uctuations are nearly Gaussian. How-
ever, certain in
ationary scenarios, such as multi-�eld in
ation(Linde and Mukhanov 1997), non-
slow-roll in
ation(Alishahiha, Silverstein, and Tong 2004), or models with non-standard interactions
(Cheung et al. 2008), predict non-Gaussian initial conditions. These models introduce PNG, which
can manifest as higher-order correlations in the distribution of matter in the universe.

In the local PNG model, scalar perturbation on space-time metric could be described as

� = � + f NL (� 2 � h � 2i ) (22)

with � the gaussian perturbation and f NL the parameter to characterize the strength of the non-
gaussianity. Planck collaboration derived a constraint of f NL = 0 :8 � 5:0 which is consistent with
gaussian perturbation.

Work done by (Dalal et al. 2008) has pointed out that, local PNG evokes a strong scale dependents
in the halo bias at large scales. Therefore, local PNG is perceived as one possibility to explain the
over abundance of massive galaxies observed in the recent JWST observation (Biagetti, Franciolini,
and Riotto 2023).

Models with massive neutrinos In the �CDM model, neutrinos are often assumed to be massless.
However, we now know from particle physics experiments (such as neutrino oscillations) that neutrinos
do have mass, albeit very small. From neutrino oscillation experiments, we know the di�erences in
neutrino masses, but the absolute mass remains undetermined. Cosmic structure is expected to be
sensitive to the neutrino mass. After neutrinos decoupled from the relativistic particles, neutrinos
behave as a non-relativistic matter such as dark matter and baryons. However, because the mass of
neutrino is much smaller than baryons, its free-streaming length have a cosmological scale of

� FS (z; m� ) = a(z)
2�
kFS

= 7 :7(1 + z)
H0

H (z)

�
1eV
m�

�
h� 1Mpc (23)
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Structure formation in scale smaller than the neutrino free-streaming scale will be suppressed, which
e�ect can be detected in galaxy surveys and weak lensing data. Currently, the strongest constraint on
neutrino mass comes from the CMB observation withm� < 0:1eV.

In order to distinguish systematics and the above mentioned alternative cosmological models, it is
important that we have independent and precise measurements of cosmological parameters.
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Part III

Structure Formation
In the previous chapter, we have looked into the evolution of homogeneous universe. However, the
universe we observe today is rich in large-scale structures, galaxy clusters, �laments, and cosmic voids.
These structures emerged from tiny density 
uctuations in the early universe, which grew over time
due to gravitational instability. Understanding the formation and evolution of cosmic structures is
a central goal of modern cosmology, as it provides crucial insights into the underlying physics of the
universe and its components, including dark matter and dark energy.

In this chapter, we will explore the theoretical framework that describes how these structures formed
and evolved. The process of structure formation is commonly divided into linear and non-linear regimes.
In the early universe, density 
uctuations were small, and their growth can be accurately described by
linear perturbation theory. However, as these 
uctuations grew, non-linear e�ects became signi�cant,
requiring more complex approaches, including the use of N-body simulations and approximations such
as the Zel'dovich approximation.

The structure of this chapter is as follows. We will begin by discussing the linear evolution of density

uctuations, followed by an analysis of the non-linear growth of structure. We will then move on to
discuss various theoretical tools and approximations, including N-body simulations and the Zel'dovich
approximation. The �nal sections will focus on the statistical measures of structure and the special
role of voids in cosmology.

4 Linear Evolution

Starting from a homogeneous and isotropic 'mean' 
uid, small 
uctuations in the density �� and the
velocity �v , could evolve with time, due to gravitational instability. At the epoch where 
uctuation is
much smaller than the mean, the time evolution equation for the perturbations can be described as a
linear combination of the perturbations, and perturbation in di�erent scales can evolve independently
(usually referred to as the Linear evolution).

In the Newtonian approximation, the equation of motion of a collisional 
uid can be described as
the following.

@�
@t

+ r � � v = 0 (24)

@v
@t

+ ( v � r )v +
1
�

r p + r  = 0 (25)

r 2 � 4�G� = 0 (26)

These are thecontinuity equation, the Euler equation and the Poisson equationrespectively. Through-
out this chapter, we will neglect any dissipative terms arising from viscosity or thermal conductivity.
Therefore, the 
uid should also follow the conservation law in the entropy per unit masss in addition
to the above equations.

@s
@t

+ v � r s = 0 (27)

Let's describe each quantities in the form of homogeneous and isotropic mean plus a small perturbation,
� = � 0 + �� , v = � v, p = p0 + �p ,  =  0 + � . Assuming a matter dominated universe, the mean of
each properties will have the following relation.

� = � 0

� a0

a

� 3
(28)
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v =
_a
a

r (29)

 =
2
3

�G�r 2 (30)

p = p(�; s ) (31)

s = const (32)

Substituting the above relation and the time evolving perturbations, the equations of motion would
be written as,

_�� + 3
_a
a

�� +
_a
a

(r � r )�� + � (r � � v) = 0 (33)

_� v +
_a
a

� v +
_a
a

(r � r )� v = �
1
�

r �p � r � (34)

r 2� � 4�G�� = 0 (35)

_�s +
_a
a

(r � r )�s = 0 (36)

To study the solutions to the above equations, we will look for solutions in the form of plane waves

�u i = ui (t)exp(ik � r ) (37)

Here we de�ne the amplitude of the plane wave for�� , � v , �s , � , as D; V ; � and 	. We also
de�ne the sound speedv2

s =
�

@p
@�

�

s
. Substituting the plane wave solution, the equation of motion can

be written as,
_D + 3

_a
a

D + i� k � V = 0 (38)

