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§ 1 GW effect on the timing of a single pulsar

As usual we work in the TT gauge
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In this gauge, GW does not shift the position of a star initially at rest.




Suppose that a pulsar exists along the x direction. <@ A;liy
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n, is a normal vector from the observer to a-th pulsar.



One cycle (Ta) later, TemtTo+d,
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Conventional parameter (redshift)
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Timing residual (breaks translation invariance of time)
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Choose a reference frame so that GW propagates along the z direction.
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There is no singularity at cos6=-1.



Application to (isotropic) stochastic background
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§ 2 GW effect on the timing of a pair of pulsars

Equal time two-point function
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Polarization tensors of GW et? CH/’\\)
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Calculation of angular integral is tedious but possible, to yield
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This angular function was first obtained by Hellings and Downs, and
its derivation is presented in Appendix C of Anholm et al (2009).
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This angular dependence is most important for the detection of

stochastic gravitational waves in terms of pulsar timing.



In terms of the timing residual
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one can calculate the equal-time correlation function.
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Calculation of unequal-time two-point function is also possible (Ref 3).
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§ 3 Statistics

Observables: Sequence of timing residuals (2&(1‘,;) of a-th pulsar
which are collectively denoted by

a=0. 2. -- Ny
'f .t =t
{{/0&9: fi(?-«mc) +\(/r1 ’
f et S€¢
d@f&rmmfﬁ?c me’( i

D{QZH(XE\H% N PM\QA/ PC\fﬂlVV}&TCfC

gtpr&: T’L— Tw(id) = TM(.@,W) B -(—M(Ze;f)*m
refit
P = gi; ST+N=MSE+M

. S



Assuming that noises are Gaussian distributed,
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parameters

5 = N “\ﬂ> covariance matrix of noises (including GW, which
acts as a noise for timing data).

N, X - Xy, N, = (0,50, >
2 = "\ S for a-th pulsar
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represents correlation between
pulsars a and b



T/bg -= \T( “Ft(])

N = Chylt)n, ey = [Tage™iTip ) + o2 ~aty)
2 3
25 R S BN R,
reequinCy dep't

(¢ d no(fe

White noise: temporarily uncorrelated, such as instrumental error

Red noise: time correlated noises with excess power at low frequency
including GW and intrinsic rotational instability

Xa@ = < V\&(t:) VM(J(&)> = ?(Qg)ﬁ? QMIB‘}@%ZF) + monopole and

dipole terms
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monopole term: earth clock
dipole: solar system model (measurement is done on Earth and
interpretation is done at the barycenter of the solar system)
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Likelihood function
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Let "i = P L & S with epsilon being a small expansion parameter

which turns out to be the square amplitude of GW. & = A‘;’w
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Optimal statistic to calculate the amplitude of GW
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§ 4 NANOGrav 12.5year data analysis
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Solar system ephemeris(SSE) (RiKE)

whose uncertainty is about 50km.

Acr amplitude of common power

spectrum

JPL's DE421—DE436
Errors in Jupiter’s orbit induces the largest systematic error to GW,
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Baysian analysis (d: observed data, Mi, Mj: models)

P(Mi|d): The probability of the model Mi being correct for a given
set of observational data d. (This is what we want to obtain.)

P(Mi|d) P(d[Mi) P(Mi)

P(Mj|d) P(d|Mj) P(Mj) prior probability ratio
(usually taken flat)

Bayes factor Bij : Relative probability of Mi to Mj

Bij=1-3 weak log,oBij= 0-0.48 weak
3-20 definite 0.48-1.3 definite
20-150 strong 1.3-2.2 strong
>150 very strong >2.2 very strong
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log,oBij= 0-0.48 weak
0.48-1.3 definite
1.3-2.2 strong

>2.2 very strong
Table 2. Bavesian model-comparison scores
uncorr. process | dipobe mon, HD HD+dip. HDsmono. HDsuncorr.
epheneris Ve odse-only va, uneorrelated procoess vy, HD correlated prooes
DEASS 4.5(9) -2.4(2) -23(2) 064(1) - 116G(4) 0.12644) DOL6GAT)
BAvESEPHEM 2.14(2) ~2.3(2) —L3{1) 03715) | -0.199(5) 0.217(6) 00621 4)

TE The Jogie Bayes factors between pairs of msodels from Table | oare also visaadizod in Figure 3. AN commaon-spectram
ver-law processes are modeled with Axed spectral mdex 5 = 13/3 and with the lowest five frequency camponents. The digit
e parent beses gives the uncertainty on the last quoted digit.
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fixed noise noise marginalizod
corvelation A? S/N  mean A mean S/N
HD 1x107" 28 2(1)x 107" 1.3(8)
monopole | 9x 107" 34 8(3)x 107" 2 6(8)
dipole 0x 107" 24 5(3)x 107" 1.2(8)

NOTE—The optimal statistic, A%, aml corresponding S/N
are computed from the 12 5-vear data =et for a HD, monopo-
lar, and dipodar correlnted common-process modeled as o
power-law with fixed spectral index, 5 = 13/3, using the five
Jowest frequency componems. We show fixed intrinsic red-
noise and noisesmarginalized values. All are computed] with
fixexdl ephemeris DERIS,
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Estimating the probability to obtain the observed SN ratio by chance
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Figure 10. Distribution of the noise-marginalized optimal
statistic mean S/N for 1000 phase shifts (blue curve) and
1000 sky scrambles (orange curve). The vertical green line
marks the mean S/N measured in the unperturbed model,
Higher mean values of the S/N are obtained in 91 phase shifts
(pr = 0,091 ) and 52 sky scraanbles {p = 0,082).



Prospects: The way to detect stochastic gravitational
wave background

1. Stagnation of improvement in upper limits.
=) 2. Emergence of spatially uncorrelated common-
spectrum red process to all the pulsars.

3. Quadrupolar signature is seen in the spatial

correlation obtained by Hellings & Downs.

We have reached 2?