_V +
_a
a

V + iv 2
s k

D
�

+ i
k
�

�
@p
@s

�

�
� + ik 	 = 0 (39)

k2	 + 4 �GD = 0 (40)

_� = 0 (41)

The time evolving solution is the adiabatic solution with � = 0 and k parallel to v. In this case, the
equations will be,

_D + 3
_a
a

D + i�kv = 0 (42)

_V +
_a
a

V + ik
�

v2
s �

4�G�
k2

�
D
�

= 0 (43)

If we de�ne D = �� , the time evolving equation of � will be,

•� + 2
_a
a

_� + ( v2
s k2 � 4�G� )� = 0 (44)

From equation 44, you can see that density evolves through the interaction between cosmic ex-
pansion (the second term), the pressure (�rst term inside the parenthesis), and the gravitational force
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(second term inside the parenthesis). In case of a 
at matter dominated universe, where density� and

scale factora evolves with time as � = 1
6�Gt 2 and a = a0

�
t

t 0

� 2=3
, equation 44 can be written as,

•� +
4
3

_�
t

�
2

3t2

�
1 �

v2
s k2

4�G�

�
� = 0 (45)

For large enough scales where the second term inside the parenthesis is negligible (pressure term
is much smaller than the gravitational e�ect) the solution will be

� + / t2=3 (46)

Which is the growing mode, and
� � / t � 1 (47)

the decaying mode.

5 Non-linear evolution

When the perturbations grow su�ciently large compared to the mean, the �rst-order approximation of
the equation of motion no longer holds. To account for structure formation, we therefore need di�erent
methods to study the nonlinear evolution of perturbations. In the nonlinear regime, exact solutions
are di�cult to achieve. In this section, we will introduce some analytical and numerical approaches.

5.1 Spherical top-hat model

First, let's think of the simplest case where a spherical perturbation with constant density inside evolves
against a constant background. From equation 46 and equation 47, we can calculate the density and
velocity perturbation as

� = � + (t i )
�

t
t i

� 2=3

+ � � (t i )
�

t
t i

� � 1

(48)

V = i
_�
k

=
i

ki t i

"
2
3

� + (t i )
�

t
t i

� � 1=3

� � � (t i )
�

t
t i

� � 4=3
#

(49)

at t = t i velocity is set to be 0. Therefore, The initial amplitude of the growing mode will be,
� + (t i ) = 3

5 � i . Assuming that pressure between the background and the sphere is negligible, the sphere
representing the perturbation evolves like a Friedmann model whose initial density parameter is given
by


 p(t i ) =
� (t i )(1 + � i )

� c(t i )
= 
( t i )(1 + � i ) (50)

Here, we de�ned 
( t i ) as the density parameter of the background universe. If 
p(t i ) > 1 (correspond-
ing to a closed universe in the Friedmann model), at some timetm , the spherical perturbation will no
longer be able to expand with the background anymore and instead begins to collapse.

The expansion of the perturbation will be described as

�
_a
a

� 2

= H 2
i

h

 p(t i )

ai

a
+ 1 � 
 p (t i )

i
(51)

tm is when [
 p (t i ) a i
a + 1 � 
 p (t i )] reaches 0. Therefore, density perturbation at timetm will be,

� p (tm ) = � c(t i )
 p (t i )
�


 p (t i ) � 1

 p (t i )

� 3

(52)
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and tm will be expressed as,

tm =
�

2H i


 p (t i )
[
 p (t i ) � 1]3=2

=
�

2H i

�
� c(t i )
� p (tm )

� 1=2

=
�

3�
32G� p (tm )

� 1=2

(53)

Using equation 53, density perturbation at time tm will be,

� + (tm ) = � + (t i )
�

tm

t i

� 2=3

= � + (t i )
�

3
4

�
� 2=3 
 p (t i )2=3

� i
'

3
5

�
3
4

�
� 2=3

' 1:07 (54)

Theoretically speaking, after the spherical perturbation starts to collapse at tm , the radius of the
sphere will eventually become 0 and the density will be in�nity in a time tc of order 2tm . However,
what really happens is, if the density gets high enough, heating of matter will occur due to dissipation
of shocks and the sphere will reach an equilibrium state with radiusRtextvir and massM . From the
virial theorem, the total energy of the 
uctuation is

Evir = �
1
2

3
5

GM 2

Rvir
(55)

If we neglect the mass loss (or gain) during the collapse, total energy attm will be,

Em = �
3
5

GM 2

Rm
(56)

From equation 55 and equation 56, we therefore getRm = 2Rvir and � p (tvir ) = 8 � p (tm ). By extrapo-
lating the linear perturbation theory, we could calculate the density perturbation at tc as

� + (tc) '
3
5

�
3
4

�
� 2=3

22=3 ' 1:68 (57)

Which is often used as the threshold for perturbations to turn into collapsed objects.

5.2 Zel'Dovich Approximation

In the previous section, we assumed a homogeneous evolution of a spherical perturbation. However,
in most cases, homogeneously overdense spherical regions with zero peculiar velocity does not appear
as the initial condition. Moreover, such a symmetrical structure is strongly unstable with respect to
the growth of torque forces during the expansion and collapse phases of the overdensity. In fact, the
work done by (Lin, Mestel, and Shu 1965) has shown that, for a general perturbation without speci�c
con�guration, it is expected that the structure will not collapse into a point, but to a 
at structure
called pancakes. By assuming that the pressure of the matter is e�ectively 0, Zel'Dovich approximation
can trace the structure evolution analytically until the formation of pancake structures.

First, let us de�ne the initial coordinate of a particle in this unperturbed distribution as q. In the
Zel'dovich approximation, we describe the density perturbation as the displacement of particles against
the unperturbed distribution. The Eulerian coordinate of the particle at time t could be written as

r (t; q) = a(t)[q � b(t)r q � 0(q)] (58)

where, b(t) describes the time evolution of the linear perturbation, following equation 44 without the
pressure term.

•b+ 2
_a
a

_b� 4�G�b = 0 (59)

� 0(q) is the gravitational potential of the initial density �eld. We can see that the second term in
equation 58 corresponds to the displacement due to the gravitational interaction.
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From equation 58, the relation between the Eulerian comoving coordinatex = r =a(t) and La-
grangian particle coordinate q could be described as

@xi
@qj

= � ij � b(t)
@2� 0

@qi @qj
(60)

De�ning the tidal tensor Tij as b(t) @2 � 0
@qi @qj

, equation 60 can be described as

@x
@q

= 1 � T (61)

Under linear evolution, the gravitational potential of the perturbed density �eld can be approxi-
mated asb(t)� 0(x), which could be related with the density perturbation � using the Poisson's equation
as

� = br 2
q � 0 (62)

Applying the mass conservation law,�d 3x = ��d 3q to equation 61, the density of the perturbation
� can be written as

� =
��

(1 � � 1)(1 � � 2)(1 � � 3)
(63)

with, � 1; � 2; � 3 the eigenvalues of the tidal tensor.
From equation 63, you can see that at a timetsc where � (b(tsc)) = 1, an event called shell-crossing

occurs, such that a singularity appears and the density becomes in�nite. If there is no special symmetry
(i.e. if the eigenvalues do not have an exact same value), one therefore expects collapse to occur along
a single axis, resulting in a sheet or `pancake' structure.

5.3 N -body simulation

In the fairly non-relativistic regime, it will be impossible to study the details of structure formation ex-
actly using analytical methods. For example, Zel'dovich approximation mentioned above cannot trace
the evolution of structure after shell-crossing occurs. According to equation 58, even after singularity
appears in the perturbed density �eld, the gravitational potential that e�ects the particle displacement
evolves linearly asb(t)� 0(q). Therefore, particles can still stream through the singularity, smearing out
the pancake structure. In reality, the gravitational potential of the pancake structure would also evolve
non-linearly, and the particles would not be able to escape the potential well of the pancake structure.
In this case, it will be necessary to resort to numerical calculation.N -body simulation represents some
realization of the expanding universe as a box containing large number of point masses interacting
through their mutual gravity. The simplest way to calculate the motion of the particles is to sum the
(pairwise) interactions between the particles directly to calculate the Newtonian forces. However, as
the particle number increase, this will become extremely computationally expensive. Therefore, most
N -body simulations resort to the following algorithm to save computational cost.

Particle-mesh The PM method divides space into a grid, and gravitational forces are computed
by solving Poisson's equation on the grid using fast Fourier transforms (FFTs). The particles are
assigned to the grid, and the gravitational potential is computed at grid points. Forces on particles
are interpolated from the grid.

Tree codes Tree codes reduce the complexity of calculating gravitational forces between particles by
organizing them into a hierarchical tree structure (usually an octree). Distant particles are grouped into
a single "node," and interactions with groups are computed, reducing the number of force calculations.
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COLA The Cola method is a fast N-body simulation technique that uses a 2nd-order Lagrangian
perturbation theory for large-scale structures while solving full N-body dynamics for smaller scales. It
is often used to create mock galaxy catalogs.

In table 1, we list some examples of cosmologicalN -body simulations widely used. Figure 2 shows
the dark matter particle distribution calculated in the Quijote simulation. We can see the cosmic web
structure composed of �laments and nodes. We can also see the high density peaks referred to as dark
matter halos.

Simulation # of realization boxsize (h� 1Mpc) # of particles mDM (h� 1M � ) cosmology
UCHUU 1 2000.0 128003 3.27e8 Planck2015
Quijote 500� 1000 1000.0 2563 � 10243 6.57e11 Planck2018

Millenium 1 500:0 21603 8.6e8 WMAP7
AbacusSummit 25 2000.0 69123 2.1e9 Planck2018

Table 1: Examples of dark matter only N-body simulations

Figure 2: Dark matter particle distribution of 10Mpc/h thick slice in the Quijote simulation at z = 0 :0.
(Left) particle density �eld in mesh. (Right) Dark matter particle scatter plot.

6 Statistical Measures

As we have seen in the previous sections, primordial 
uctuations grow against the expanding universe
through gravitational instability. Therefore, the properties of cosmic structure will contain a wealth
of information about the initial condition, expansion history of the universe, and theory of gravity.

In the study of cosmology and structure formation, statistical measures play a crucial role in
understanding the underlying properties of cosmic structures. These measures enable researchers to
quantify the relationships between the features of cosmic structures and underlying physics that drove
the evolution. Furthermore, these statistical tools allow for comparing theoretical predictions and
observational data, assisting the identi�cation of biases that may arise when we turn from dark matter-
only simulations to actual observations. This section will explore key statistical measures relevant to
structure formation, emphasizing their importants in extracting cosmological constraints.
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6.1 Power spectrum

We have seen that in the linear regime, density perturbation with di�erent modes evolve independently.
Therefore, it will be straight forward to make theoretical predictions in the Fourier space.

Lets assume a situation where we select a sample of the universe with a volumeV . the density
perturbation � (x) can be written as a super position of plane waves as

� (x) =
X

k

� k exp(ik � x)

Since the mean of� (x) is 0 by de�nition, the lowest order statistic of � (x) we should consider will be
the variance � . The variance of the density in the selected volume will be

� 2 � h � 2i =
X

k

hj� k j2i =
1
V

X

k

� 2
k

Where hi denotes the average over the volumeV . If we take the limit V ! 1 , The above equation
will be

� 2 !
1

2� 2

Z 1

0
P(k)k2dk (64)

with � 2
k = P(k) in the limit V ! 1 . P(k) is called the Power Spectrum and corresponds to the

amplitude of the 
uctuation in a given scale.
The linear power spectra is usually given by a power law

P(k) = Ak n (65)

the index n is usually called the spectral index di�ering for di�erent initial conditions. If we were to
observe the high density peaks such as DM halos and galaxies, we would also have to consider the bias
on the power spectrumb(k)

Pg(k) = Ab(k)kn (66)

If the matter distribution is completely Gaussian, the bias will be constant over di�erent scales, meaning
that the bias parameter will completely degenerate with the amplitude A.

The power spectrum we observe today is modi�ed from the featureless power law, re
ecting the
di�erent physical process that took place during the structure evolution. Here we list some features in
the power spectrum we observe today.

Baryon acoustic oscillation (BAO) Before the recombination, due to the frequent interaction
between photons and electrons, photons and baryons were tightly coupled with each other. At this
epoch the sound velocity isvs ' c=

p
3.

After recombination, electrons will be trapped inside hydrogen, and photons start free streaming
within the plasma. At this point, sound speed will be written as

vs =
�

5kB Tm

3m

� 1=2

(67)

assuming a monatomic matter with massm.
From equation 44, we can tell that in order for a perturbation to go through gravitational instability,

the typical scale of the perturbation must be larger than,

� =
2�
k

= vs

r
�

G�
(68)

For perturbation smaller than this scale, it will act like a propagating wave with velocity vs. After
recombination, the vs drops and as a result� gets smaller, which causes the propagating wave with
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scale larger than � to stop propagating and go through gravitational instability. As a result, the
characteristic scale of the wavefront will be imprinted into the matter distribution, referred to as the
baryon acoustic oscilation (BAO).

This characteristic scale could be calculated as

r s =
Z 1

zrec

vs

H (z)
dz (69)

This scale can be observed in 2-point statistics like power spectrum and correlation function as a excess
probability of galaxies with distance r s.

Anisotropy in redshift space In reality, we can not directly observe the distance to the galaxy.
Therefore, the power spectrum we actually get will be in the redshift space. Due to the peculiar
velocity of the galaxies and the mismatch between the reference and true cosmology, we see distortion
in 3D power spectrum.

1. Redshift space distortion (RSD)

Redshift space distortion (RSD) is the e�ect of apparent shift in the line of sight location due
to the peculiar velocity of galaxies. RSD will show up in the galaxy clustering as 2 di�erent
features, the Kaiser e�ect and the Finger of god e�ect. In the linear regime, the velocity of
galaxies generally traces the large scale gravitational potentials, with galaxies coherently falling
into the gravitational well. This causes galaxies to appear closer together along the line of sight
than they actually are, amplifying the clustering signal in redshift space (The Kaiser e�ect). The
linear RSD with a constant bias b could be written as

P(k; � k ) = ( b+ f � 2
k )2P(k) (70)

f (z) is the growth rate of density perturbations and could be approximated asf (z) = 
 6=11
m (z)

for the �CDM model.

Given the power spectrum in the redshift space, the multiple moments could be calculated using
the Legendre polynomialsL l (� k ) as,

Pl (k) = (2 l + 1)
Z 1

0
P(k; � k )L l (� k )d� k (71)

If we de�ne coe�cients K l =0 ;2;4 as Pl (k) = K l P(k), K l could be written in terms of RSD
parameters as

(K 0; K 2; K 4) =
�

b2 +
2
3

bf +
1
5

f 2;
4
3

bf +
4
7

f 2;
8
35

f 2
�

(72)

Therefore, by measuring the multiple moments of the redshift space power spectrum, we can
constrain the growth rate and ultimately, the matter density parameter.

In the smaller scale, where the structure is going through non-linear evolution, the structure
has gone through virialization and galaxies do not move coherently anymore. In this scale, the
random motion of galaxies causes the structure to appear extended in the redshift space, resulting
in an apparent damping of the small scale clustering (Finger of god e�ect).

2. Alcock-Paczynski e�ect (AP e�ect)

If there is a mismatch between the reference and true cosmology, we will see an apparent
anisotropy in the correlation function.

The multiple power spectra derived above can be converted into multiple cross-correlation by
calculating

� l (r ) = i l
Z

dkk2

2� 2 Pl (k)j l (kr ) (73)
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Here, j l (kr ) is the l-th order spherical Bessel function. If we include the AP e�ect, multiple
cross-correlations will be distorted as the following

� 0(r ) = � 0(�r ) +
2
5

�
�
3� 2(�r ) +

d� 2(�r )
dlog(r )

�
(74)

� 2(r ) = 2 �
d� 0(�r )
dlog(r )

+
�

1 +
6
7

�
�

� 2(�r ) +
4
7

�
d� 2(�r )
dlog(r )

+
4
7

�
�
5� 4(�r ) +

d� 4(�r )
dlog(r )

�
(75)

Here, we de�ned the isotropic and anisotropic shift parameter� and � . If we were to measure
the anisotropy of the BAO scale, � and � can be written as,

� =

"
D 2

A (z)
D 2

A,�d

H �d (z)
H (z)

#1=3
r s,�d

r s

1 + � =
�

H (z)
H �d (z)

DA,�d (z)
DA (z)

� 1=3
(76)

DA is the angular diameter distance andr s is the sound horizon scale at recombination time.

Therefore, by measuring the anisotropy of BAO, we can measure theDA (z); H (z) and f .

In �gure 4, we plot the 1d power spectrum of the AbacusSummit halo catalog with and without the
RSD e�ect. We can see the scale dependent bias on the power spectrum due to RSD. We can also
characterize the wiggle feature aroundk � 0:1 which is the BAO feature mentioned above.

Figure 3: 1d Power spectrum of Abacus Summit halos atz = 0 :5. Blue line is the power spectrum in
the real space, and black line is the power spectrum in the redshift space.
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Small scale features In general, the amplitude of perturbation gets larger for smaller scales. There-
fore, in the smaller scale, the non-linear e�ect will not be negligible anymore. Also, in the high dense
region, baryonic e�ects also alters the power spectrum showing di�erent features from the DM-only
simulations. Here, we will go through the di�erent features that can be see in the small scale power
spectrum.

1. One-halo term

When the density perturbation cross the structure formation threshold � c ' 1:68, matter starts
to collapse and eventually form a virialized structure called halos. This collapsed structure will
show up in excess probability of mass distribution in a scale of halo radius, resulting in a increase
of the power spectrum at scalesk > 0:1Mpc� 1 often referred to as theone-halo term.

2. Baryonic e�ects

In the high density area, many astrophysical phenomena takes place, which also alters the mass
distribution. High energy phenomena such as supernovae and AGN out
ows expels energy into
the surrounding gass. This increases the random motion of surrounding gas and decreases density
perturbation amplitude at small scales.

3. Small scale dissipation

In a case where the universe contains relativistic matter such as massive neutrinos and hot dark
matter, density �eld would be smoothed by the dissipation e�ect. As a result we will see a
characteristic damping at small scales corresponding to the dissipation length of the relativistic
matter.

6.2 Mass function

In observation, what we actually observe is the galaxy, which is the collapsed peaks of the over density.
Therefore, in order to connect the observed galaxy distribution and theoretical density �elds, it is
necessary to understand how halos form under the predicted density �eld.

The mass function n(M ) is de�ned as

dN = n(M )dM

which corresponds to the number of structure with mass betweenM and M + dM per unit volume.
The analytic form of mass function can be calculated by a theoretical model calledExcursion set
formalism proposed by Press and Schechter 1974.

Excursion Set Formalism uses random walks and barrier-crossing problems to determine when and
where structure formation occurs. The density �eld is �ltered or smoothed over regions of various sizes
(with a smoothing length of R). If we assume a Gaussian �lter,

F (jx � x0j; R) =
1

(2�R 2)3=2
exp

�
�

jx � x0j2

2R2

�

The smoothed density �eld would be described as

� (x ; R) =
Z

� (x0)F (jx � x0j; R)dx0

and the variance of the smoothed density �eld would be

� 2(R) =
1

2� 2

Z 1

0
P(k; R)k2dk =

1
2� 2

Z 1

0
P(k)W 2

F (kR)k2dk

with WF (kR) the Fourier transform of the �lter F. The idea is to track how the smoothed density

uctuates as the smoothing scale changes. Structure formation is associated with a threshold� c that
the density 
uctuations must exceed to form a bound structure.
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If we de�ne a smoothed density �eld � (x ; R) � � M and variance � (R) = � M , with spatial scale R
corresponding to a massM (= 4 �= 3R3� ), the distribution of 
uctuation is given as

P(� M )d� M =
1

(2�� 2
M )1=2

exp
�

�
� 2

M

2� 2
M

�
d� M (77)

The possibility that 
uctuation � M in some locationx exceeds a critical value� c can be written as

P>� c (M ) =
Z 1

� c

P(� M )d� M (78)

In order for a collapsed structure of massM to form, � M needs to exceed� c without � M + dM exceeding
� c. The possibility of this happening can be expressed asP>� c (M ) � P>� c (M + dM ). Therefore, mass
function could be derived as

n(M )MdM = 2 � m [P>� c (M ) � P>� c (M + dM )] = 2 � m

�
�
�
�
dP>� c

d� M

�
�
�
�

�
�
�
�
d� M

dM

�
�
�
� dM (79)

In a case where the density variance can be expressed by a power law,

� M =
�

M
M 0

� � �

the mass function could be written in a simple form

n(M ) =

r
2
�

� c�
� M

� m

M 2 exp
�

�
� 2

c

2� 2
M

�
=

2
p

�
� m �
M 2

�

�
M
M �

� � � 2

exp

"

�
�

M
M �

� 2�
#

(80)

We can see that mass function follows a power-law behavior with exponential cut-o� at mass

M � =
�

2
� 2

c

� 1=2�

M 0

This simple analytic form matches the results from the N-body simulation well, and often used to
make analytical predictions on galaxy population.
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Part IV

Cosmic voids
In the previous sections, we have been looking into how structure evolves from primordial 
uctuations,
focusing primary on the formation of collapsed over dense regions. In the collapsed region, structure
is highly e�ected by the non-linear evolution and yet unconstrained baryon physics, which degenerate
with the cosmological parameters.

In this section, we shift our focus to the under-dense regions of cosmic structure, usually referred to
as voids. Voids are di�use structures spanning tens of megaparsec and �lls large fraction of the entire
universe. Since the inner regions of voids have weaker gravity compared to the surrounding universe,
they expand faster than the Hubble expansion, which further reduces their matter density. At the
same time, the higher density and stronger gravity in the outer regions pull matter outward, draining
mass from the void's interior. As the outer regions collapse non-linearly, they form dense structures
like �laments and nodes by pulling matter toward their edges. We begin by exploring the formation
and evolution of voids, considering both linear and non-linear growth regimes and how void properties
re
ect the underlying matter distribution. We then introduce void statistics, including the void size
function and density pro�le, which quantify void properties across scales. Finally, we discuss how these
statistics are in
uenced by observational biases and shift from dark matter-only simulations to galaxy
survey data, which require careful calibration to ensure that void measurements accurately constrain
cosmological models. This chapter aims to demonstrate how voids, despite being less intuitive than
clusters and �laments, play a critical role in our understanding of the universe.

7 De�nition and evolution of voids

From a theoretical perspective, Sheth and Van De Weygaert 2004 de�ned a void as non-linear under-
dense regions which have reachedshell crossing. Shell Crossing is a concept that arises when describing
the nonlinear evolution of cosmic structures. It refers to the moment when di�erent spherical shells
of matter,which were initially expanding or collapsing, begin to overlap or cross each other due to
gravitational e�ects. Once shell crossing occurs, the system becomes multi-streamed, meaning that
multiple particle trajectories now coexist at the same location, and a simple description based on a
single velocity �eld is no longer valid. In this chapter, we will follow this de�nition and explain how
this non-linear under-dense regions evolve until the moment of shell crossing.

As we did earlier, we will assume a spherical model in which concentric mass shells expand with
the expansion of the under-dense region. When the mass shell has a physical radiusr i = a(t i )x i at
some timet i , radius at any arbitrary time t can be expressed using theexpansion factor R(t; r i ) as

r (t; r i ) = R(t; r i )r i (81)

We will de�ne the density parameter of the surrounding universe as,


 u (t) =
8�G� u (t)
3H 2

u (t)
(82)

using the background Hubble parameterHu and the background density � u .
The Friedmann equation for a spherical shell of radiusr (t) with mass M inside can be written as

�
_r
r

� 2

=
8�G ��

3
�

K
r 2 (83)

Where, K is a curvature term related to the total energy of the shell and �� is the average density inside
the shell.

�� =
3
r 3

Z r

0
� (y; t)y2dy
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The mean density contrast �( r; t ) between the background and inside the shell will be

�( r; t ) =
3
r 3

Z r

0

�
� (y; t)
� u (t)

� 1
�

y2dy

=
��

� u
� 1

Here we de�ne the following parameters � ci = � c(t i ) and � i as,

1 + � ci = 
 i [1 + �( t i ; r i )] (84)

and
� i = (

vi

H i r i
)2 � 1 (85)

with 
 i = 
( t i ), vi = _r (t = t i ) and H i = Hu (t i ). We can reframe equation 83 in terms of the expansion
factor as

 
_R

R

! 2

=
8�G �� (t)

3
�

K
R 2r 2

i

=
8�G �� (t i )

3R 3 �
K

R 2r 2
i

=
8�G� u (t i )(�( r i ; t i ) + 1)

3R 3 �
K

R 2r 2
i

=
H 2

i (1 + � ci )
R 3 �

K
R 2r 2

i

(86)

Here, we assumed that it is matter dominated inside the shell. By substituting t = t i into equation
86, the curvature term K could be expressed as

K = H 2
i r 2

i (� ci � � i ) (87)

By substituting equation 87 into equation 86, we get

_R 2 = H 2
i (1 + � i )

�
1
R

1 + � ci

1 + � i
+ 1 �

1 + � ci

1 + � i

�

= _R 2
i

�
1
R

1 + � ci

1 + � i
+ 1 �

1 + � ci

1 + � i

� (88)

The analytic solution of this equation could be written using parameter � as

R(�) =

8
<

:

1
2

1+� ci
� i � � ci

(cosh � � 1); � ci < � i ;

1
2

1+� ci
� i � � ci

(1 � cos �) ; � ci > � i :
(89)

with t(�)

t(�) =

8
><

>:

1
2H i

1+� ci
( � i � � ci )3= 2 (sinh � � �) ; � ci < � i ;

1
2H i

1+� ci
(� ci � � i )3= 2 (� � sin �) ; � ci > � i :

(90)

The peculiar velocity of the shell relative to the global Hubble velocity is,

vpec(r; t ) = v(r; t ) � Hu (t)r (t)

= r i _R(t; r i ) � Hu (t)r (t)

= Hu (t)r (t)

(
_R

RHu (t)
� 1

) (91)
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In a 
at matter-dominated universe, Hubble-parameter evolves asH = 2=3t. By substituting equation
89 and 90, peculiar velocity can be expressed as

vpec(r; t ) = Hu (t)r (t)
�

3
2

sinh �(sinh � � �)
(cosh � � 1)2 � 1

�
(92)

For a void in an 
at matter-dominated universe, the shells initially at the void's edge goes through
shell crossing at � = � sc with

sinh � sc(sinh � sc � � sc)
(cosh � sc � 1)2 =

8
9

; � sc ' 3:53 (93)

Therefore, the average density within the void is,

1 + �( r; t ) ' 0:1982 (94)

times the mean background density. This density of 0:2�� is often used as a minimum threshold to
de�ne void regions.

The corresponding linear density perturbation at the time of shell crossing will be

� + (tsc) = � + (t i )
�

t(� sc)
t i

� 2=3

= �
�

3
4

� 2=3 (sinh � sc � � sc)2=3

5=3

' � 2:81

(95)

� v ' � 2:81 is often used as a threshold to de�ne voids in the excursion set formalism explained below.

8 Void statistics and cosmology

In the previous section, we have seen how voids evolve from the initial density and velocity perturbation.
The time evolution of voids also depends on the time evolution of background mean density. Therefore,
we can assume that voids statistics also contain cosmological information. In this chapter, we will
introduce some key features of voids and their theoretical backgrounds. Then, we will look into their
sensitivity on cosmologies and how they can give additional information to the traditional 2 point
statistics.

8.1 Size function

Similar to the mass function discussed in chapter 3,size function n(R) is de�ned as

dN = n(R)dR

Which corresponds to the number of voids with e�ective radius betweenR and R+ dR per unit volume.
The analytic formula of the size function can also be derived using the excursion-set formalism. The
biggest di�erence between void formation and halo formation is that, if the density perturbation crosses
the critical density for halo formation � c in the larger scale, and crosses the critical density for void
formation � v in the smaller scale, void regions will form inside a cluster, often referred to asvoid-in-
cloud. In this case, the surrounding cluster will collapse with the void and we will not be able to detect
the initial void. Therefore, in order to evolve into voids, it is necessary that the random-walk does not
cross� c resulting in a double-barrier problem.

The probability distribution of density � at a given dispersionS(R) = � 2
0(R) can be described using

the Fokker-Planck equation.
@P(�; S )

@S
=

1
2

@2P(�; S )
@�2

(96)
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To calculate the the probability of � (S) to ever cross the critical density for the �rst time, we
introduce an absorbing barrier, which once crossed by the random walk, the density will be �xed on
the barrier.

ˆ � c represents the critical overdensity forhalo formation.

ˆ � v represents the critical underdensity for void formation.

The absorption barrier will be described as

ˆ P(� c; 8S) = 0

ˆ P(� v ; 8S) = 0

By solving equation 96 under the absorption barriers, the probability distribution will be described
as

P(�; S ) =
1

p
2�S

exp
�

�
� 2

2S

�
�

1
p

2�S
exp

�
�

(� � 2� c)2

2S

�
�

1
p

2�S
exp

�
�

(� � 2� v )2

2S

�
(97)

Therefore, the �rst-crossing distribution of the lower barrier � v will be

f v (� ) =
@P(�; S )

@�

�
�
�
�
� = � c

'

r
1

2��
exp

�
�

�
2

�
exp

�
�

j� v j
� c

D2

4�
� 2

2D4

� 2

�
(98)

With D and � given as

D �
j� v j

(� c + j� v j)
(99)

and

� �
� 2

v

S
(100)

If we assume that the total number density of voids does not change through the evolution, the
number density at a given void radius Rv will be described as

dN
dRv

=
�

3
4�R 3

L

�
f v (� )

d�
dRL

(101)

As we mentioned in the previous section, density of 0:2�� is often used as a minimum threshold to
de�ne void regions and therefore,� v ' 0:2 is widely used for theoretical predictions. RL is the initial
radius of the under-density. At the time of shell crossing, the relation betweenRv and RL could be
calculated from equation 94 as

�
RL

Rv

� 3

= 1 + �( r; t ) ' 0:198

RL ' 0:58Rv

(102)

8.2 Void density pro�le

In order to calculate the void density pro�le up to the compensation wall, it is crucial to trace the
density evolution up to a fairly non-linear regime. Therefore, numerical calculations such asN -body
simulation has been used to derive the universal features of void density pro�le. (Hamaus, Sutter, and
Wandelt 2014) has shown that the density pro�le of voids detected using watershed algorithm had the
following density pro�le.

� v (r )
��

� 1 = � v
1 � (r=r s) �

1 + ( r=r v ) � (103)
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Figure 4: Stacked dark matter density pro�les of voids detected from 2HOT N -body simulation at
snapshot z = 0 using the ZOBOV void �nding algorithm. Voids were separated in eight contiguous
bins depending on the void radiusr v with mean void radius and void counts described in the lower
right. Shaded regions show the standard deviation within each bins� (scaled down by 20 for visibility)
and the plots show the mean density pro�le. The error bars show standard errors on the mean pro�le
�=

p
Nv . Solid lines represent our best-�t solutions from equation 103. (Hamaus, Sutter, and Wandelt

2014)

� v is the central density contrast, r s is the scale radius at which� v = �� and r v is the e�ective radius
of the void region. The parameters� and � determine the inner and outer slope of the wall. A �t to
the N -body dark matter particle density has shown a universal relation ship between the parameters
�; � and the void radius r v rescaled by the scale radiusr s as

� (r s) ' � 2(r s=rv � 2) (104)

� (r s) =

8
<

:

17:5r s=rv � 6:5; for r s=rv < 0:91

� 9:8r s=rv + 18:4; for r s=rv > 0:91:
(105)

The central density contrast � c shows a monotonic increase againstr s=rv , with steeper density
pro�le for smaller void radius.

8.3 Ellipticity

In order to discuss the ellipticity of voids, it is necessary to go beyond the spherical expansion. Here
we use the Zeldovich approximation to discuss the elliptical expansion of voids. From equation 63, we
can write the relation between the mean density within the void region � v and the mean density of
the background universe �� using the eigenvalues of the tidal �eld Tij , (� 1 > � 2 > � 3)

� v =
��

(1 � � 1)(1 � � 2)(1 � � 3)

If the eigenvalues are much smaller than 1, the under density of the void region� v = � v
�� � 1 is equal

to the sum of the 3 eigenvalues (� v = � 1 + � 2 + � 3).
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Referring to the fact that over densities go through triaxial collapse and form pancake structures,
we can infer that void region goes under a triaxial expansion under the tidal �eldTij . Here, we de�ne
the three semi-axis lengths of the inertia momentum tensor of the mass inside the void asp1; p2; p3

(with p1 > p 2 > p 3). If we de�ne the two axial ratios as � � p2=p1 and � � p3=p1, the ellipticity of the
void region can be calculated as� = 1 � � . The axial ratios are related to the eigenvalues� 1; � 2; � 3 as

� =
�

1 � � 2

1 � � 3

� 1=2

� =
�

1 � � 1

1 � � 3

� 1=2
(106)

The joint density possibility distribution of the three eigenvalues given a density 
uctuation � RL can
be written as,

p(� 1; � 2; � 3; � RL ) =
3375

8
p

5�� 6
RL

exp
�

�
3K 2

1

� 2
RL

+
15K 2

2� 2
RL

�
� (� 1 � � 2)( � 2 � � 3)( � 1 � � 3) (107)

in which, K 1 and K 2 are de�ned as K 1 � � 1 + � 2 + � 3 and K 2 � � 1� 2 + � 2� 3 + � 3� 1. � RL is the
density 
uctuation smoothed by a spherical top-hat �lter W (kR) with a smoothing radius RL .

� 2
RL =

1
2� 2

Z 1

0
P(k)W 2

F (kRL )k2dk

By substituting � v = � 1 + � 2 + � 3 into equation 107, the conditional joint possibility distribution
of � 1 and � 2 for a void with an average density � v on a scale ofRL could be described as,

p(� 1; � 2j� v ; � RL ) =
3375

p
2

p
10�� 5

RL

exp
�
�

5� 2
v

2� 2
RL

+
15� v (� 1 + � 2)

2� 2
RL

�
15(� 2

1 + � 1� 2 + � 2
2)

2� 2
RL

�

� (2� 1 + � 2 � � v )( � 1 � � 2)( � 1 + 2 � 2 � � v

(108)

From equation 106, � 1 and � 2 can be written using �; � and � v as

� 1(�; � ) =
1 + ( � v � 2)� 2 + � 2

(� 2 + � 2 + 1)

� 2(�; � ) =
1 + ( � v � 2)� 2 + � 2

(� 2 + � 2 + 1)

(109)

Therefore, we can derive the conditional joint probability density distribution of the void axial ratios
as

p(�; � j� v ; � RL ) = A � p(� 1; � 2j� v ; � RL )
4(� v � 3)2��

(� 2 + � 2 + 1) 3 (110)

A is the normalization constant to satisfy A
R

p(�; � j� = � v ; � RL )d�d� = 1. We can derive the distri-
bution p(� ) by integrating over �

p(1 � � ) = p(� ) =
Z 1

�
p(�; � j� = � v ; � RL )d� (111)

We can see how di�erent cosmology e�ects the evolution of a perturbation in the linear regimeb(t)
resulting in a di�erent ellipticity distribution.
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8.4 Redshift space distortion

As was the case for the power spectrum, voids in redshift space also gets a�ected by the peculiar
velocity of the tracer and Alcock-Paczynski e�ect. The peculiar velocity of the mass shell is given by
the equation 92. Since the expansion of the void is faster than the background universe, the relative
velocity of the mass shell would make the void look extended along the line of sight in the redshift
space. If we assume that the ellipticity of the void is purely generated from the RSD e�ect, the
apparent ellipticity could be written as

� =
vpec

H (t)r (t)
=

3
2

sinh �(sinh � � �)
(cosh � � 1)2 � 1 (112)

Similar to using the BAO anisotropy as a measure of AP e�ect, the anisotropy of the stacked void
shape in the redshift space can also be used as a measure of the AP e�ect. If we ignore the RSD e�ect
mentioned above, the shape of stacked voids should be spherical in homogeneous universe. Therefore,
AP e�ect could be measured as an anisotropy in the void shape between the angular direction and the
line of sight direction.

8.5 Sensitivity on alternative cosmological models

Previous researches have shown that void statistics adds information in the cosmological models and
break the degeneracies between di�erent parameters. Figure 5 shows a result of a cosmological pre-
diction from Quijote simulation. We can see that for some combination of parameters (likeh or M �

and 
 m ) the constraint coming from halo mass function and void size function are perpendicular to
each other, constraining the parameter space signi�cantly. This happens because low density region
measured by the voids and high density region measured by halos reacts di�erently to changes in the
cosmological parameters. For example, if we take a look ath and 
 M space, higherh, corresponding
to faster expansion, leads to an increase in the void volume and decrease in the halo number count.
On the other hand, higher 
 M , corresponding to stronger gravitational attraction, leads to denser over
density (more halos) and scarcer under density (larger voids). We can see that because over and under
densities react di�erently against h and 
 M , the degeneracy between these two parameters could be
solved.

Furthermore, previous researches have pointed out that properties of voids could be a clean probe
of the alternative cosmological models mentioned in chapter 2. Here we will brie
y introduce how
alternative models e�ect the void properties.

Dynamical Dark Energy Models (Quintessence) Most previous studies of dynamical dark
energy models have focused on the properties of overdense regions such as halo mass (Sutter and
Ricker 2008) and halo spin (Carlesi et al. 2014). Work by Carlesi has pointed out that the properties
of halos depend on the environment and that the signals of coupled DE is ampli�ed in underdense
regions such as voids. This might mean that the properties of voids rather than the high-density
regions might be a cleaner probe of the dynamical DE.

Introducing the time dependent scalar �eld � to describe the dark energy, the equation of state in
the dark energy dominated epoch could be described as,

! =
P�

� �
=

1
2

_� 2 � V (� )
1
2

_� 2 + V(� )
(113)

Compared to the �CDM model, which has a constant ! = � 1, ! in the dynamical DE model
evolves as� evolves with time. ! is often described by a constant term and a time-evolving term as

! (a) = ! 0 + (1 � a)! a (114)

The break down of the �CDM model will show up as a deviation of ! 0 from -1 or ! a from 0 .
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